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INEQUALITIES FOR THE ANGULAR DERIVATIVES OF
CERTAIN CLASSES OF HOLOMORPHIC FUNCTIONS IN
THE UNIT DISC

BULENT NAFT ORNEK

ABSTRACT. In this paper, a boundary version of the Schwarz lemma is
investigated. We take into consideration a function f(z) = z4-cp+12PT1 4
cp+2zp+2 + - -+ holomorphic in the unit disc and Wa_m — oz’ <«
for |z| < 1, where % < a< H%’ 0 < XA < 1. If we know the second
and the third coefficient in the expansion of the function f(z) = z +
cp_,_lzp‘H + cp+2z7’+2 + ---, then we can obtain more general results on
the angular derivatives of certain holomorphic function on the unit disc
at boundary by taking into account cpt1, cp4+2 and zeros of f(z) —z. We
obtain a sharp lower bound of |f’(b)| at the point b, where |b| = 1.

1. Introduction

Let f be a holomorphic function in the unit disc D = {z : |z| < 1}, f(0) =
0 and |f(2)] < 1 for |z| < 1. In accordance with the classical Schwarz lemma,
for any point z in the disc D, we have |f(z)| < |z| and |f'(0)| < 1. Equality in
these inequalities (in the first one, for z # 0) occurs only if f(z) = vz, |y| =1
([4], p. 329).

Let f(2) = 2+ cpy12PT 4+ cpr22P™2 + -+ | p € N be a holomorphic function
on D and let #ﬁ_k)z—a < a for |z] <1,where%<a§ H%,og
A< L

Consider the functions

9z) —
QO(Z) - a )
where
ooy - 1)
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and
z) — (0
ooy = £ =90)
1—0(0)p(2)
©(z) and ¥(z) are holomorphic functions in the unit disc D, |[¢(z)] < 1 for
|z| <1 and (0) = 0. Therefore, from the Schwarz lemma, we obtain

a(l=N)[z[(1+|2)

(1.1) 1f(2)] < at(l—a) 2 —ar(1+ 2P

and
200 — 1

(1.2) lep] < A=)

Equality is achieved in (1.1) (for some nonzero z € D) or in (1.2) if and only

al(l=XN)z 2Pet?
if f(2) is the function of the form f(z) = a+(17(;)ziii9(iZA(l+2pei9))
a real number.

H. Unkelbach ([9]) and Robert Osserman ([7]) have given the inequalities
which are called the boundary Schwarz lemma. They have first showed that

2

where 6 is

(13) 01>
and
(1.4) OIES!

under the assumption f(0) = 0 where f is a holomorphic function mapping the
unit disc into itself and b is a boundary point to which f extends continuously
and |f(b)| = 1. Moreover, equality in (1.3) holds if and only if f is of the form
w0 Z—a
1) =z
where 6 € R and a € D satisfies arga = argb. Also, the equality in (1.4) holds
if and only if f(2) = ze?, 0 € R.

One does not need to assume that f extends continuously to b. For example,
if f has aradial limit f(b) at b, with | f(b)| = 1, and if f has a radial derivative at
b, then that derivative also satisfies the inequalities (1.3) and (1.4). Accordingly,
using the Mobius transformation, they have generalized the inequality on the
case of f(0) # 0.

If, in addition, the function f has an angular limit f(b) at b € 9D, |f(b)| = 1,
then by the Julia-Wolff lemma the angular derivative f’(b) exists and 1 <
/()] < oo (see [3)).

Inequality (1.4) and its generalizations have important applications in geo-
metric theory of functions (see, e.g., [4], [8]). Therefore, the interest to such
type results is not vanished recently (see, e.g., [1], [2], [3], [5], [6] and references
therein).
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Vladimir N. Dubinin ([2]) has continued this line of research and has made a
refinement on the boundary Schwarz lemma under the assumption that f(z) =
cp2P + cpr12PTL + - with a zero set {ax}.

Some other types of the strengthening inequalities are obtained in (see [1],
[6]). That is, in ([1]), we gave estimate below |f’(b)| according to the first
nonzero Taylor coeflicient of f about two zeros, namely z = 0 and zp # 0. In
([6]), we obtained such type results for other than above mentioned class. An
other interpretation of the results in ([6]) is given in ([5]).

2. Main results

In this section, we can obtain more general results on the angular derivatives
of certain holomorphic function on the unit disc at boundary by taking into
account cpy1, cpr2 and zeros of f(z) — z if we know the second and the third
coefficient in the expansion of the function f(2) = 24cp412P T +cppazP 24+ - -
We obtain a sharp lower bound of | f/(b)| at the point b, where |b] = 1.

Theorem 2.1. Let f(z) = z 4 cpp12P™ + cproz?P™2 + - cpp1 #0, p > 1

be a holomorphic function in the unit disc D and let ‘% —
1

for |z| < 1, where % < a< 1, 0 < A< 1. Further assume that, for some
b€ dD, f has an angular limit f(b) at b, f(b) =0. Then

a‘<a

2
a(l=X\)
17>\ 2(17 a— |CP+1|)
(15 Ipez e |y L
1= (2= Jepial) + %22 [epeal

Moreover, the equality in (1.5) occurs for the function

B a(l=X)z(1-2P)
1) = a—(1—a)zP —ar(l—2zP)

Proof. Consider the functions
— (0
by ED =0
1—¢(0)(2)
1 (z) and w(z) are holomorphic functions in D, and |[¢(z)] < 1, |w(2)| < 1 for
|z| < 1. By the maximum principle for each z € D, we have the inequality

[(2)] < |w(2)]-
Therefore, the absolute value of the holomorphic function

in D is bounded by 1 in D.
In particular, we have

(1.6 o) = 20N e, <1
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and ( )
a(l—M\
|h'(0)] = a1 lepral -

Moreover, we can show that

DB s o 2O
= el = o) =20

The function
h(z) — h(0)

T(z) = ——
1 — h(0)h(z)
is holomorphic in the unit disc D, |T'(z)| < 1, T(0) = 0 and |T'(b)| = 1 for
be dD.
From (1.3), we obtain

2 l _ 1- |h(0)|2 l
o =T e
14 O] |,
= iy

1+ 0= e,y

= —aoy - O =W 0)}

1- 20—1 |C;D+1|
a(l=X
L+ el | 1-je@f
= 1704(1_ 2|90 (b)|—p

2a=1 |Cp+1] ‘17 ©(0)p(b)

el (i Cey )
- 2
L el L+ 159)

1- 20— 1 |C;D+1| o o
and
2 1+ 288D o] [ 201,
a(l—x)lc ‘ < a(l1—)) a (1 _ )\) |f (b)| —D-
1 + __ 2o-1 1%p421 1- 2a—1 |Cp+1|

1= (%2 ep \)2

Therefore, we take the inequality (1.5).
To show that the inequality (1.5) is sharp, take the holomorphic function

f( )_Oéf(l,a)zp—og)\(lfzp).

Then
(I1-—(p+1)zP) (a(l —a)zP —aX(1l—2P))
(a0 — (1 —a)zP — aX (1 — zp))?
(=p(1 — a)2P~t + adpzP~t) (2 — 2P 1)
(a0 — (1 —a)zP — aX (1 — zp))?

Fz)=a(l-x)

—a(l=MX)
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and
1-X)
(1) = —p2i=
') === —
Since |cpt1| = (f(cfj\), (1.5) is satisfied with equality. O

If f(z) — z has no zeros different from z = 0 in Theorem 2.1, the inequality
(1.5) can be further strengthened. This is given by the following theorem.

Theorem 2.2. Let f(z) = 2+ cpr12P™ + cpiozP™2 + - cpp1 # 0, p > 1
be a holomorphic function in the unit disc D and f(z) — z has no zeros in D
f(z) 1

except z = 0, and let SYiGE(ESVE —oz’ < « for |z| < 1, where % <a<

0 < A < 1. Further assume that, for some b € 0D, f has an angular limit f(b)
at b, f(b) =0. Then

2|C 1| (hl a(l=X)) |C 1|)2
S P05 P Gt P AL Gl
20110 2y n (SR e l) — lepre
and
a(l—XA
(18) epsal < 2|yt (= eyl ).

In addition, the equality in (1.7) occurs for the function
a(l=X)z(1-2P)
a—(1—a)zP—a)(l—2zp)

f(z) =

and the equality in (1.8) occurs for the function

(20— 1) e
a+ (1 —a)zPeQ — a (1 + 2Pe@)’

f() =7+ 274

where 0 < ¢pp1 < 1, In (O‘Q(Olt:i) cp+1) <0 and Q=1=1n (O‘Q(Olt:i) cp+1).

Proof. We can assume that ¢,41 > 0. Let ¢(2), h(z) and w(z) be as in the proof
of Theorem 2.1. Bearing in the mind inequality (1.6), we denote by In h(z) the
holomorphic branch of the logarithm normed by the condition

a(l—=2XN)
In h(O) =In <mcp+1> < 0.
The composite function
_Inh(z) —Inh(0)
~ Inh(2) + Inh(0)

is holomorphic in the unit disc D, |©(z)] < 1, ©(0) = 0 and |©(b)| = 1 for
be dD.

o(z)
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From (1.3), we obtain

2 ,o . |2Inh(0)] K (b)
1+10/(0)] <107 = In h(b) + In k(0)[* | (D) }
2 < —21nh(0) )|
lepal ~ arg? h(b) + In® h(0

B 2|Cp+1\1n( = epial)
B —21nh(0)
arg? h(b) 4 In* h(

0) {[¥'®)] = ' (B)1}

o) L OF
B0 | 1 o) Ol =p

__ 2k {1 o ) LA G] _p}
arg? h(b) 4+ In* h(0) (1+1?T0¢)2 a

—21nh(0) 2a—1 ..
arg? h(b) + In* h(0) {CY (1-X) 70 p}

and replacing arg? h(b) by zero, we obtain (1.7) with an obvious equality case.
Similarly, ©(z) satisfies the assumptions of the Schwarz lemma, we obtain

/ j—
1> |0/(0)] = 2InA(0)] h (0)‘ 1 [Cp 2

~ b +nhOF O | 210 (5020 g, ) el

20—

Therefore, we have the inequality (1.8).
Now, we shall show that the inequality (1.8) is sharp. Let

fz) =2+ 2""g(2),

where
(2) (20— 1) e £2 (= en)
g\z) = - — - — .
0 (1= ) e P2 WO er) — o (14 295 WO o)
Then

9'(0) = cpia.
Under the simple calculations, we take

a(l=2A)
Cp2 = 2Cp+1 In (mcp+1) .

Therefore, we obtain

a(l=2A)
|ept2l =2 |cpraIn (m |Cp+1|) ’ :



INEQUALITIES FOR THE ANGULAR DERIVATIVES 331

Relation (1.8) shows that inequality (1.7) is more stronger than inequality
(1.5).

If f(2) — z have zeros different from z = 0, taking into account these zeros,
the inequality (1.5) can be strengthened in another way. This is given by the
following theorem.

Theorem 2.3. Let f(z) = 2z + cpy12P T+ cpyozP™ + o cpp1 #0, p > 1

be a holomorphic function in the unit disc D and let % —al < «

for |z| < 1, where % <a< 1-1-%’ 0 < XA < 1. Further assume that, for some

b€ 0D, f has an angular limit f(b) at b, f(b) =0. Let a1,as,...,a, be zeros
of the function f(z) — z in D that are different from zero. Then we have the
inequality

(1.9) |f'(v)]
2
211_ 0;(;:?) lep+al
> Oé(l—)\) Zn:l_‘akﬁ + kl;ll‘ak‘
200 — 1 Pt b — ax|® 2
1 - [ al=x lep+1] a(l=X) |epto|
2a—1 kl;[1|ak‘ 2a—1 kl;[1|ak‘

In addition, the equality in (1.9) occurs for the function

k=1
f(Z) - n n )
zZ—a zZ—a
a—(1—a)zp kl;ll T — al (1 — 2P kl;ll 1_:2)
where ay,as, ..., a, are positive real numbers.
Proof. Let ¢(z) be as in the proof of Theorem 2.1 and aq,as, ..., a, be zeros

of the function f(z) — z in D that are different from zero.

n
B(z)=2» [ —=%
1—arz

k=1

is a holomorphic function in D and |B(z)| < 1 for |z| < 1. By the maximum
principle for each z € D, we have

(=) < |B(2)|.

The function
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is a holomorphic function in D and |s(z)| < 1 for |z| < 1. In particular, we
have

|S(0)| _ C)é2(]. - i‘) |§P+1| <1
o —
fi o
and
|S/(O)| — o (1 - )‘) |CP+2|
2 —1 & '
i
Moreover, it can be seen that

by’ (b) / / bB'(b)
oy = ol B =

Besides, with the simple calculations, we take

n

B0 ="y =Y

k=1 |b — Ak

The auxiliary function
d(z) = 220
1—5(0)s(z)
is holomorphic in the unit disc D, |d(z)| < 1, d(0) = 1 and |d(b)] = 1 for
bedD.
From (1.3), we obtain

5 / 1L—[s()
T S Ol = g )
15 1d0) [1-50)s00)
S O CRELON)
14 50 leenal
R B T Ol

- ———— [ (0)[ = |B'(D)]

1 al=A) lept1]

el G EE O]

and
T
2 L1 1ak 200 — 1
< k=1 ! _ / .
a(1—2) ‘Cp+2| —_ o a(lfA) ‘Cp+l| {Oé (1 o )\) |f (b)| |B (b)|}
2a—-1 n 20—1 ™
1+ ] L1 lax]

2
1— | ea=x lepsal
2a—1 n
° I Jag|
k=1

Therefore, we take the inequality (1.9) with an obvious equality case. (I
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We note that the inequality (1.3) has been used in the proofs of Theorem
2.1, Theorem 2.2 and Theorem 2.3. Therefore, there are both c,11 and c,12 in
the right side of the inequalities. But, if we use (1.4) instead of (1.3), we obtain
weaker but more simpler inequality (not including cpy2). It is formulated in
the following theorem.

Theorem 2.4. Under the hypotheses of Theorem 2.2, we have the inequality

(1.10) o1z 5= - g (= it

20 — 1 2 20— 1
The equality in (1.10) holds if and only if

a (1= A)z (14 2Pe9)
+ (1 — a) zPe? — aX (1 + 2Pe@)’

1e) =~

where 0 < cpy1 < 1, In (O‘(l—:i‘)cp_ﬂ) <0,Q=1In (O;(i:i‘) cp+1) L+ze nd 6

2a 1—zei®

18 a real number.

Proof. From the proof of Theorem 2.2, using the inequality (1.4) for the func-
tion ©(z), we obtain

o 1210 h(0)] ' (b)
1<10'(b) = IIn h(b) + In h(0)|? | h(b) ‘
—21nh(0)

= ) g (O - O

and replacing arg? h(b) by zero

—2 1—[p(0)[*
(1.11) 1< G

— ‘2 " (0)] —p

1= 0 )
-2 20 -1
Ec=rm) {a“ -3 _p}'

Therefore, we have the inequality (1.10).
I | f/(b)] = 20=2) [pf lin (“<H> |cp+1|)] from (1.11) and |©/(b)| = 1, we

2a—1 2a—1
obtain
a(1=A)z (14 2Pe9)

f(Z)ZaJr(lfa)ZpeQ,a)\(lezpeQ)' 0
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