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ALMOST-PRIMES REPRESENTED BY p+a™
YAaMING LU

ABSTRACT. Let a > 2 be a fixed integer in this paper. By using the
method of Goldston, Pintz and Yildirim, we will prove that there are
infinitely many almost-primes which can be represented as p + a™
in at least two different ways.

1. Introduction

In 1934, Romanoff [9] proved that the integers of the form p+2™ have
a positive density. Thereafter, many works have been done involving the
so-called Romanoft’s constant:

¢ = lim inf Finse: n:p—{—Qm}.
Tr—>00 €T

For example, Chen and Sun [1] proved that ¢ > 0.0868, this result is im-
proved by Habsieger and Roblot [6] to 0.0933 and by Pintz [7] to 0.09368.
Their works mainly based on studying the mean values involving r(n),
the number of different representations of n in the form p + 2.

Prachar [8] studied a more generalized problem. He proved that if
a > 1 and (m;) is a strictly increasing sequence of non-negative integers,
then the number of distinct integers < x which can be expressed in the
form p+ a™ is
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In this paper, we take interest in almost-primes with r(n) > 2. It is
early in 1950 that Erdds [2] proved that there are infinitely many integers
satisfying

r(n) > loglogn,
but his method can not be applied to attack the problem on almost-
primes. The main result of this paper is the following theorem:

THEOREM 1.1. Let a > 2 be an fixed integer. Then there exists a pos-
itive integer R, such that there are infinitely many integers n satisfying:

(1) n has at most R distinct prime divisors;

(2) n can be represented as p + a™ in at least two different ways.

We should mention to Friedlander and Iwaniec [4] who claimed: “We
believe (although we did not check all details) that the method presented
here can, when combined with the Fundamental Lemma, produce infin-
itely many almost-prime integers which have two different representa-
tions in the form p + a™. 7 Therefore, what we do in this paper is just
to “check the details”.

Throughout the paper, we denote € to be a sufficiently small positive
real number, and write

Ab(n) _ {log n, if nis a prime,

0, otherwise.

As usual, 7 (n) is the divisor function and ¢(n) is the Euler’s function.

2. Basic Considerations

The proof of Theorem 1.1 is based on the lower-bound sieve and the
method of Goldston, Pintz and Yildirim (see eg. [4], [5] and [10]).

Let N be a sufficiently large integer, we write

log N }
2loga
and H = {a™ : 1 < m < k} a subset of M. Let
Q(X) = H (X - aj)v
1<i<k

and w(d) denote the number of solutions n (mod d) of @(n) =0 (mod d).
Note that if p | a, then w(p) = 1; if p 1 a, then w(p) < p since Q(0) # 0

M:{am:lgmg
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(mod p). Therefore, w(p) < p for every prime p, in another word, H is
“admissible”.
We write

det H = Z (a7 — a')? = aFk—D H (a7 — 1)2k=9),

1<i<j<k 1<j<k—1

and let A be the product of all prime divisors of a and all primes p for
which @/ =1 (mod p) with some 1 < j < k. Then we can easily check
the following three things:

(i) Since H is admissible, A is divisible by all primes p < k + 1. In
practice, we shall choose k to be an even integer, therefore k + 2 is not
a prime.

(i) If pt A, then w(p) = k.

(iii) For any a™ € M, we have A | Q(a™) since

Q(a™) = H (am — aj) = Ft+1/2 H (aj — 1).

1<j<k m—k<j<m—1

Now we consider the sequence (a,) supported on the dyadic segment
(X, N] as well as (Q(n), A) = 1 with

(2.1) ay = <T;M A(n —a™) —log N) (V%L) )\,,),

where (),) is an upper-bound sieve supported on squarefree numbers

v < D = Ni%, (v,A) = 1, whence the summation over v is non-
negative. Here we choose (\,) to be the Selberg’s A%-sieve, that is

Sh=(So)

where (pg) is a sequence of real numbers supported on squarefree num-

bers d with d < /D, (d, A) = 1 which satisfies p; = 1 and

(22) ol <1
for all d (see Lemma 6.1). Thus

(2.3) =D paba

[d1,d2]=v
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and |\,| < 73(v) for all v. If we can give a proper lower bound for the
number of almost-primes n such that a,, > 0, we will prove Theorem 1.1.
Therefore, we need to apply a lower-bound sieve to n.

Let
T={N/2<n<N:(Q(n),A) =1},

T, = { Z Abn—a logN>O},

ameM

T = { Z Abn—a logNgO},

ameM

and A = (an)ner,- We choose the sifting set P ={p > k+2:p1ta}
since it is easy to deduce (n,a) = 1 from (Q(n),A) = 1, and as usual,

denote
“TI»

<z
peEP

Let (X)) be a lower-bound sieve of level D" = N¢, then the sifting func-
tion

SAP2) = > an= D an Y, N

neTy neTy d|(n,P(z))
(2.4) (n,P(2))=
S z N Ya Y N
neT nely d|(n,P(Z))

say. If we can produce a positive lower bound of S(A, P, z) for z = D’ %,
we will deduce that there are infinitely many integers n which have at
most se~* + k + 2 distinct prime factors and satisfy a,, > 0.

Now we give a careful look at Ss, we write

Toy = {n € Ty : n — a™ is not a prime for any a™ € M},

Too =To\Toy ={n €Ty :3a™ € M, such that n —a™ is a prime}.
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Then,
Yo 3 =t S (X a)( 3 x)
n€Te1  d|(n,P(z)) €Tx1 *v|Q(n) d|(n,P(z))
—iey) Y (Sa)( X %)
N/2<n<N v|Q(n) d|(n,P(z))
(Q(n),A)=1
ey 2 (2a)( T x)
N/2<n<N v|Q(n) dl(n,P(z))
(Q(n),A)=1

3 ameM, s.t. n—a™ is prime

> (logN) > (ZA)( Z))Ag)—(logzv) > (Z )\,,).

N/2<n<N “v|Q(n) d|(n,P(z N/2<n<N |Q(n)
(Q(n),A)=1 (Q(n),A)=1
(n,P(2))=1

Noticing that

s= 3 % Ab(n—am)< D Ay>(d(§ Xd)

N/2<n<N a™eM v|Q(n) (2))
(Q(n),A)=1
~een 3 (2)( 3 )
N/2<n<N v|Q(n) d|(n,P(z))
(Q(n),A)=1
we finally get from (2.4) that
(2.5)
SAP2) = > > A"(n—am)( > )\)( > A;l)
N/2<n<N ameM vIQ(n) d|(n,P(2))
(Q(n),A)=1
~tn) 3 (S n)-T e 3
N/2<n<N v|Q(n) n€lys d|(n,P(z))

(Q(n),A)=
(nap(Z)):l

=953 —5,—5;5
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say.
Before doing further calculations, we should study the reduced com-
position of sieve-twisted sums.

3. Reduced Composition of Sieves

Let (Ag) be a finite sequence supported on squarefree numbers and

write
O =Y A
d|n

For g(d) a multiplicative function supported on finite set of squarefree
numbers with 0 < ¢g(p) < 1, we denote h(d) the multiplicative function
supported on squarefree numbers with

— g(p)
hip) = 1—g(p)

We call g a density function and h the relative density function of g.
Now we consider the sieve-twisted sum

G=> lg(d).

LEMMA 3.1. It holds that
(3.1) G=VG,
where

(3.2) V=[]0 -9(p) and G =) 0h(d).

Proof. This is Lemma A.1 of [3]. O

Next, we consider the reduced composition of two sieve-twisted sums
of the following type:

(3.3) G xG" =" Ny Np,g'(dh)g"(do).
(d1,d2)=1

We have
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LEMMA 3.2.
(3.4) «G' =) Z 0;,60,9' (b1)g" (b2) [T (1= d'(0) — g"(p)).
(b1,b2)= pfb1b2
Proof. This is Lemma A.2 of [3]. O

Now assume that ()\’) is an upper-bound sieve (either from the beta-
sieve or from the Selberg’s sieve), (A\”) is a beta-sieve of level D" while

g" is supported on the divisors of P(z") = [] p for some 2" < D" and
p<z’
satisfying

(3.5) I -9 < (ﬁgggy(l + O(loéw))

wp<w’

for some x > 0 and any 0 < w < w'. If we denote by h(V)(d) and h(®(d)
the multiplicative functions supported on squarefree numbers with

W 9 (p) an @y _ g"(p
") 1—g'(p)—9"(p) 4 )

then we get (at primes)

h(l) g/ h(2) g//
1 — — 2 _ _
B6) =T gm iy ™ ST e Ty
respectively. Thus Lemma 3.2 indicates
(3.7)
GG =1[0-d ) -9d"®)> 291,19” A (b)) AP (by)
p (b1,b2)=
=[[@-g'® —9"®) Z%h Z 0y h (by).
P b1 (bz b1)=

From Lemma 3.1 and the Fundamental Lemma of the sieve we know
that

> 0P (by) =] (1 g0 Z Nig®(d) =1+ 0(e™"),

(b2,b1)=1 ptb1 (d,b1)=
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provided that s” = log D”/log 2" is sufficiently large. Inserting this into
(3.7) and noticing that 6, > 0, we obtain

&G = 1+ 0 N[ - d0) — ") ( 3 ezlhm(bn)

p

=+ o DT - 70 - @) -9 (T N @)

p

— (o) [0 - ¢"®) ( 3 A'<d>g<1><d>).

p d

Therefore, we conclude:

PROPOSITION 3.3. Suppose that (N') is an upper-bound sieve, (N\") is
a beta-sieve of level D”. Let ¢" be a density function supported on the
divisors of P(2") for some 2" < D”. Then

(3.8) G'«G"=(1+0e*")v"'aW

provided that " =log D" /log 2" is sufficiently large, where

I D R

p

with ¢V defined in (3.6).
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4. Estimation of Ss

From (2.5) we know that

5] = Z(ZAwn_am)_logN)(ZA)( 3 xd>
neTsy ameM v|Q(n d|(n,P(2))
< Tt a)| ¥ ox
n€Tao 2 v|Q(n d|(n,P(z))

<(log2+0(¢—1ﬁ)) > (Z%) 2 N

N/2<n<N  “v|Q(n) dl(n,P(2))
(Q(n),A)=1
1
:(log2+0(—>)[ Z Z Av
\/_ N/2<n<N v|Q(n)
(Q(n),A)=
(n,P(z)):l
- = (z)( T %)
N/2<n<N “v|Q(n d|(n,P(z))
(Q(n),A)=1
(n,P(2))>1

:(@HO(%))F DD PP

N/2<n<N v|Q(n)

(Q(n),A)=1
(n,P(2))=1

) N/;<N (%: ! >(d Z ))Xd>]

= <log2 + O(%)) (2551 — S52)

say. In order to estimate Ss;, we introduce an upper-bound beta-sieve
(A") of level D’. Then
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“o s (20

N/2<n<N  “Nv|Q(n) d|(n,P(2))

(Q(n),A)=1

=2 N > A ) L

d|P(z) (v,Ad)= N/2<n<N
(Q(n),A)=1
Q(n)=0 (mod v)
n=0 (mod d)

Notice that the condition (v,d) = 1 is automatical since d | n, v | Q(n)
and (d,a) = 1. The innermost sum can be represented as

2. 2. 2. 1

a(mod A) B (mod v) N/2<n<N
(Q(e),A)=1 Q(B)=0(mod v) n=a(mod A)
a=0 (mod (A,d)) n=p (mod v)
n=0 (mod d)

N/2
= O(1
2 > (aom)
a(mod A) B (mod v)
(Q(a),A)=1 Q(B)=0(mod v)
a=0 (mod (A,d))

where
(4.1)

2. 1= ) Z =2 w1
a(mod A) a(mod A)  §(Q §|A a (mod A)
(Q(a),A)=1 a=0 (mod (A,d)) (6,d)=1 a=0 (mod (A,d))

=0 (mod (A,d)) Q(a)=0 (mod ¢)
A A w(p)
= 3 ) 0 = o 11 (122
2 MO m Y T ma LT
(6,d)=1 pid
A w(p)\ ™
2] (o
(A,d) 7 p
with
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Moreover, from (v, A) =1 we know that

Z 1 =7(v).

B (mod v)
Q(8)=0 (mod v)

Therefore, summing up the above four formulae we get

Ss1 <y ZZAX'Ad (V)

d|P(z) (v,Ad)=

e

pl(A.d
Since |\, (d)] < m3(d) and |Nj| < 1, we have

551\—7 DY )\/\”Tk I1 (1_@)1

d|P(z) (v,Ad)=1 pl|(A,d) p
A wp)\ ™
O(v(H) Y m)nv) I (1-==
d<D' v<D (A’d) p
v )
A, X’ P L O(ADD'(log D)* 1.
LEPIPIY 2 TT S+ 0(aDD o))
z) (v p|(A,d)

From Proposition 3.3 we get for sufficiently large s that

(42) S < (L+0(™) Sy (H)G1V(2) + O(ADD (log DY),

2
where
(4.3) V(z)—H(1—1> 11 (1—;>
o P) e p—w(p)
ptA plA,pla
and
(v)
(4.4) = ) A )
1/<D
(rA)=
Analogously,

Sse = (14 O(e_s))g'y(H)GlV(z) + O(ADD'(log D)31).
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Therefore,

(4.5) S5 < Ny(H)G1V (z) + N3,

5. Evaluation of S; and S,

First, we mention that S; = Ss;log N, where S5; is defined in the
previous section. Thus (4.2) implies that

Nlog N

(5:1) Si<(1+0(e7))—

Y(H)GLV (2) + O(ADD' (log N)*F).

In order to calculate S3, we change the order of summation to get

(5.2) =y N> U

dP(z) ameM

where

(5.3) v = > ANmn-am) ( > )
N/2<n<N vQ(n)
(Q(n),A)=1
n=0 (mod d)

Next we come to the evaluation of U ém).

Uém = Z Ay Z Z Z A (n—a™)

(v,Ad)= o (mod A) B (mod v) N/2<n<N
(Q(a),A)=1 Q(B)=0(mod v) n=a (mod A)
a=0 (mod (A,d)) n=p (mod v)

n=0 (mod d)
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We write R; to be the summation with (8 —a™,v) > 1, then

B Y AYer Y Y X
(v,Ad)=1 plv a(mod A) B (mod v) N/2<n<N

(Q(a),A)=1 Q(B)=0(mod v) n—a™=p
a=0(mod (A,d)) (B—am,v)=p n=B(mod v)

a—a™=p (mod A) n=0 (mod d)
< Z 73(1) 1 (V) Z log p
v<D plv

p=—a™ (mod d)

< Y m)mp)logp > m(v)m(v)

p<D v<D/p
p=—a™ (mod d)

| D(log D)3k
Z ng<< (og)

< D(log D)1 ,
( ) p ¢(d)

p<D
p=—a™ (mod d)
where the implied constant depends only on k. If we denote by R, the
summation with (5 —a™,v) =1 and (o — a™, A) > 1, then

Ry = Z Ay Zlogp Z Z Z 1
(v,Ad)=1 plA a(mod A) B (mod v) N/2<n<N
(Q(a),A)=1 Q(B)=0 (mod v) n—a™=p
a=0 (mod (A,d)) (B—amp)=1 n=a(mod A)
(a—am A)=p B—am=p(mod v) n=0(mod d)

<Y mv) Y] ¢<%>logp

v<D p|A
p=—a" (mod d)

1
< D(log D)*p(A) E Ofli < AD(log D)*log A.
plA b
p=—a™ (mod d)

Therefore we conclude that

(5.4)

Uc(lm) _ Z A, Z Z Z A (n —a™)
(v,Ad)=1 a(mod A) B (mod v) N/2<n<N
((a—a™)Q(e),A)=1 Q(B)=0(mod v) n=c (mod A)
a=0 (mod (A,d)) (B—am™wv)=1 n=pF(mod v)
n=0 (mod d)

+ 0 (D(log D)?’k) ,
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where the implied constant depends only on k.
For (b,q) = 1, we write

E(r.gb) = Y. A%)—@

n<x
n=b (mod q)

as usual. Then

wre XM X > amat

(v,Ad)=1 a (mod A) B (mod v)

(5.5) ((a=a™)Q(a),A)=1 Q(8)=0 (mod v)
a=0 (mod (A,d)) (B—a™,v)=1
+ O (D(log D)3k) ,
where
(5.6)
R = 3 A
(v,Ad)=1
o (mod A) B (mod v)

(a=a™)Q(e),A)=1 Q(B)=0 (mod v)
a=0 (mod (A,d)) (B—a™,v)=1

with b the residue class modulo v[A, d] satisfying b = o — @™ (mod A),
b= pf—a™ (mod v)and b = —a™ (mod d). Notice that we include in the
error term a few terms for A°(n) with n in the intervals (N/2, N/2+ a™)]
and (N, N + a™].

We can easily deduce that for every m

DONRY <A Y msla) max (IB(N.g;0)| + [B(N/2,:)]).
d q<ADD (b.a)=
while by Cauchy’s inequality and E(N,q;b) < N/(q)
S () max [E(N.q;b)
(b7Q):1

q<ADD’

(3, B (5 aea).

g<ADD’ v(9) g<app 1

D=
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and the Bombieri-Vinogradov theorem indicates

Z Te+s(q) max |E(N,q;b)| <
(b,9)=1

A+1
DD (log N)

for any positive real number A. The same estimate holds for the sum
involving E(N/2,q;b). Therefore,

N
5.7 STNRMY <
( ) y ity " < (logN)A“

In order to calculate the main term in (5.5), we need to evaluate the
sum over « and [ respectively. Since A | Q(a™) for any m, we have

R =)
’ )

a (mod A) a (mod A) p|(A,d p
((a—a™)Q(a),A)=1 (Q(a),A)=1
a=0 (mod (A,d)) a=0 (mod (A,d))

by (4.1). For squarefree number v satisfying (v, A) = 1, we write

)= > L

B (mod v)
Q(8)=0 (mod v)
(B—a™,v)=1

then Tlim)(l/) = Tk(11)Tk_1(v2) where v = 11y with (11, Q(a™)) = 1 and
vy | Q(a™). Therefore the main term in (5.5) is equal to

Cw@)\ " (v)
(1 ) E Ay
)

p vhil PW)

ANy(H)
2@([A7d]) ’ (A7d) H

CANy(H) 1 AV 7™ ()
T 20) @) H)(l )= 2 M

pl(Ad v,Ad)=1

p|(Ad
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Summing over d, we get from Proposition 3.3 that

(5.8)
doNU =1+ 0(58))%@@ 1T (1 - ;%)
d I;;AZ
N
’ ZE (1 p- w(p)> " O((]ogN)A+1)a
p|A,pla
> (140 A2]9\£Z§){) G™MV(2)+0 ( (log J]if[)fm)
where
Gm = 3 " (v)
v<D ’ f(’/)
(v,A)=1

with f(v) the multiplicative function satisfying f(p) = p — 2, and the
error term mainly comes from (5.7).

Combining (5.1), (5.2) and (5.8) we finally arrive at
(5.9)

S — 8 > (14 0(e—)) V() (go(AA) S G,

2
ameH
A N
P X G Gulos) 40 ).
o(A) ZM\H ST (log N)4+1
where V' (z) is given in (4.3) and
(5.10)
G, — Z \ Tk—l(y> Ga = Z A Tlgm)oj) (amEM\H)
2 — v N 3 — v .
= W) = S
(r,A)=1 (v,A)=1

6. Choosing the Sifting Weights

In this section, we will choose the parameters A, and give asymptotic
formulae for Gy and Go. We follow the way given in [4].
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Denote

and

_ W) e
gS(V)— f(l/) (CL € \ )7

let h;(v) be the relative density function of g;(v). It is well-known from
the Selberg’s A%-sieve theory that

(6.1) Gi= Y oy

c<\/ﬁ
(e,A)=1

where

yo = 249 Y. pmai(m).

- hl(c) m=0 (mod c)

Using the Mobius inversion formula on divisor-closed set we obtain

_ p(m) .
(6.2) =) > (o

Therefore the initial condition p; = 1 is equivalent to

(63) > hfee=1

c<\/5
(e,A)=1

¢=0 (mod m)

Now we choose

1 VvD\*
6.4 .= —| log— | ,
(6.4) Y Y(og C)

for squarefree ¢ < v/D, (¢, A) = 1 and . = 0 otherwise. Inserting this
into (6.3) we find that

(6.5) Y = Zb hl(c)(logLF)Z,

where Zb means the summation goes through squarefree integers. Be-
fore going further, we give a result involving the sieve weight constituents
which verifies (2.2).

LEMMA 6.1. For any integer m > 1, we have |p,,| < 1.



124 Yaming Lu

Proof. From (6.2) and (6.4) we know that

o = M) hﬂc)(logﬁ)z.

Ygl (m) e<vD/m
(c,Am)=1

Then the desired result follows from

Yoy Y hl(c><log_) S S h1(0)<10g@)£

cu
ulm c<v/D ulm c<vVD/u
(c,A)=1 (c,Am)=1
(e;m)=u
b vVD\*
> h —
(Z ) X o105 %2)
ulm e<vVD/m
(e,Am)=1
(m) vD\*
Z hi(c)( log~—) .
m cm
c<vVD/m
(e,Am)=1

]

In order to calculate the sum in (6.5), we introduce the following
lemma.

LEMMA 6.2. Let k and { be positive integers and assume g is a mul-
tiplicative function supported on squarefree numbers such that

1
(6.6) 9(p) =E+0<—), K> 1
Then, for x > 2,

G g(m)<10g%)€:G(Ef/{)!(logx)“n(l+O<lo;x>>7

m<zx

(m,A)=1

where
(63) & = H(l——) o) IT (1--)"
plA

and the implied constant depends only on k, £, A and on the one in

(6.6).
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Proof. This is Corollary A.6 of [4]. O

Since hy(p) = k(p —k — 1) for pt A, we get from Lemma 6.2 that
|

(6.9) Y = 6&(A) & (log \/E)k”(l + 0(%)),

(k+20)! log
where
1\* E N1 1\*
s s =TI~ (- )T
N p p oA p
Analogously, (6.1) and (6.4) indicate that
) B b \/5 20
Y26 = ) hl(c)(logT
e<vVD
(e,A)=1
(20)! k 1
= 6(A)——=—(log VD)1 :
SA) G2 05 VD) +O<logD>

Applying (6.9) we obtain

611) G = G(Aw%(bg \/E)k<1 n O(long>).

Next we calculate G5. We have

(6.12) Go= > h;((j)( > pmgz(m)>2

c</D m=0 (mod c)
(e,A)=1

Notice that p, is given in (6.2), whence

S mm= Y p(m)ga(m) S b

g1(m)

m=0 (mod c) m=0 (mod c) d=0 (mod m)
pi(c)g2(c) pi(u) gz (u)
= hi(d)ya )  ——~—.
GRS D oy
Since

pu(u)go(u) k=D -D\ _yyr—k-1_ 1
2 gi(u) 11 <1 k(p—2) ) k(p—2)  hi(d/c)f(d/c)’

ul ¢ 14

c c
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we conclude that

Z pPmga(m) = u(c) o(c) Te-1(c)

m=0 (mod c)

hy (d>yd
> m@r e

d=0 (mod c¢)

= u(c)p(c)hi(c T (e _Yd_
= p(c)p(c)h(c) O dEO%;)dc) )

Inserting this into (6.12), we have

. b 1 c chfl(C) ﬂ 2
o ol CELC s P Y )
(e,A)=1
b ) a2
T hz(C)%O(C)( 3 %)

e<VD d=0 (mod c)
(e,A)=1

1 b o(c)? b1 VvD\* ’
Y c<vVD f(C) d<\/ﬁ/c f(d) cd
(e,A)=1 (d,Ac)=1

Applying Lemma 6.2 we have

V3G, =

c<\/7
(c,A)=

where
oo -T1(1-2) (1 ;1) -
pA plA
Applying Lemma 6.2 again we get

o G1(A)? (20 + 2)! - 1
YiG: = (0+1)2 162(8) (k+ 20+ 1)!(10g¢5)k+ N (1 +O<logD>)’

where
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Combining with (6.9), we get
(6.13)

G, = S1APS:() (k+DEL +2)! (1og¢5)1—k(1+o( 1 >>

S ([ DP(k+20+ 1) log D
If we write
L 1 1
(6.14) G(A)_Mq<1—p><1+p+2>,

then a modicum of calculation shows that

©1(A)&:(A) (A

= "(A).
S(A) A S(4)
Therefore, comparing (6.13) with (6.11) we finally get
A 20+ 1)&(A)G log D 1
615 A ® T T Tr DG 1+O<logD> '

The last task is to evaluate (G5, we will complete it in the next section.

7. Asymptotics of G3 and Proof of the Theorem

First we will give a more precise form of the error term in Lemma 6.2.

LEMMA 7.1. Under the assumption of Lemma 6.2, we have
(7.1)
Zb g(m)(log £>Z =6—— & (log:v)“”—i—O((logm)’“‘M "log log(A+2))
m (04 K)! ’

m<x
(m,A)=1

where & is given in (6.8) and the implied constant depends only on k, £
and on the one in (6.06).

Proof. First we introduce the following asymptotic formula

(7.2) Z g(m log 2)" + O((log z)* " loglog(A + 2)),

m<x

(m,A)=1

the proof is analogous to the one given for Theorem A.5 in [4], the only
difference is that the condition (A.15) appeared in [4] should be replaced
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by
Zg )logp = klogx + O(loglog(A + 2))
pszT
piA
since
lo lo lo
Slar oy e,y
plA plA p|lA
(7.3) p<log(A+2) p>log(A+2)
73 log log(A
loglog(A +2) og(A +2)
loglog(A + 2 1
< loglog(A +2) + Tog(A1D) Z
< loglog(A + 2).
Then, using partial summation we can get (7.1) from (7.2). O

LEMMA 7.2. Under the assumption of Lemma 6.2, we have

b €T K+L
log =

mg; g(?ﬂ)( og m)

(m,A)=1

m|A/

(loglog(AA’ + 2))r+1 ’
=(1 1 Kt 1
(140 TErES tog) [J+505)
p|A’

where & is given in (6.8), and the implied constant depends only on k,
¢ and on the one in (6.6).

Proof. We have
¢

b x b r \*!
> gm)(log =) = 3D glmima)(log ——)
m<zx mimo<zT 1ire2
(m,A)=1 (mima,A)=1

mi|A’, (ma,A)=1

_ Zb g(my) Zb g(m2)<logmfm2>e

mi1<T mo<z/my
(m1,A)=1 (ma2,AA=1
my|A!
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b G/ﬂ x \ K+
(7.4) = mzq g(m;) {M(log E)
(m1,1A\)=1
my|A/
+ O<<log mi)m_l loglog(AA" + 2>)}
1

where

&= ] (1 _ l)N(Hg(zp)) 11 (1 - 1>K-

DA P PIAA i

It is obvious that
1 K
> atm) < exp (S o)) < oo (53 0) < (loglog(a +2))",
’ / / p
m1|A pIA plA
where the last step is analogous to (7.3). Therefore, the error term in

(7.4) is
O((log z)*" "' (loglog(AA' + 2))"+1).

Now, using Lemma 7.1 to calculate the left hand side of (7.4), we have

b z\ S et (loglog(AA’ 4 2))r+1
mz;m g(m)(log E> = @(logx) <1+O( Slogz ,
(m,A\)zl
m|A/

where & is given in (6.8). Since

the desired result is obtained.

Now we begin to calculate G3. As in section 6, we have

(7.5) Gy = Zfb h;((:)( >, pmgs(m))Q-

m=0 (mod c)

(e,A)=1
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From (6.2) we know that

S s = Y A Sy,
)

m=0 (mod c) m=0 (mod c) Tk(m d=0 (mod m)
pe)p(c)gs(c) pu)p(u)gs(u)
= h(d
(0) dE%;d e )yduzl; (1)

IVICEOTIONE hlwde(l_<p;<1>n£m><p>)

Tk(c) d=0 (mod c) p| 2 p= 2>

_ e)p(c)gs(c) fi(b/c)
=T 2 Mm@

d=0 (mod c)
where f; is the multiplicative function with
fip) = k(p=2) = (0 = D7 (p).

Therefore,

. p(c)p(c)gs(c)hi(c) hi(d) f1(d)
10 > pwsslm) = TR R

m=0 (mod c)

Recalling the definition of y4., we can express the summation over d as

1 < h(d)fi(d)/, D\
RV Z log )
Yd<\/5/c Tk(d)f(d) ( de )
(d,Ac)=1
Since
1
TN lf am ,
hi(p)fi(p) _ f(p) p|Qa™)
(@) f(p) | pp)hn(p) if pfQa™)
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we have (note that A | Q(a™))
(7.7)

MdAD 1 v L p@)h() o VDY
2 @@ Y Z% ()
(uv,Ac)=1

ulQ(a™), (v,Q(a™))=1

Ly L k) VDY
Y Z f(u) Z f(v) <1guvc>

u<vD/c v<vD/(uc)
(u,Ac)=1 (v,Q(a™)c)=1
ulQ(a™)

It is obvious that u(v)hy(v)/f(v) < v°2, therefore writing

¢ :
vV D\?¢ l VDNt .
<log—) = E <,)<log—> ]logjv,
uvc : J uc
Jj=0
we get

ZZ(“%Y Zb %nm((logg)“)

v v<v/D/(uc)

(1,Q(am)e)=1
VD VD
) <10g“_f>:@gm>c (1 - <p—k—k1><p—2>) +O<<1"gu_lc)>g )

Inserting this into (7.7) and making use of Lemma 7.2 we have
hi(d)fi(d) 1 VD! 0(c) VD -1 2
2@ e 7 (s ~7) <1 + O(f(c) (log~=) (1oglog ) ))

d
k ) 1
X 1— 1+——),
MQQL)C( (p—k—-1)(p—-2) pl;[c ( p—2>
plQ(a™)
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combining with (7.5) and (7.6) we have
Y2Gy

T
()=
) MQI(_a[m)c (1 -k _kl)(p_ 2))2 plm‘[(: ( N ]%)2
rlQ(m)
_ ZDb Z AON Tk((cc);hl(c)2 <log \/cﬁ)% <1 +0 (?Egz(lfgg(lj%sz;
(e,A)=1
X M%}m) (1 o —k1)(p B 2))2p|<c,Q<am>> (1 ﬁ) ;
SR R
N

ul|Q(a™), (v, Q(am))=1

plv

where

o o= 11 (- gomp=g) I (+55)"

XH(l_(p k—kl)(p 2))_2(1+O(}0((W

uv)?log(v/D Juv)

piQ(a™) pfA
plQ(a™)

It is easy to verify that

1 o(p)?gs(p)*hi(p)? R

() )
for p | Q(a™) and also
1 w(p)2gs(p)2h1(p)2( B k )2 _
hs () 7,(p)? T hsEonpoy) W

)

))

)?(log log N ) >>
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for p 1 Q(a™). Thus

2 (m) b b /DN 2
YoGs =6 Z hs(u) Z h3(U)<10g W)
u<v/D v<vD/u
(u,A)=1 (v,Q(a™))=1
u|Q(a™)
2 4
« (14 o itk X))y
f(uv)? log(\/ﬁ/uv)
Making use of Lemma 7.1 we obtain
2 a(m) b my (20! /D k+2¢
u<\/5
(u,A)=1
ulQ(a™)
SO(U')2 _D k+20—-1 A
+0 (f(u)Q <1og > (loglog N)* | |,
where
1\* k 1\*
(m) _ _ = 1— =
(7.9) 5 MG!(_["”) (1 p) <1 + p—k— 2) - < p) ’
a plQ(a™)

Therefore, Lemma 7.2 implies
(7.10)

o1ei™al™ ( -
(k+20)! oy p—k—1
plQ(a™)

)

oo I i) )

p|Q(a™)

Y2G3 =
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The error term can be disposed in the following way:

k=1 (p—1)
S <1 +
(e
plQ(a™)

p—1\2 k—1 (p—1)>
—_— 1
< 1l <p—2> ( Tp—k—1(p-27)
PIA
p|Q(a™)

the product over primes p < log IV is O((log log N)k“), while for p >
log N we have

—1\2 kE—1 —1)? 2k
(A=) (1+ =Ly y 2
p—2 p—k—1(p—2)2 log N
therefore the corresponding product is

2k \w(@Q(@™) 2%k \ ey 1
< (14 1ew) (4 ew) ™ =14 Oy )
( * log N <\t log N + loglog N

since Q(a™) < N%. Whence the last O-term in (7.10) is O((log D)*¥+2¢-1
(loglog N)**1). Analogously, If we denote by

ey k-1
Sgm — 21 _>2 I
S(A) g ( +p—/£—1)’
plQ(a™)

then it is easy to show that

k 1
7.11) 6™ = 1— 1+ —).
e =Tl (1) I (0 55)

ptA pfA
plQ(a™)

Therefore,

se™ ] (1+ ]%><<loglog]\f.
A

plQ(a™)

Hence the total error in (7.10) is O((log D)***~!(loglog N)**1).
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Recalling the asymptotic formula of Y and G in (6.9) and (6.11)
respectively, we can deduce from (7.10) that

(712> G3 — G(m)Gl + O Gl (log 10g N)k+1 .
log D

Now we come to the proof of Theorem 1.1. Inserting (6.15) and (7.12)
into (5.9), we have

Sz — Sy

> (1+0(e™))

I e 1+ 0(i3)
A

” p(A)

N
(m) _ k+1 -
Z S log N + O((loglog N) )} +O((logN)A+1)
ameM\H

Ny(H)V(z)G1log N[ k(204 1)&'(A)
2 [2(€—|—1)(k‘+2€—|—1)

! 21§ga££ (1 - <p—k—k1><p—2>) ‘”O(Oogizg—x)kﬂﬂ

*O(ﬁ)

Combining with (2.5) and (4.5) we get
(7.13)
S(A, P, z2)

> (1+0(e™?) (1 —4e)

> (1+0(e™))

Ny(H)V (2)Gy logN{ k(20 4+1)6&'(A) (1 42)
2(

2 (+D)(k+20+1)

* 2101gaml_£ (1 - (p—k‘—kl)(p—2)> _HO((IOgllzg—x)kH)}

+O(ﬁ)'
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Therefore, S(A, P, z) has a positive lower bound provided that
(7.14)
k(20 +1)&'(A) k
1—de)+—JT(1- 1
2(£+1)(k+2€+1)( €)+210gapf11 (p—k—1)(p—2) >0,

we verify this in the following way.
Firstly, (6.14) implies that

s =11 (1_19(29:12)) > 11 (1_ n(n3+2)) - k‘-kF?f

DA n>k+1

Secondly, we have

[l (1 N (p—k—kl)(p—2)) =

piA
where
(7.15) 1
k k -
" :p>Hk+2 (1_(29— k=1)(p - 2)) :p}]ﬂ <1+(p— k—2)(p— 1)> '

We can prove that there are infinitely many k such that ~; has absolute
lower-bound by studying the mean value.

LEMMA 7.3. It holds for any K > 1 that

1 1
— E log — 1
K o8 Tk <5
K<k<2K
2|k

where the implied constant is absolute.

Proof. 1t is sufficient to prove that

1 k
® 2 2 prisapon b

K<k<2K k+2<p<dK
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The left hand side is equal to

1 1 k
K, 2 51 2 53

p—1 ;
K+2<p<4K K<k<min(2K,p—3)
1 1 k
T 5 Y s
K+2<p<2K+3 K<k<p-3
1 k
Py LY )
2K +3<p<4K K<k<2K
1
==K+ K
K( 1+ o)
say, where
1 1
K — = —
PED D DR D k
K+2<p<2K+3 K<k<p—3 KA+2<p<2K+3 k<p—K-2
< Z logp < K.
K+2<p<2K+3

On the other hand,

1 - K -2
SRTP VD D = D (logmwm)

2K+3<p<dK K<k<2K 2K +3<p<4K
K
=— ) log(l-———)+0(K
%( p—K—Q+ (%)
2K +3<p<4K

K
E —  +t KK K.
< K2 + KK
2K +3<p<dK

The desired result is obtained. O

It follows from Lemma 7.3 that 7 is bounded below by a positive ab-
solute constant for some even number £ in any dyadic segment. Choosing
such a k, sufficiently large in terms of £ and a, and choosing ¢ = [v/k/2],
we find that the left hand side of (7.14) is positive. This completes the
proof of Theorem 1.1.
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