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INTERVAL-VALUED INTUITIONISTIC GRADATION OF
OPENNESS

CHUN-KEE PARK

ABSTRACT. In this paper, we introduce the concepts of interval-
valued intuitionistic gradation of openness of fuzzy sets which is a
generalization of intuitionistic gradation of openness of fuzzy sets
and interval-valued intuitionistic gradation preserving mapping and
then investigate their properties.

1. Introduction

After Zadeh [14] introduced the concept of fuzzy sets, there have been
various generalizations of the concept of fuzzy sets. Chang [5] introduced
the concept of fuzzy topology on a set X by axiomatizing a collection T" of
fuzzy subsets of X and Coker [7] introduced the concept of intuitionistic
fuzzy topology on a set X by axiomatizing a collection T of intuitionistic
fuzzy subsets of X. In their definitions of fuzzy topology and intuitionis-
tic fuzzy topology, fuzzyness in the concept of openness of fuzzy subsets
and intuitionistic fuzzy subsets was absent. Chattopadhyay, Hazra and
Samanta [6,8] introduced the concept of gradation of openness of fuzzy
subsets. Zadeh [15] introduced the concept of interval-valued fuzzy sets
and Atanassov [2] introduced the concept of intuitionistic fuzzy sets.
Atanassov and Gargov [3] introduced the concept of interval-valued in-
tuitionistic fuzzy sets which is a generalization of both interval-valued
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fuzzy sets and intuitionistic fuzzy sets. Mondal and Samanta [9,13] intro-
duced the concept of intuitionisti gradation of openness and defined an
intuitionistic fuzzy topological space and investigated their properties.

In this paper, we introduce the concepts of interval-valued intuition-
istic gradation of openness of fuzzy sets which is a generalization of in-
tuitionistic gradation of openness of fuzzy sets and interval-valued intu-
itionistic gradation preserving mapping and then investigate some prop-
erties of interval-valued intuitionistic gradation of openness of fuzzy sets
and interval-valued intuitionistic gradation preserving mappings.

2. Preliminaries

Throughout this paper, let X be a nonempty set, I = [0, 1], I = (0, 1]
and [; = [0,1). The family of all fuzzy sets of X will be denoted by
I*. By Ox and 1x we denote the characteristic functions of ¢ and X,

respectively. For any A € IX, A° denotes the complement of A, i.e.,
Ac=1x — A

DEFINITION 2.1. [4,6,12]. A gradation of openness (for short, GO) on
X, which is also called a smooth topology on X, is a mapping 7 : I* — I
satisfying the following conditions:

(01) 7(0x) = 7(1x) = 1,

(02) 7(AN B) > 7(A) A7(B) for each A, B € IX,

(03) 7(User Ai) > Nier T(A;), for each subfamily {4; : i € T} C I¥.

The pair (X, 7) is called a smooth topological space (for short, STS).

DEFINITION 2.2. [9]. An intuitionistic gradation of openness (for
short, IGO) on X, which is also called an intuitionistic smooth topology
on X, is an ordered pair (7,7*) of mappings from I to I satisfying the
following conditions:

(IGO1) 7(A) + 7*(A) < 1 for each A € IX,

(IGOQ) (Ox) = (1)() =1 and T*(Ox) = T*(lx) = O,

(IGO3) 7(ANB) > 7(A) A7(B) and 7" (AN B) < 7%(A) V 7*(B) for
each A, B € IX,

(IGO4) T(Uier Az) Z /\iGF T(Al) and T*(UieF Az) S \/Z'er T*<AZ) for
each subfamily {A; : i € T} C IX.

The triple (X, 7, 7*) is called an intuitionistic smooth topological space
(for short, ISTS). 7 and 7% may be interpreted as gradation of openness
and gradation of nonopenness, respectively.
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DEFINITION 2.3. [9]. Let (X, 7,7*) and (Y, n,n*) be two ISTSs and f :
X — Y be a mapping. Then f is called a gradation preserving mapping
(for short, a GP-mapping) if for each A € IY, n(A) < 7(f71(4)) and

n*(A) = 7(f71(A)).

Let D(I) be the set of all closed subintervals of the unit interval I.
The elements of D(I) are generally denoted by capital letters M, N, - - -
and M = [M*, MVY], where ML and MV are respectively the lower and
the upper end points. Especially, we denote r = [r, 7| for each r € I.
The complement of M, denoted by M€, is defined by M =1—- M =
[1— MY, 1— M¥%]. Note that M = N iff ML = N and MY = NV and
that M < N iff M* < NF and MY < NV,

DEFINITION 2.4. [15]. A mapping A = [AL, AY] : X — D(I) is
called an interval-valued fuzzy set (for short, IVFS) on X, where A(z) =
[AL(z), AY(x)] for each x € X. AL(x) and AY(x) are called the lower
and upper end points of A(x), respectively.

DEFINITION 2.5. [10]. Let A and B be IVFSs on X. Then

(a) A= B iff AL(z) = BY(x) and AY(x) = BY(z) for all z € X.

(b) A C B iff AX(z) < BL(x) and AY(x) < BY(x) for all v € X.

(c) The complement A¢ of A is defined by A¢(x) = [1 — AY(x),1 —
AL(z)] for all x € X.

(d) For a family of IVFSs {A; : i € '}, the union U;erA; and the
intersection N;erA; are respectively defined by

UierA;(z) = [\/iGFAiL(x)v \/ieFAiU(x)]a
ﬂieFAi(x) = [/\ieFAiL@)’ /\ieFAg(x)]
forall z € X.

DEFINITION 2.6. [3]. A mapping A = (pa,va): X — D(I) x D(I) is
called an interval-valued intuitionistic fuzzy set (for short, IVIFS) on X,
where pg 0 X — D(I) and v4 : X — D(I) are interval-valued fuzzy sets
on X with the condition sup,¢ y 14 (x)+sup,cy ¥4 (z) < 1. The intervals
pa(z) = [ph(x), p4(z)] and va(z) = [V5(x), vy (x)] denote the degree of
belongingness and the degree of nonbelongingness of the element z to
the set A, respectively.

DEFINITION 2.7. [11]. Let A = (ua,va) and B = (up,vp) be IVIFSs
on X. Then



30 Chun-Kee Park

) A C B iff ph() < ph(a), 1(@) < pY(z) and vh(z) > vh(a)
) > vY(x) for all x € X.
)A=Biff AC Band B C A.

z)
d) For a family of IVIFSs {4; : i € T'}, the union U;erA; and the
intersection N;crA; are respectively defined by

Huier A, (LL’) - UiGF:“’I“i(‘T)? W,er A, (]3) - miGFVAi (l’),
HnjerA; (,CE) = Nierpta, (.T), Vnier4; (23) = Uierva, (33)
forall z € X.

3. Interval-valued intuitionistic gradation of openness

DEFINITION 3.1. An interval-valued intuitionistic gradation of open-
ness (for short, IVIGO) on X, which is also called an interval-valued
intuitionistic smooth topology on X, is an ordered pair (7,7*) of map-
pings 7 = [tF,7Y] : IX — D(I) and 7 = [7*F, Y] . IX — D(I)
satisfying the following conditions:

(IVIGO1) 7E(A) < 7Y (A), 7*5(A) < 7Y (A) and 7Y (A) +7Y(A) < 1
for each A € IX,

(IVIGO2) T(Ox) = 7'(1)() =1 and T*<Ox) = T*(lx) = 0,

(IVIGO3) 7¥(AN B) > 75 (A) AT5(B), TY(AN B) > 7Y (A) A7Y(B)
and 7*(AN B) < 74 (A) v 4(B), V(AN B) < 7Y (A4) v *Y(B) for
each A, B € IX,

(IVIGO4) 75(Uer Ai) > Aier 75(A), 7Y (Uier 4i) > Nier 7Y (A)
and T*L(Uier Al> < viGF T*L<Ai), T*U(Uier Al> < viEF T*U(Al') for each
subfamily {4; : i € T} C I¥.

The triple (X, 7,7*) is called an interval-valued intuitionistic smooth
topological space (for short, IVISTS). 7 and 7* may be interpreted as
interval-valued gradation of openness and interval-valued gradation of
nonopenness, respectively.

DEFINITION 3.2. An interval-valued intuitionistic gradation of closed-
ness (for short, IVIGC) on X, which is also called an interval-valued in-
tuitionistic smooth cotopology on X, is an ordered pair (F, F*) of map-
pings F = [FL, FY] . I¥ — D(I) and F* = [F*F, F*Y] . IX — D(I)
satisfying the following conditions:
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(IVIGC1) FE(A) < FY(A), F*L(A) < F*Y(A) and FU(A)+FV(A) <
1 for each A € IX,

(IVIGC3) FL(AUB) > FL(AANFE(B), FY(AUB) > FY(A)AFY(B)
and F*Y(AUB) < F*¥(A) v F4(B), V(AU B) < F*Y(A) v F*Y(B)
for each A, B € IX,

(IVIGC4) FE(Nier Ai) > Nier FH(A;), FY(Nier Ai) > Ner FY(A)
and F*X(Nicr A) < Vier F*H(A), F*YV(Nier Ai) < Vier F*Y(4;) for
each subfamily {A; : i € '} C IX.

THEOREM 3.3. If (7, 7*) is an IVIGO on X, then (7%, 7*F) and (7Y, 7*V)
are IGOs on X.

Proof. 1t follows immediately from Definition 2.2 and 3.1. [

For an IVIGO (7,7*) and an IVIGC (F,F*) on X, we define
Tr(A) = F(A%), 75 (A) = F(A%),
Fr(A) = 7(A%), F7.(A) = 7°(A%)

for each A € IX.

THEOREM 3.4. (a) (7,7%) is an IVIGO on X if and only if (F,, F.)
is an IVIGC on X.

(b) (F,F*) is an IVIGC on X if and only if (7, 75.) is an IVIGO on
X.

) 7r =7, 75 , =7 Frp =F, Fr. , =F".

Proof. (a) Since FE(A) = 7H(A9), FY(A) = 7Y(A°), FrLE(A) =

T

7L (A°), FrLY(A) = 7V (A°), we have
Fh(A) < FY(A), VA € I & 75 (A9
& 7h(A)

<7Y(A9), VA e I*
< 7Y(A), VA e I¥.
Similarly,

FrLEA) < FLY(A), VA e I¥ & 5 (A) < 7Y(A), VA e T¥,
Fl A+ F.lA) <1, VAe I o rY(A) + Y (A) <1, VA e I¥,
Fr(0x) = Fr(lx) = LFL(0x) = FL.(1x) =0

< 71(lx)=70x)=1,7"(1x) =7"(0x) = 0.
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FEAUB) > FE(A) ANFE(B), VA, B e I¥
H(A°N B%) > 1 (A°) A TH(BC), YA, B € I*
H(AN B) > t(A) ATH(B), VA, B € I*.
Similarly,

FY(AuB) > FY(A) ANFY(B), YA, B € I*
V(AN B) > 7Y (A) ATY(B), YA, B € I,
FLEAUB) < FLE(A) v FLE(B), VA, B e IX
e AN B) < (A) v H(B), VA, B e I,
FLUAUB) < FLYA) v FLY(B), VA, B e I¥
e Y AnB) <mY(A) v Y (B), VA, B e I*.
Let {A4;:i €T} C I*. Then

FE(Nier 4Ai) = 75((Nier Ai)°) = 75 (User AS),
]-'f( Nier 4;) = (( ier Ai)°) = TU(UiEF A7),

Frl(Nier A;) = (( ier A))°) = 7 (User A5),
Fr%(Mier 4;) = 77 ((Nier A)°) = 7% (User A5).
Hence we have

FE(Mier Ag) > Ner FE(A), Y{A; i eT}cI¥
& 7 (Uier AS) > Ner TH(AS), V{A; i eT} c IX
&t (Uier Ag) > Nier TH(A), V{A4; i €T} C I¥.
Similarly,
FY(Mier As) > Nier FYU(A), V{4, iel}y c I¥
& 7 (Uier Ai) > Ner TV (Ay), V{4; i e TY I,

FrE(Mier A;) < Vier FLE(A), Y{A; i eT} c IX
<~ 7' (Uzep A ) < \/ZEF 7' (AZ>, V{AZ ) & F} C IX,

f:*U(mier Az) < Vier f:*U(Ai), V{AZ NS F} C I
= T*U(Uier Az> < Vier T*U(AZ'>, V{Az 1€ F} C IX.
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Therefore (7,7*) is an IVIGO on X if and only if (F,, F\) is an
IVIGC on X.
(b) The proof is similar to (a).
(c) The proof is straightforward.
O]

Let {(7,7)}ier be a family of IVIGOs on X. Then the intersec-
tion of {(7;,7) }ier is defined by Nier(m, 7)) = (Nierm, Viert;), where
(NierTi)(A) = [NierTH(A), Nier7! (A)] and (Viert;)(A) = [Vierr " (A),
Vierm:V(A)] for each A € IX.

THEOREM 3.5. If {(7;, 7)) }ier is a family of IVIGOs on X, then
Nier (7, 77) is an IVIGO on X.

7

Proof. The proof is straightforward.

Let (7,7*) be an IVIGO on X. For [r,s] € D(I), we define

Tlr,s] = {A € [X : T(A) > [7", S]},

e ={AeI* 77 (A) < [1—s,1—1]},

(1, 7)) ={A € I* : 7(A) > [r,s] and 7%(A) < [1 —s,1 —r]}.

THEOREM 3.6. Let (7,7*) be an IVIGO on X and [r, s] € D(I). Then
Tirsls T'[r,s) and (7, 7)p.s are Chang’s fuzzy topologies on X.

Proof. Suppose that (7,7*) is an IVIGO on X and [r,s] € D(I).
We will prove that (7,7%).4 is a Chang’s fuzzy topology on X. Since
T(Ox) = T(lx) =1 and T*(Ox) = T*(lx) = 07 TL(Ox) =1 > T,
V0x)=1>s 75(1x) =1>7r,79(1x) =1 > s and 75(0x) =0 <
1—5,770x)=0<1—7, 75(1x)=0<1—5 7Y(1x)=0<1—7.
Thus 7(0x) > [r,s], 7(1x) > [r,s] and 7*(0x) < [1 —s,1 — 7], 7"(1x) <
1 —s,1—7]. Hence Ox,1x € (7,7")pq. Let A, B € (7,7)p5. Then
(A > r, 7Y(A) > s, 75(B) > r, 7Y(B) > s and 74 (A) < 1 — s,
V(A <1-7r, 7(B)<1—-5 mY(B)<1-7r. Sot:(ANDB) >
A ANTHB) > r, TY(AN B) > tY(A) ATY(B) > s and TF(A N
B) < 7HA)VTEB) <1 -5 77(ANB) < 7Y(4) v Y(B) <
1 —r. Thus 7(ANB) > [r,s] and 7"(AN B) < [1 —s,1 —r]. Hence
ANB € (1,7)p,y. Let {A; 11 €T} C (1,7%)pg. Then 75(4;) > r,
TU(A;) > s and 75 (A;) <1 -5, 7Y(4;) <1 —7rforeachi € I. So
TH(Uier Ai) > Nier 78(Ai) > 7, 7V (Uier Ai) > Nier TU(A;) > s and
T (Uier Ai) < Vier 75(A) <1 =5, 7Y (Uier Ai) < Vier 77 (4) <
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1 —r. Thus 7(User A;) > [r,s] and 7*(Ujer 4;) < [1 —s,1 —r|. Hence
UjerA; € (7,7") 5. Therefore (7,7%), 4 is a Chang’s fuzzy topology on
X.
Similarly, 7,5 and 7%, 4 are Chang’s fuzzy topologies on X.
O

THEOREM 3.7. Let (7,7*) be an IVIGO on X. Then {74 }psen(r)
and {7*; g }ir.sjep(1) are two descending families of Chang’s fuzzy topolo-
gies on X such that 7j.s) = Nppgl<frs] Tlpa) A T're) = Opgi<irs] T lpal
for each [r,s| € D(1).

Proof. Let [r,s],[t,u] € D(I) with [r,s] < [t,u]. If A € 1,), then
7E(A) > t and 7Y(A) > w. So 7H(A) > r and 7Y(A) > s. Thus
A € Tpg. SO Tpw C Tpg. Similarly, 7%, C 7%.. Therefore the
families {74 }prsjenry and {74 g} sjepr) are descending.

Let [r,s] € D(ly]. Since the family {7, q}irqep@) is descending,
Tirs] © Nipal<lrs] Tipa- 1 A & Tprg, then 75(A) <7 or 7Y(A) < s. Hence
there exists [p,q] € D(Iy) with [p,q] < [r, s] such that 77(A) < p < r or
TU(A) < g < s. Hence A ¢ Np,al<[r,s] Tip.al- Thus Np,a<irs] Tp.a) C Tlr,s)-
Therefore Tlr,s] = ﬂ[pqu[ns] Tip,q]-

Similarly, T*[T’s} = Nip,al<[rs] T*[P#ﬂ'

]

Let Y C X. For each A € IX, a fuzzy set Al|y, defined by Aly(z) =
A(z), ¥ €Y, is the restriction of A on Y. For each B € Y, a fuzzy set

B(z), z€Y
By, defined by Bx(z) = 0. reX_Y’

is the extension of B on X.

THEOREM 3.8. Let (X, 7,7%) be an IVISTS and Y C X. Define two
mappings Ty, Ty : I¥ — D(I) by 7v(A) = V{7(B) : B € I and By =
A}, 75(A) = A{7*(B) : B € I* and Bly = A} for each A € IY. Then
(1y,7y) is an IVIGO on Y and 1y (A) > 7(Ax) and 75 (A) < 7*(Ax) for
each A € I'.

Proof. For each A € IV, let B € I* with Bly = A. Since 7%(B) <
7Y(B) and 7*(B) < 7Y(B), nv*(A) = V{rH(B) : B € IX and Bly =
A} < V{7Y(B): B € I and Bly = A} = vY(A). Similarly, 755 (A) <
Y (A). Since 0 < 7Y(B) +7Y(B) < 1, 7Y(B) < 1 — 7*Y(B). Hence
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we have
nU(A) = Vv{rY(B) : B IX and B|y = A}
<V{1—7"(B): BeI¥ and Bly = A}
=1- /\{T*U(B) : B e I* and Bly = A}
=1 -7 (A).

Therefore 7Y (A) + 7V (A) < 1.
Clearly, 7v(0y) = 7v(1ly) =1 and 75 (0y) = 75 (1y) = 0.
Let Al,AQ € IV. Then T;(Al N AQ) = /\{T*(B) : B e I and B|y =
AiNAg}. I (A1) VT (Ay) =1, then 75 (A1 NAs) < 15 (A1) VT (Ag) =

Then there exists B; € I* such that Bily = A; and 7%(B;) < [r, s]
for 1 = 1,2 Since (Bl N Bg)|y = (BI|Y) N (Bg|y) = Al N AQ and
T*(B1NBy) < 7%(By)VT*(B2) < [r, 8], v (A1NAy) < 75(B1NB2) < [r, ]
Thus 73 (A1) V 1y (A2) < [r, s] implies 75 (A1NAs) < [r, s]. Hence 75 (A1 N
A2> S T;(Al) V T;(AQ) Therefore T;}L<A1 N AQ) S T}*/L(Al) V T;L(A2>
and 7Y (4; N Ay) < Y (A4) v 1Y (4y). Similarly, 7v5(A4; N Ay) >
TYL(Al) VAN TYL<A2) and TYU(Al N Ag) Z TYU(Al) N TyU(A2>.

Let {A; : i« € T} C IY. Then 73 (Uierd;) = N7 (B) : B €
]X and B|y = U’LEFAZ} If \/Z‘GFT;(AZ‘) = 1, then T;(UiEFAi) S viEFT;/(Ai)
= 1. If Vierry (A;) < 1, take [r,s] with Ver7y (A1) < [r,s] < 1. Then
m5-(A1) < [r,s] for each i € I'. Hence there exists B; € I such that
Bily = A; and 7%(B;) < [r,s]| for each i € T'. Since (UjerB;)ly =
User (Bily) = Uier Ai and 7°(User B;) < Vier*(B;) < [, 8], 79 (Uier Ai) <
T (User Bi) < [r, s]. Thus Vier7y (A;) < [r, s] implies 73 (User 4;) < [r, 5].
Hence 75 (Uier4;) < Vierm(A;). Therefore 755 (Uier Ay) < Vierr ¥ (A;)
and 737 (Uier 4;) < Vierty” (A;). Similarly, 7v*(Uier4;) > Aierty™(4;)
and 7y (Uier4;) > NiermyV (4;).

Therefore (7y, 7y ) is an IVIGO on Y.

Clearly, 7y (A) > 7(Ax) and 75+(A) < 7*(Ax) for each A € IV,

[

THEOREM 3.9. Let (F,F*) be an IVIGC on X and Y C X. De-
fine two mappings Fy, Fy : IY — D(I) by Fy(A) = V{F(B) : B €
I and Bly = A}, F3+(A) = N{F*(B) : B € I and By = A} for each
A € IV. Then (Fy,Fy) is an IVIGC on Y and Fy(A) > F(Ax) and
Fi(A) < F*(Ax) for each A € IV.
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Proof. The proof is similar to Theorem 3.8.
O

When 7y and 73 are defined as in Theorem 3.8, (Y, 7y, 75 ) is called
an interval-valued intuitionistic fuzzy subspace of the IVISTS (X, 7, 7%).

THEOREM 3.10. Let (Y, 7y, 7y) be an interval-valued intuitionistic
fuzzy subspace of the IVISTS (X, 1,7*). Then
(a) Fry (A) = V{F.(B): B € I* and Bly = A} and
Fi (A)=MF:(B): BelI* and Bly = A}
for each A € IY.
(b) If ZCY C X, thentz = (1v)z and 75 = (1) 2.

Proof. (a) For each A € IV, we have

(A) = 7y (A°)
=V{r(B): B¢ I and Bly = A%}
=V{r(B) : B°€ IV and B|y = A}
= V{F(B): B € I and B°|y = A}
= V{F,(B): B eI* and Bly = A}.
Similarly, F7,_(A) = M{F~(B) : B € IX and Bly = A}
(b) For each A € I4, we have
(1v)2(A) = V{ry(B) : B I' and B|; = A}
=V{V{r(C):CeI* and Cly = B} : B€I" and B|; = A}
=V{r(C): C e I* and C|; = A}
=T14(A).

Hence 77 = (1v)z. Similarly, 75 = (75) 2.

F

TY

]

4. Interval-valued intuitionistic gradation preserving map-
pings

DEFINITION 4.1. Let (X, 7,7*) and (Y, n,n*) be two IVISTSs and f :
X — Y be a mapping. Then f is called an interval-valued intuitionistic
gradation preserving mapping (for short, an IVIGP-mapping) if for each
AeI", n(A) <7(f71(A4)) and n*(4) = 7*(f(A)).
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THEOREM 4.2. Let (X, 7,7*) and (Y,n,n*) be two IVISTSs and f :
X — Y be a mapping. Then f : (X,7,7%) — (Y,n,n*) is an IVIGP-
mapping if and only if f : (X, 75, 7%) — (Y, 0%, n**) and f : (X, 7Y, 7*Y)
— (Y, 0", n*Y) are GP-mappings.

Proof. The proof is straightforward.
]

DEFINITION 4.3. [1]. Let (X,7,7%) and (Y, S, S*) be two bitopologi-
cal spaces of fuzzy subsets. Then a mapping f: (X,7,7*) — (Y, S, S*)
is said to be continuous if f : (X,T) — (Y, 5) and f: (X,T*) — (Y, S5%)
are continuous.

THEOREM 4.4. Let (X, 7,7*) and (Y,n,n*) be two IVISTSs and f :
X — Y be a mapping. Then f : (X, 7,7*) — (Y,n,n*) is an IVIGP-
mapping if and only if f : (X, 7y, 7) = (Vs ey 1) 08 contimuous
for each [r,s] € D(Iy).

Proof. Suppose that f: (X, 7,7*) — (Y,n,n*) is an IVIGP-mapping.
Let [r,s] € D(Iy). If A € n,4, then n(A) > [r,s]. By hypothesis,
n(A) < 7(f71(A)) and so 7(f~1(A)) > [r,s], Le., f7H(A) € 7},.4. Hence
[ (Xo7p) = (Yinpg) is continuous. If A € np g, then n*(A4) <
[1 —s,1 —r]. By hypothesis, n*(A) > 7*(f~'(A)) and so 7*(f~(4)) <
[1—s,1—7], ie, f7(A) € 7y Hence f: (X,7} ) = (Vi) is
continuous. Therefore f : (X, 75, 7}, ) = (Y, 7,5, 7], ) is continuous.

Conversely, suppose that f : (X, T[TVS],T[?S]) — (Y, n[rvs],nf;ﬁ]) is con-
tinuous for each [r,s| € D(Iy). Let A € IY. 1If n(A) = 0, then
n(A) < 7(f71(A)). I n(A) = [r,s] € D(Iy), then A € np.q. By hy-
pothesis, f~1(A) € 7p.4, L., 7(f71(A)) > [r.s]. Thus n(A) < 7(f*(A).
If n*(A) = 1, then n*(A) > 7*(f~'(A)). If n*(A) = [r,s] < 1, then
[1—s,1—7r] € D(lp) and n*(A) =[r,s] =[1—(1—r),1 —(1—s)]. Hence
A€mnf_,, - By hypothesis, f7'(A) € 7;_,, - Thus 7°(f~'(4)) <
1—(1—=7r),1—(1—s)]=[rs]. Hence n*(A) > 7*(f~(A)). Therefore
f (X, 7, 7)) = (Y,n,n*) is an IVIGP-mapping.

[

DEFINITION 4.5. Let (X, 7,7*) be an IVISTS and A € [, Then the
([r, s], [t, u])-interval-valued intuitionistic fuzzy closure and ([r, s|, [t, u])-
interval-valued intuitionistic fuzzy interior of A are defined by

clipgu(A) = {K e I* : ACK, F(K)>[r,s], Fr(K) < [t,u]},

T
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intp g (4) =U{G e I* .G C A, 7(G) >[r,s], 7(G) < [t,u]},
where [r, s] € D(1y), [t,u] € D(I;) with s +u < 1.

Note that (Cl[r,s],[t,u} (A))C = int[r,s],[t,u] (AC) and (int[r,s},[t,u](A))c
= cliy 5 t,u) (A°) for each A € I*.

THEOREM 4.6. Let (X, 7,7*) and (Y, n,n*) be two IVISTSs and [r, s] €
D(1y), [t,u] € D(I1) with s +u < 1. If f : (X, 7,7%) = (Y,n,n*) is an
IVIGP-mapping, then

() f(clps 1 (A)) C €lipsypa(f(A)) for each A € I

(b) el (f T (A)) C f 7 (Cllpg ) (A)) for each A € TY.

() 7 (intps 1) (A)) C intp g g (f7(A)) for each A € T".

Proof. (a) For each A € I*| we have

FL(fHUE)) < [tu]})

=n{f(K):KeI", Ac fFU(K), F-(f(K))>[rs],
Fr(fTHK)) < [t,ul}
SA{FelX: ACF, F.(F)> [rs), F.(F) < [t,u]}
= Cclppg) e (A)-
Hence f(clyqtu(A)) C fFOF 7 (Clps) g (F(A))) C clppa e (F(A))-
(b) Let A € IY. Then f~*(A) € I*. By (a), we have
s e (FHA)) C S (s e (FH(A))))
C fﬁl(Cl[T,SL[tm](f(fil(A»))
C [l gt (A))-
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(C) Let A e IY. By (b), Cl[ﬁs]’[t’u}(ffl(flc)) C fﬁl(cl[ﬁs]’[t,u}(Ac)) and

SO (f_l(cl[r75]7[t7u](AC)))C C (Cl[ﬁSHt,u}(f_l(Ac)))C. Hence

1]

S it g 0 (A) = (F (el (A9)))°
C (CZ[T,S],[t,U](f_1<AC))>C
= Z'nt[r,sL[t,u](f_l(A)).
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