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Abstract

The process capability index is used to determine whether a production process is capable of producing
items within a specified tolerance. Some process capability indices Cp, Cpr and Cpm have been of particular
interest as useful management tools for tracking process performance. Most evaluations on process capability
indices focus on statistical estimation and test of hypothesis. It is necessary to investigate their asymptotic
correlationship among basic estimators ép, épk and C'pm of process capability indices Cp, Cpi and Cpm. In
this paper, we study their asymptotic correlationship for three process capability indices C’p, épk and C’pm
under bivariate normal distribution BN (ug, ty, o2, 05, p). With some nonnormal processes, the asymptotic
correlation coefficient of any two respective process capability index estimators could be established.

Keywords: asymptotic correlation coefficient, bivariate normal distribution, limiting distribution, process

capability index, process performance

1. M2

&7 % (process capability) o] 2t Az 0] A& AAAAANA dAA 2 dvht AT Al
AR 5 QA E e 39 175 Y S, 7#dES gttt oAY 1H5ES HU8H] 9
A ThFSt 574]7‘4 7IMEol Al o] ghon, o]& FA] WEH AlF A% o8 FATYS
Il AS ¥4 5854 (process capability analysis)o]g} 311, o] & AFH oz R Fo] T4
%"%ﬂxl—’?(process capability index)°]t}. *%“fﬁ““ S —Hﬁﬂ og] 7k FR5gATEC] thdsHA
AF=E L Jrh. 53], Pearn 5 (1992)L FASYAGEL FAHAZEC ts] Ex7 EAEL AT
3ttt =3 Kotz$l Johnson (1993)2 7]& —‘,L?M~~ EWAE ZA, A" 335IAFEYF
A Aoz Aefstgitt. Chan 5 (1990)2 2 7HA] 49 345X+ d69 Fex 25

AFe] 4L 35 54 479 dshte 2983 288 el 4F= L=tk AR ol 54

=

o

This work was supported by the research grant of Chungbuk National University in 2013.
LCorresponding author: Department of Statistics, Cheongju University, 298, Daeseong-ro, Cheongwon-gu,
Cheongju-si, Chungcheongbuk-do 28503, Korea. E-mail: hipark@cju.ac.kr



302 Joong-Jae Cho, Hyo-Il Park

= =HA

A3k Ao] Bt AAAY Aot} oyt Aol AYstazt g ¥4%

She AL FEAA e 4 ek Wb w9 )
o) Wle AU WA Aotk Eak A AN 2ol o8] ofe) 54
= el thiE #4389 842 oS At & 5 3oh
A1 AFZ Kocherlakota®} Kocherlakota (1991)& o & H &L BN(uz,uy,Ufc,ai,p) 3l
¢ 0 A5 EAG5Y 2AFEA Gt G0 23 FE Axtetn FAH =8
FE AL 2 o] F o= Park 5 (2002) 0] WE|FA 5 YA 5 HASIe] SR} AlF Ao
o] A3ttt ol Shahriari®} Abdollahzadeh (2009)¢] A 22 thH sk FA 525 W
bste] v, AFsAATt.
RN e FBSYHAT Cpt Cpm 28I Cppd FATFEY F2A A4ddA ol tste] Aek3l

31_1{
i
ok
i
o
X
Ay
o2
ok
B
30,
|
fo
|
C

Me
i
o
&
it

2
o

=

of g 281 72-9 F3F Cpo®} Cpme 1T Crie 5 B}, WA 22|31 3H A
O]%ao}: ZJ‘H’—E‘:‘?_ BN(Mz,My7O'§7U§, P) —8]'OﬂA1 _’i_;g]%}; szg’}’ pr7 éng’]' CA(p'muyy :—_’—E]:—W— ng’]’ Cpky
A2H JRIAE 79, A7k

ot rlr o forlr mn £ oo x ot of oX 30 O

2. J|2E0l IYSAR|FSO| Kol

Ho
r)~
N
o
i}
Au)
>
oo
i
rlr
ofd
ox
olf
v
B
P
2
=
o
oX,
Lo
il
B
=
ot
=
flo o
=]
o
=
o
k]
4
2
o
qu
-0,
oX,
4
of
o,

_USL—-LSL _ d

G = 6o © 30’
= min(y — LSL,USL — )  d— |pn — M|
k= 3o o 3o ’
USL — LSL USL — LSL d
Cpm = = = —.

6y/02+ (u—"T)2 67 3T
USL$} LSL2 242} sl 5ol thek 4738t -+ 43¢
Uhg HehdY (2, T+ 574 524 9).
_ USL — LSL
=0
AelA Aol FASIANFEL 2 3 5
HRAL AelAE oiF o) SANE BN TR R FAFEAS B AHFAFAASE

o] 889 5 9L Aol

o
filo
v
o
=
I
e
&
QU
o
<
u
Ac)
Kl
\‘t\.’)
rr
X
A3

d

B AT F A FASHANES 1% FASAASES /|22 ATstus Ak S4B
SERRE T ERCEE

T 7R FRAEAA S t&she ol BEWH (X,Y)e o¥F A58 BN(ue, py, 02,00, 0) S
wecky s olm) D aknA She BASHASE Cpo St Comy 28T Cppy & TH T} 21}

_ USLy —LSL, _ ds
- 60, " 30,
USL, — LSL, _ USLy — LSLy _ dy

02+ (py — Ty)? 67y 371y

[e

Cpe

I

Cpmz; = s



Process capability indices 303

min(p, — LSLy, USLy — ) _ dy — |y — Mu‘
3oy 3oy '

Cpiy =

5 FASYAT Cpa®h Cpmy T8I Cpy oA oVl AA 29} y= 22 SEWS X9 Vol thedhe
48 U3tk olF FASYAT skl 49 £ (plug-in) PHOE FASYAS FAY
2 2T Folk. e BA T EISHANET BN FH5IASEN FAF Cru Gy,
oyl DS ABBAE BTh 2RH O AT, ANT oIt

3. 0|1 ER3E SlolMel a2

i)

o
Lo
X

\=]
=
Aok F wl, F FHSEATE Cpoh Cpy, Cpo % Comy LT Cpa ¥t Cpiy & FAZ
Z o

ok = 4

1 rlo _:1=
ot 1y
ol my rir
2
>,
=)

> o
<Ly
=) oo
&
do
el
—Y‘l l:o
M L
O
)
o
o
N
l'ql
1

Bomd Rt L o

X
2 AAFAEE Y37 A6 283 HEA 2] (lemma) S

4% (convergence in distribution)-& ] u]stc}.

A BUNME pgy = B(X — pa)* 2t pay = B(Y —
X1,Y1), (X2,Y2),...,(Xn, Yn)O0ll CHGI0 Z29

—~

(Zlna Z2n» Z37L7Z471) = (\/ﬁ (X - /‘LZ) 7\/5()7 - }Ly) 7\/5(53 - U%) ’\/ﬁ (SZ - 0’5))
& (21, Za, Zs, Z4) ~ MN(0, Saxa).
@, B4Rt BE Baxa = (04))axaS T 22 229 428 Zeth

o11 = Var(X) =02, o012 =Cov(X,Y), o013 =E(X — pz)®, o1a = Cov (X, (Y — ,uy)Q) ,
o2 = Var(Y) = 0y, 023 = Cov((X — ), Y), 024 = E(Y — p1))° = sy,
o

033 = pag — 0, 031 = Cov (X — p1o)*, (Y — py)?), 044 = pay — 0.
ZY: Park 5 (2002) FZ. u
A o FEle 71RA T FASHAS Gt Cpyoll Uit ABAS Corr(Cpa, Cpy)E Lemma
3.1 o] &3sto] ZAHHe® thgdt o] fFEFX o]¢h T AHE FAFTHEANA S8 o
gs & 5 Jdeg A4

@al 3.1 gg = (Xluyl),(X2aY2)w-~7(Xn7Yn J

t
DARSAX|E Cpy = du/(352) 2 Cpy = dy/(35y) 2l AR

Corr (épz, C'py> ~ p2.

Ol

W: A Park 5 (2002)9] A8 19 25td t29) FAEE7 AFET)

. . 0 [ do d
vn (CM — Cpay Cpy — cpy) LA <—@Zg, —%24) .



304 Joong-Jae Cho, Hyo-Il Park

SERT Z33) Zyv Lemma 3.19) (21, Z2, Z3, Zs) ~ MN(0, Eyxq)0]Th ZBIBE ZAEQ] A3
o] Asbell Bt By FEARE thE3) Zo] A4t

2 2 2
oy = Var (— do Z3> = L (uar —od) = dj;e 208 =

6o 3608 36 1802
s v () = sy by 4
Trs = Y T3 ) T 360G ' T 7Y T 360677V T 1802
_ dz dy _ dgdy _ dady
Opay = Cov < 603 Zs, 607 Z4) = 360307 Cov(Zs, Z4) = 180uo,”

LR e = PR Cpx-?’]’ pr*% oA AAA S Ppay T ool Aoz ALkEnt

o N%I—W_p2
pry ~ =p.
Vo2 /02, /n

O

HEE FERYS V2R T8 AFEHAA A 315 73 B ARIE AlASHE t=3 2k 7124
T 3R IAT pzﬁ‘r Cpy©ll thate] LSL, = 40, USL, = 60, LSL, = 90, USL, = 11091 3% o]
2 AFEE BN(49,99,3%,22,0.9)22E 100702 Y4HEE A5t 2A5E8AS Cpu st Cpy
BA5E A4ela Figure 3.100 AP EE 2390 X2 0.8076S A3ltt. Figure 3.1
10074] A E o] &3 AEEE I8 AFeln A 3.1 o]8FQl AAE F g1 gl
83 v ey F FR85HASF pxg’]' Opmyoﬂ o st AaAs Corr(épﬁ,épmy)% Lemma 3.12
o]-gste] ZAH o7 thg ) Zo] FrF ot

He| 3.2 Y EE (X1,1), (X2, Y2), .., (Xn, Yn) b 011 B3 N(Mz,uy,az,ay,p)e w=cs, £
%Q%QII? pr = dz/( )—‘»l' Cpmy = dy/(STy)Ol r%ﬁl# Corr Cp Cpmy)t e Uol jjl nol oI | =
m, Chael Zupot Melstrt.
2
Corr ( pz,Cpmy) ~—_r
1+ (l"y Ty>2
Ty
&Y. A Slutsky 2]} Park 5 (2002)¢] W&E< 23std t= 2345 47 =8 5 d= A

d

~ dy
Vi1 (Co = CorsComy = ) (= i 2= 223+ 2y = T)2) ) ~ BN(O. Vi)

dy

675
?'__'7 (Zl7Z27ZS7Z4) ~ MN(O,Z4><4)O]U1 %_\]:E"/t\__ g me = (o-ppml])lj 1, 2“] 71— /‘J—Er“—o_‘ D}%jq— 7EL°]
AL Zeldrt.

d2 4 d2
Oppml1l = @ (N/4z - Uz) = 180‘%’

do d
Oppmaz = Var <—T(Z4 + 2(py — Ty)Z2)> —‘Z (20y + 4(py Ty)205) 7
Ty

o 12 =0 21 = 75 . 3
m m .
pp pp 18 3 Y



Process capability indices 305

o
Ts}
g | o]
= o
o o
o % 5
o o
& ° o oo
o o o
I~ oo
© 00 o °
- o, s ©°
° 8.2 °
z © 2 oo 98 o o]
O o o}
o o
o0
& o 008 oo
- [es B
e o e o
°, o o o
. o . a o OO ]
o
o] fa) o
o
& - ° 0 )
o o
T T I I T T
1.106 1.108 1.110 1.112 1.114 1.116
Cpx
Figure 3.1. Scatter plot from a simulation for Cp = (Cpz, Cpy)-
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