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A BOUND FOR THE MILNOR SUM OF PROJECTIVE
PLANE CURVES IN TERMS OF GIT

JAESUN SHIN

ABSTRACT. Let C be a projective plane curve of degree d whose singu-
larities are all isolated. Suppose C' is not concurrent lines. Ptoski proved
that the Milnor number of an isolated singlar point of C' is less than or
equal to (d—1)% — \_%J In this paper, we prove that the Milnor sum of C
is also less than or equal to (d — 1)2 — L%J and the equality holds if and
only if C' is a Ploski curve. Furthermore, we find a bound for the Milnor
sum of projective plane curves in terms of GIT.

1. Introduction

Let C =V (f) be a projective plane curve of degree d. In this paper, a plane
curve C means a projective plane curve that has at most isolated singularities.
Moreover, we assume that C' is not concurrent lines. We assume that the base
field k& is algebraically closed and char(k)=0. Let f = 0 at [0,0,1]. Then, we
define its Milnor number at 0 (in the sense of affine chart) by

po(f) = dimg(Oo/Jy),

where Oy is a function germ of f at the origin and J; = (9f/0x,0f/0y) is
the Jacobian ideal of f. Since pg(f) is finite if and only if the origin is an
isolated singular point, the Milnor number is closely related to the local prop-
erties of isolated singular points. In fact, the Milnor number has an important
topological meaning.

Proposition 1.1 ([4, Lemma 2.10]). The Milnor number is a topological in-
variant for IHS (isolated hypersurface singularities).

By the importance of the Milnor number for IHS, there are some critical
results. One of them was proven by Ploski which says that for a projective
plane curve C of degree d whose singularities are all isolated, not concurrent
lines, the Milnor number of an isolated singlar point of C' is less than or equal
to (d — 1)? — | 4] with equality holds if and only if C' is a Ploski curve (see [1,
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Definition 1.9, 1.10]). By this result, for any given point of a projective plane
curve which is not concurrent lines, we get an upper bound for the Milnor
number which is useful for computing the Milnor number of a given point.
Also, one of the others was that of Huh which gives an upper bound for the
Milnor sum of projective hypersurfaces which are not the cone over a smooth
hypersurface (see [5, Theorem 1.1]). However, since the result of Huh applies
to general cases, we can expect that a bound for the Milnor sum of projective
plane curves can be reduced. So the purpose of this paper is to find an upper
bound for the Milnor sum of a projective plane curve and to see how such a
bound can be reduced by GIT conditions. In fact, without GIT conditions, we
can get the following theorem which is one of our main results:

Theorem 1.2. Let C be a plane curve whose singularities are all isolated and
degC =d > 5. Then pd(C) = | 2] if and only if C is a Ploski curve.

Recall that the gradient map of C = V(h), grad(h) : P* --» P, [z,y, 2] —
[%, g—};, %], is a map obtained from the partial derivatives of h. Define the
polar degree of a plane curve C' = V'(h), denoted by pd(C), is the degree of a
gradient map of h. There is a lemma that connects pd(C) with Milnor sum,
which we call it Milnor formula. Before stating it, we give a simple example of
polar degree.

Example 1.1. Let C = V(h) be a cuspidal cubic, where h = y3 — 222. Then,
grad(h) : P? ——» P2 [z, y, 2] — [—222, 3y?, —2?] is the gradient map of h. Since
A? is birational to P2, by considering it in affine chart, we get that the field
extension corresponding to grad(h) is k(x,y?) < k(z,y), which is of degree 2.
So pd(C) = 2.

Lemma 1.3 ([3, Proposition 2.3], Milnor formula). Let C = V(h) C P" be a
hypersurface with isolated singularities with deg(C) = d. Then

pd(C) = (d=1)" =Y pp(h),
where i, (h) is the Milnor number of h at p.

By the above Lemma 1.3 and Proposition 3.3, the Milnor sum of a plane
d

curve is bounded above by (d—1)%—[ ] unless it is concurrent lines. Therefore,
as in the case of the Milnor number of a plane curve, the Milnor sum of a plane
curve also has the same bound and the equality holds only when the curve is
exactly the same case as in [6, Theorem 1.4].

Finally, by using Hilbert-Mumford criterion (Theorem 2.1), we prove that
even Ploski curves are strictly semi-stable and odd Ploski curves are unstable
(see Proposition 3.8). By the previous theorem, we expect that the polar
degree can be reduced by GIT conditions. Since there are many irreducible,
stable plane curves of degree d with polar degree d — 1, a bound for the Milnor
sum should be less than or equal to (d — 1)? — (d — 1). However, the following
theorem which is one of our main results says that for some cases, this bound

is very close.
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Theorem 1.4. Let degC' =d > 5. Then we have the followings:

1) Suppose C is a stable curve that has either a line or a conic as an
irreducible component. Then > p, < (d —1)? — (d — 2).

2) Let d be odd. Suppose C is a semi-stable curve that has either a line or
a conic as an irreducible component. Then > p, < (d —1)? — (d — 2).

3) Suppose all irreducible components of C' are of deg > 3. Then Y p, <

(d—1)2 - [%].

In Section 2, we recall Hilbert-Mumford criterion (see Theorem 2.1) and its
application to projective plane curves. Moreover, some definitions and well-
known results are mentioned. Finally, in the last section, we will prove main
theorems of this paper.

2. GIT criterion and polar degree of plane curves

The purpose of this section is to introduce some preliminaries that are useful
to prove the main theorem. From now on, we denote the polar degree of a
plane curve C' by pd(C). First, recall that the definition of semi-stability and
stability in [2, Chapter 8]. Let T'= G7, be a torus and let V' be a vector space.
Then, a linear representation of T splits V into the direct sum of eigenspaces
V' = @yex(r)Vy, where x(T') is a set of rational characters of T' and V, = {v €
V :t-v = x(t) v} Since there is a natural identification between x(7") and
Z" of abelian groups, by identifying them, we define the weight set of V' by
wt(V) ={x € x(T') : Vy, # {0}} C Z". In particular, let wt(V') = convex hull
of wt(V) in x(T) @ R 2 R" (see [2, Chapter 9]).

Theorem 2.1 ([2, Theorem 9.2], Hilbert-Mumford criterion). Let G be a torus

and let L be an ample G-linearlized line bundle on a projective G-variety X.
Then

1) x is semi-stable if and only if 0 € wit(x).
2) x is stable if and only if 0 € interior(wt(x)).

Also, we can check immediately that a given projective plane curve of degree
d is unstable by using the following proposition.

Proposition 2.2 ([2, Chapter 10]). A projective plane curve of degree d is
unstable if it has a singular point of multiplicity > 23—d.

Now, we recall definitions of Ploski curve.
Definition 2.1 ([1, Definition 1.9]). The curve C is called an even Ploski curve
if deg C' = 2n, it has n irreducible components that are smooth conics passing

through P, and all irreducible components intersect each other pairwise at P
with multiplicity 4.

Definition 2.2 ([1, Definition 1.10]). The curve C' is called an odd Ploski
curve if deg C' = 2n+1, it has n irreducible components that are smooth conics
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FIGURE 1. An even Ploski curve

passing through P and intersect each other pairwise at P with multiplicity 4,
and the remaining irreducible component is a line that is tangent at P to all
other irreducible components.

FIGURE 2. An odd Ploski curve

It is hard to compute the Milnor sum of a given projective plane curves
directly. However, polar degree is a global one, so we can compute that more
easily. So we will find a lower bound for the polar degree and use Lemma 1.3
in order to get an upper bound for the Milnor sum of plane curves. So the
problem of computing the Milnor sum of plane curves can be reduced to that
of computing the polar degree. However, we can easily get the polar degree of
a plane curve by the following two lemmas.

Lemma 2.3 ([3, Theorem 3.1]). Given an irreducible curve C' C P? of degree
d, we have

pd(C) =d—142p,+ Z(rp - 1),

where pg is the geometric genus and rp, is the number of branches at p.

Lemma 2.4 ([3, Theorem 3.1]). Given two reduced curves C, D in P? with no
common components, we have
pd(C'UD) =pd(C) +pd(D)+4(CnND) -1
The following lemma is the result of Ploski (see [6, Theorem 1.4]) that makes
a Ploski curve important.
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Lemma 2.5 ([6, Theorem 1.4]). If C =V (h) is a plane curve of degree d > 5,
then pu,(h) = (d—1)2— 2] if and only if C is a Ploski curve and p is a singular
point.

In order to check the semi-stability of a given plane curve, we need to consider
the weight set of that one. The following remark gives a way to compute the
weight set for plane curves.

Remark 2.6 ([2, Chapter 10], wt for plane curves). Let Poly(F) be the space
of degree d homogeneous polynomial on F, where F is a finite dimensional
vector space. Let the standard torus G2, act on V = Poly(k®) via its natural
homomorphism G72n — SL3, (tl,tg) — (aij)lgingg, where ail = tl, agy = t2,
ass = t7U5 Y, ay; = 0 for all @ # j, ie., (t1,te) - alyl 2 = t57Fe] Faiyi k)
i+ j+k=d. Let V(h) be a plane curve of degree d, i.e., i+ j+ k =d, i.e.,
(i—k,j—k)=2i+j—d,2j+i—d). Sowt={(2i+j—d,2j+i—d)e€Z?:
i,j > 0,i+7 < d,a;jxr # 0}. Moreover, by considering R ® Z?, define wt by the
closure of wt in R2.

3. Main result

Now, we are ready to prove our main theorems of this paper. For notational
convenience, let r, be the number of branches at p as in Lemma 2.4.

Lemma 3.1. Ploski curves are of polar degree L%J , where deg = d.

Proof. First, we consider an even Ploski curve, i.e., d=2n. Let C =C;---C,
be an even Ploski curve, where C;’s are conics. Then pd(C) = pd(Cy) +--- +
pd(Cp)+H(C1NC)+- - +4((Cy - - - Croe1NCy) — (n—1) = n. Next, we consider
an odd Ploski curve, i.e., d =2n+ 1. Let C = IC} --- C,,, where [ is a tangent
line, C;’s are conics. Then pd(C) = pd(I)+pd(Cy - -- Cp)+4(INCy -+ - Cp)—1 =
n. (]

Lemma 3.2. Let C = C;---Cyp,Crq1 -+ Cy be a plane curve of degree 2n
(respectively, 2n + 1) with m > 1, k > n (respectively, k > n + 1), where
Ci,...,Cy are irreducible, singular plane curves and Cyy1 - - - C, s concurrent
lines. Then pd(C) > n.

Proof. Let l;=deg C;. Clearly, 2n= deg C = deg(C} - - - Cp,)+deg(Cryy1- - - Ck)
>2m+k > 2m+n, ie, m < %. Then pd(C) = pd(Cy) + --- + pd(Cp) +
8(Cr- - Cu N Crgr - Cr) =12 350 (L= 1) + (X ,(rp = 1) +4(C1---C N
Cong1--Cr)—1>(2n—k+m)—m)+(k—m)—1=2n—-m—1>32—-1>
n — 1, i.e., pd(C) > n. By the same argument, we can get the result when
degC =2n+1 with £k > n + 1. O

Proposition 3.3. Let C be a plane curve of degC = d. Then pd(C) > |£]
unless C' is concurrent lines.
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Proof. First, we consider the case when degC' = 2n. If C is irreducible, it is
clear by Lemma 2.3. So let C = C;---Cy, where C;’s are irreducible plane
curves and deg C; = I;. Then, pd(C) > Y5 (I = 1) = 2n — k. Soif k < n,
then pd(C) > n. So let k& > n. Then, there exists at least 2 components
which are lines. So we use induction on n. For small n, we know that the
result is true (see [3, Theorems 3.3 and 3.4]). So suppose it holds for n —
1. Let C = Cy-+-Cr_2Ck_1C), where Ci_1,Cy are lines. Then, pd(C) =
pd(Cl . "Ckfz) + pd(Ck,le) + ﬂ(C’l - Cr_a N C’k,lc‘k) -1 > (n — 1) +
jj(Cl - Cr_a N Ck,lC’k) —1=n-2+4+ jj(Cl - Cr_a N Ck,le) by induction
hypothesis. It is enough to consider the case when §(C - - - C,—2NCx_1Ck) = 1.
However, by Bézout’s Theorem, it can happen only for the following two cases:
first case is when all smooth components are lines that intersect at one point,
and singular, irreducible components exist, and the second case is when C is
concurrent lines. However, by Lemma 3.2, for case 1, pd(C) > n. Therefore,
pd(C) > n unless C is concurrent lines. For d = 2n 4 1, we can use the same
argument to get the result. (I

Corollary 3.4. Let C = V(h) be a plane curve of degree d in P? whose singu-
larities are all isolated. Then, 3, jip(h) < (d— 1)2— 4| unless C is concurrent
lines.

Proof. By Proposition 3.3 and Lemma 1.3, > p,(h) = (d — 1)2 — pd(C) <
(d—1)2— [4]. 0

Since the Milnor number is nonnegative, we get the following corollary. (For
another proof, see [6, Theorem 1.1].)

Corollary 3.5. Let C =V (h) be a plane curve of degree d in P? whose singu-
larities are all isolated. Then, for any singular points p, p,(h) < (d—1)% — L%J
unless C' is concurrent lines.

Lemma 3.6. Let C be a plane curve whose singularities are all isolated and
degC' =d > 5. Suppose that all irreducible components of C' are smooth. Then

C' has only one isolated singular point if pd(C) = LgJ

Proof. Let C' = Cy ---C} be a given curve, where C;’s are irreducible compo-
nents of C' with deg C; = [;. Suppose that C' has at least two isolated singular
points with pd(C) = [£]. First, let d = 2n. In this case, n = pd(C) = pd(C1)+
4 pd(C)+(H(C1NCa) 4+ - H(Ch - CooaNCR)) — (h—1) = 15 (1) (h—
1)+ (x) = (2n—2k+1)+(x), where (x) = §(C1NCo) +- - -+ 4#(Cy - - - Cr—1 N Cy),
ie,n>(2n—2k+1)+ (x). Since C has at least 2 isolated singularities and all
C!s are smooth, some £ in (*) should be bigger than or equal to 2, i.e., (x) > k.
Son>2n—-2k+1)+(x) >2n—k+1,ie, k> n+ 1. It means that C has
at least two lines as its irreducible components. Let C' = C1C2C5 - - - Cf, where
C4,C5 are lines. Now, we consider (x) again. Also, by reordering, if necessary,
we can let m to be the maximal number such that Ci,...C,, are lines and
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intersect at one point. If m = 2, since §(C; N Cy) = 1 and #(C1C2 N C3) >
2, #(Cr---Cr_1NCg) > 2, then (x) > 2k —3. Son >2n—2,ie,n <2
which is a contradiction because d > 5. So m > 2. Then, n = pd(Cy---Cy,
+pd(Crg1---Cr) + 4(C1 -+ - Cry N Crypyr - - C) — 1, e, pd(Crppgr - - - Ci)
(n+1) —#(C1---Cpy N Cppp1 -+ C). Since $(C1 -+ Cpy N Cppg1 -+ C) > m
(by using the fact that all C;’s are smooth and by Bézout’s Theorem) and
pd(Crg1 -+ Cr) > [ 2252 |, we get | 2252 | < pd(Crqr - Ck) < n—m+1. If
m = 2s, thenn —s <n—2s+1,i.e., s <1, which is a contradiction because
m>2. Ifm=2s+1,thenn—s—1<n-—2s,ie., s <1. Since m > 2, we
only need to check when m =3. If m =3, n > (2n— 2k + 1) 4 () > 2n — 3,
i.e., n < 3. However, it does not happen when d = 6 by [3, Theorems 3.3, 3.4].
Therefore, we prove it for d = 2n. So we need to consider when d = 2n + 1.
However, by the same argument, we can prove it. ([

~—

Theorem 3.7. Let C be a plane curve whose singularities are all isolated and

degC =d > 5. Then pd(C) = L%J if and only if C is a Ploski curve.

Proof. We already proved the reverse direction, so we need to prove the re-
maining one. Let C' = (] --- C}, of degree d, where C;’s are irreducible plane
curves of deg C; = [;. Now, we consider the following 2 cases:

Case 1) First, suppose that all irreducible components of C' are smooth, i.e.,
Cy’s are all smooth. By Lemma 2.5, it suffices to show that if pd(C) = 2],
then C has only one isolated singular point. However, by Lemma 3.6, we are
done in the first case.

Case 2) Suppose that C has singular irreducible components. So let C' =
Ci- - CnChs1---Ck, where C1,...,C), are singular and Cy,41,...,C) are
smooth of degC; = I; and m > 1. First, let d = 2n. In this case, n =
pd(C) > pd(Ch) + - +pd(Cy) > X8 (li—1) =2n—k, ie, k>n. If k>n,
then there exists at least 2 irreducible components of C' which are lines. Since
they are smooth, we assume that C = (C1 -+ Cp,)(Crp1Criga - - - Ck), where
Cint1,Cmt2 are lines. Let deg(Cy---Cyp,) = 1, deg(Crpy1---Ck) = 2n — L.
Since Cyy41 - - - Cy is not a Ploski curve, by Case 1), pd(Cpyqr1 -+ - Ci) > [ 257 ].
Then, if | = 25, n = pd(C) > (pd(Ci) + ---pd(Cpn)) + pd(Cpog1---Ck) >
Yrri(li—1)4+n—s=s+n—m,ie., m>s However, 2n = deg(C; ---Cp,) +
deg(Crpg1---Ck) > 3m + 2n — 1 > 2n + s, which is a contradiction. So let
Il =2s4+1. Also,n =pd(C) >l —m+n—s—1, ie, m > s. Then
2n = deg(Cy---Cp) +deg(Crpy1-+-Cr) >3m+2n—1>3s+2n—2s—1=
2n + (s — 1) > 2n, which is a contradiction. So when k > n, pd(C) # n.
Finally, it remains to prove when k = n. Let £k = n. Then C has at least
one line component. If there exists more than two line components in C, we
can use the same argument so that we get a contradiction. So we only need
to consider when C' has only one line component. It is clear that C' must be
of the form C = C1Cs---C,, where Cy is of degree 3, C5 is a line, and all
C;, i > 3, are smooth conics. For convenience, let F = C3C5---C,. Then
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n =pd(C) = pd(Cy) +pd(F)+4(C1NF)—1. Since C;’s, i > 2, are all smooth,
we consider the following 2 cases:

Case 2-1) First, let F' be a Ploski curve. Since irreducible singular plane
curves of degree 3 are either cusps or nodal curves, we need to consider two
cases. First, let C be a cusp. If k = 3, i.e., degC = 6, by [3, Theorems
3.3, 3.4], pd(C) > 3. For k > 4, we can easily get that §(C1 N F) > 2. So
n=pd(Cy) +pd(F)+4(CiNF)—1>2+(n—2)+2—1=mn+1, which is a
contradiction. So we need to consider when C'is a nodal curve. Since pd(Cy) >
4 [3, Theorem 3.4], n = pd(C1) + pd(F) +4(CiNF)—1>4+(n—2)+1-1
> n + 2, which is a contradiction.

Case 2-2) Next, let ' be not a Ploski curve. Then n = pd(Cy) + pd(F) +
f(CiNF)—1>2+4(n—2)+1—1=mn, which is a contradiction.

For d = 2n + 1, we can use the same argument to get the result. Therefore,
if C' contains singular irreducible components, pd(C) # n.

So by Case 1), 2), if pd(C') = n and deg C' > 5, then C'is a Ploski curve. O

By Hilbert-Mumford criterion, we can check the semi-stability of Ploski
curves (see [1, Example 1.18]).

Proposition 3.8. An even Ploski curve is strictly semi-stable, and an odd
Ploski curve is unstable.

Proof. Let C be an even Ploski curve. By changing projective coordinate, if
necessary, we may assume that C' = (22 — yz + 22)(2? — yz + 22%)--- (2% —
yz + nz?). Then, any variable that has nonzero coefficient is of the form
x2“(yz)bz2("_“_b) = x2“yb22n_2“_b, where 0 < a,b < n, a+b < n. So
wt = {(4a +b —2n,2b+2a —2n) € Z?> : 0 < a,b < n,a+b < n}. Since
20+ 2a — 2n < 0, wt lies in lower half-space of R?. Also, since (2n,0), (—n,0),
(—2n,—2n) € wt, (0,0) € wt, but (0,0) ¢ interior of wt. Therefore, an even
Ploski curve is strictly semi-stable.

Also, by changing projective coordinate, if necessary, we may assume that
an odd Ploski curve is of the form C' = z(2? — yz + 22)(2? —yz +22%) -+ - (2% —
yz +nz?). So by the similar argument, we can get (0,0) ¢ wt. Therefore, an
odd Ptloski curve is unstable. (|

So we can summarize what we get.

Theorem 3.9. Let C be a plane curve of degree d > 5 in P? whose singularities
are all isolated. Suppose C' is not concurrent lines. Then we have the followings:
1) Whend=2n, Y p, < (d—1)2 — 4| with equality if and only if C is
an even Ploski curve.
For semi-stable curves, 3 p, < (d—1)% — | 4] with equality if and only
if C is an even Ploski curve.
For stable curves, 3, < (d—1)% — 4] — 1.
2) Whend=2n+1,> p, < (d—1)*— L%J with equality if and only if C
is an odd Ptoski curve.
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For semi-stable curves, Y p, < (d —1)* — L%J -1
For stable curves, > p, < (d —1)? — L%J -1

From now on, we find a least upper bound for the Milnor sum of plane curves
and that of semi-stable plane curves of even degree. So the remaining part is
to lessen an upper bound for the Milnor sum of stable curves of even degree
and that of (semi)-stable curves of odd degree. In order to do this, we need
the following lemmas.

Lemma 3.10. Let C be a plane curve of degree 2n whose all irreducible com-
ponents are conics. If pd(C) < 2n — 1, then C is either a Ploski curve, (x), or
(%), where (%), (%) are conics that intersect only at two points as the following
figures show.

A Q-

FIGURE 3. (%) FIGURE 4. (%)

Proof. For convenience, we denote the curve in Figure 3 and the curve in Figure
4 by (), (x), respectively. Let pd(C) < 2n —1 and let C be not a Ploski curve.
Then, we need to show that C is either (x) or (x). For this, we need to show that
there exists no such a form in Figure 5, where this is 3-conics that have common
tangents with two intersection points. Suppose there exists such a curve. For

FIGURE 5. impossible conics

convenience, denote (1), (2), (3) from inside to outside conics. Since (2) U (3)
is a Ploski curve, we may let (2) to be 22 —yz, (3) to be 2% — yz + 22, Clearly,
(2) N (3) = {[0,1,0]} and their common tangent line at [0,1,0] is —z. Since
(1) is a conic, let (1) be ax? + by? + cz? + dxy + eyz + fzx. Since (1) passes
[0,1,0], b =0. Now, we consider the following 2 cases:

Case 1) First, let a # 0. We may let (1) to be 22 + az? + Bay + yyz + dwz.
Consider (2) U (3) = (2? — y2z)(2? — yz + 2?2). Since the tangent line of (1) at
[0,1,0] is Sx + vz and it has the same tangent with (2), (3), Sz +~vz = —2z, i.e.,
B=0,v=—1,ie., (1): 22 + az? — yz + dxz. Since there exists another point
in (1) N (2) except [0, 1,0], we consider (1) N (2), i.e., (1) — (2) = z(az + ox).
If z = 0, then it is [0,1,0]. So let az + dx = 0. If @ = 0, then § # 0, i.e.,
(1): 2% — yz + dzz. However, it is easy that there exists p # [0, 1, 0] such that
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p € (1) N (3) in this case, which is a contradiction. So let « # 0. Also, in this
case § # 0. (This can be obtained by the following argument: If § = 0, (1):
22 + az? — yz, so (1) N (2) = {[0,1,0]}, which is a contradiction.) Also, by
some calculation, [7(0371)2, (O‘g;)z z + z,z] is another common root of (1), (3).
We get a contradiction again. So there exists no such a curve when a # 0.
Case 2) Now, let a = 0. We may let (1) to be cz? + dzy + eyz + fzx. Since
the tangent of (1) at [0,1,0] is do + ez, dz + ez = —z,ie., d=0, e = —1, i.e.,
(1) is c2? — yz + fzx. However, it is reduced, and it gives a contradiction. So
there exists no such (1), i.e., we get the following: when Cj - --C} is a Ploski
curve but Cy -+ - CyCly1 is not, if Ciy1 meet at some point of C; that is not
a common point of Cy---C, Cksy1 meet at some point of all C; that is not
common. (It can be obtained by the following way: I proved that such (1)
does not exist and also, by considering the intersection multiplicity, we can get
it.) So suppose C' is neither a Ploski curve, (*) nor (x). We assume that C' =
Ci---CrClyq -+ - Cy, where C - - - C}, are the maximal number of conics that
forms a Ploski curve in C. Since C' is not a Ploski curve and a conic is a Ploski
curve, 1 < k < n. Then, by the above argument, pd(C; - - - C,,) > —k? +nk+n
(because §(C1NCs) = 1, #(Cy - - - Cx,—1NC) = 1, and §(C1 - - - CxNCri1) > 14k,
$§(C1---Cpr_1NCp) > 1+ k). Since 1 < k < n, minimum occurs when k = 1,
i.e., when k = 1, pd(C) > 2n — 1 ,and pd(C) > 2n — 1, otherwise. However,
when k = 1, it is clear that pd(C) = 2n — 1 if and only if C is either () or (%),
which is a contradiction. Therefore, pd(C) > 2n — 1 if C' is neither a Ploski
curve, (), or (*). O

Lemma 3.11. Let C be a stable plane curve of deg C' = 2n whose all irreducible
components are conics. Then pd(C) > 2n — 1.

Proof. We use the same notation in the previous lemma. It is easy that pd(x) =
pd(x) = 2n — 1. So we need to check the stability of (x), (x). Since (*) is
(22 —y2) (2% —2y2) -+ (22 —nyz) and (%) is (22 —yz +22) - (22 —yz + nx2),
by Hilbert-Mumford Criterion, they are strictly semi-stable. So, since a Ploski
curve, (x), and (%) are strictly-semistable, if C' is stable, pd(C) >2n—1. O

The following lemma is an immediate consequence of the previous lemmas.

Lemma 3.12. Let C be as in Lemma 3.11. Then
1) C is a Ploski curve if and only if pd(C) = n.
2) C is either (x) or (x) in Lemma 3.10 if and only if pd(C) = 2n — 1.
3) pd(C) > 2n — 1, otherwise.

Now, we are ready to get an upper bound for the Milnor sum of (semi)stable
curves.

Proposition 3.13. Let C be a plane curve with deg C = d > 5 that has either
a line or a conic as an irreducible component. Suppose C' is stable. Then

pd(C) > d — 2.
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Proof. We consider the following 3 cases:

Case 1) First, let C = Cy-+-CpCipiq -+ - Ck, where degC; = 1 for 1 <
i < m, degC; = 2 for m +1 < i < k. For convenience, let D = Cy---C,,,
E =Cpi1--Ck. If D=0, we already proved it. So let D # (. Also, let
us consider the case when E = (), i.e., C = D. By reordering, if necessary,
let D = Cy---CiCiqq---Cq, where t is the maximal number of concurrent
lines in D and Cj ---Cy is concurrent lines. By the stability condition, 2 <
t < 2 (see Proposition 2.2). Then, pd(D) > —t* + (d + 1)t — d (because
g(C1---CiNCiyr) =1foralli =1,...,t —1 and > ¢ for all ¢ > t). So the
minimum occurs when ¢t = 2. So pd(D) > d—2. So we also let £ # (). First, let
us consider the case when FE is a Ploski curve. If D is non-concurrent lines, then
we can easily get the result. So suppose that D is concurrent lines. If common
points of D and F coincide, then by using §(D N E) > 14+ (m — 1)(k — m),
k< %, and 2k —m = d, we can easily get that pd(C) > d — 2. Also, if they
do not coincide, it is easy that pd(C) > d — 2 when m = 1,...,5. For m > 6,
by using §(DNE) > 1+ (m—1)(2(k—m) — 1), m < ¥, and k = 4™ < 3¢,
we can get pd(C) > d — 2. If E is not a Ploski curve, by Lemma 3.12, we get
the result.

Case 2) Next, let C = Cy - Cp,Cpg1 -+ - Ck, where degC; = 2 for 1 < i <
m,degC; >3 form+1<i<k Let E=C1---Cp, F =Cpy1---Cg. By
the given condition, £ # (. Also, by Lemma 3.12, we also let F' # (), i.e.,
1 < m < k. First, we suppose that F is a Ploski curve. So we assume that
E:(z?—yz) - (22 —yz+ (m—1)2?). We claim that §(ENF) > m+ 1. If one
of C;, m+ 1 < i <k, does not pass [0, 1,0], we are done. So let all C;’s pass
through [0, 1, 0]. The case when m=1 is obtained automatically by proof of the
case when m > 2. Solet m > 2. Fix m+1 <1 < k. Suppose C;NE = {[0,1,0]}.
Then, since C;NC; = {[0,1,0]}, C; : (z%2 —yz)f+2%, or (22 —yz)f+ 2", where
f is a homogeneous polynomial of degree I; — 2 in k[z,y, z]. Second one can
be proven similarly as the first one, so we assume that C; : (22 — yz)f + 2%.
Since C; N Cy = {[0,1,0]}, (22 — y2)f + 2l = 22f + 2l = 22(f + 2172) has
z = 0 as a unique root. Since base field is algebraically closed, f = az'~2,
where a € k, base field. So C; : (2 —yz)(az'"=2)+ 2% which is a contradiction
since C; is irreducible. So C; has another intersection point with C, which
means that i(C;, C;;[0,1,0]) < (deg C;)(deg C;) = 2deg C;, where 1 < j < m,
and (C;, Cj;[0,1,0]) is the intersection multiplicity of C; and C; at [0, 1,0].
So #(C; N Cy) > 2, all 1 < j < m. Therefore, §(E N F) > m + 1, which
proves the claim. By the claim, §(ENC;) > m+ 1 for all ¢ > m + 1. So
pd(Cy---Cx) = pd(E) + pd(Crog1) + -+ + pd(Cr) + (4(E N Crogr) + -+ +
H(ECmy1--Cr1NCr)) —(k—m) >d—12>d—2since k—m > 1. So
let us consider the case when E is not a Ploski curve. However, by using
$(ENC;) > 2 for all j with m+1 < j < k and Lemma 3.12, we easily get
pd(C)>d—-1>d—2.
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Case 3) In general, let C = Cy -+ - Cp,Cppy1 -+ - C1Cryq - - - O, where deg C; =
lforl1 <i<m,degC;=2form+1<i<t degC; >3fort+1<i<k.
For convenience, let D = Cy---Cpyy E = Crpg1---Cy, F = Cpqq---Cp. If
D =0, Cisin Case 2), so let D # (. If FF = ), then it is Case 1), so
let F' # (. Therefore, we need to deal with E. First, let E # (. If D is
concurrent lines, then pd(C) = pd(D) + pd(EF) + §(DNEF) -1 > (d —
m—1)+ 1+ @E—m)(m—1) —1 > d—2 because t — m > 1 and Case
2) always holds without the stability condition. If D is not concurrent lines,
since pd(D) > m — 2 and pd(EF) > d —m — 1, pd(C) > d — 2. Finally, we
suppose that E = ). If D is concurrent lines, pd(C) = pd(D) + pd(Crn+1) +
R pd(Ck) + (ﬂ(D N Cm+1) + -+ H(DCerl - Cro1 N Ck)) — (k} — m) >
Y ([deg G = )+ (X e, (rp = D) +HD N Conga)) + -+ (X e, (rp —
1)+ #(DChg1 - Cr1 NCy)) — (k—m) > d— 2. If D is not concurrent lines,
then by using Y- o (rp = 1) +#(DCps1---CiNCiy1) > m for all i > m+1,
pd(D) > m — 2 and the above argument, pd(C) > (d — 2) + (m — 2)(k —m).
Since D is not concurrent lines and F # @, m > 3 and k —m > 1. So
pd(C)>d—-1>d-2. O

By the previous proposition, we get a bound for the polar degree of stable
curves. If C is of odd degree, since a Ploski curve is not semi-stable, by the
same argument, we can get the same result for semi-stable curve C' as the
following proposition says.

Proposition 3.14. Let C be a plane curve with deg C = d > 5 that has either
a line or a conic as an irreducible component, where d is odd. Suppose C' is
semi-stable. Then pd(C) > d — 2.

So we need to consider the case when all irreducible components of C' are of
deg > 3. The following lemma gives a better bound of such a curve.

Lemma 3.15. Let degC = d > 5. Suppose all irreducible components of C

are of deg > 3. Then pd(C) > [%d], where (%‘11 is a round up integer of %d.

Proof. Let C =C1---Cp,Cpyt1 - - - Ck, where C;’s are irreducible, plane curves
with degC; > 4 for 1 < i < m, degC; =3 form+1<j <k Let D=
Ci-+-Cyy, E=Cpy1---Ck. Then pd(C) = pd(D) +pd(E) +§(DNE) -1 >
Yo (degCi — 1)+ 2(k —m) = (d—3(k—m)) —m+2(k—m) = d— k.
Since 3k < d by degree consideration, k < %l. Sopd(C) >d—-k > %d, ie.,

pd(C) > [3]. O

So we get the following result:

Theorem 3.16. Let degC = d > 5. Then we have the followings:
1) Suppose C is a stable curve that has either a line or a conic as an
irreducible component. Then Y p, < (d —1)* — (d — 2).
2) Let d be odd. Suppose C' is a semi-stable curve that has either a line or
a conic as an irreducible component. Then > p, < (d —1)? — (d — 2).
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3) Suppose all irreducible components of C are of deg > 3. Then Y p, <
(d— 1 - 12,
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