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SMOOTH HOROSPHERICAL VARIETIES OF PICARD
NUMBER ONE AS LINEAR SECTIONS OF RATIONAL
HOMOGENEOUS VARIETIES

JAEHYUN HONG

ABSTRACT. We construct projective embeddings of horospherical vari-
eties of Picard number one by means of Fano varieties of cones over ra-
tional homogeneous varieties. Then we use them to give embeddings of
smooth horospherical varieties of Picard number one as linear sections of
rational homogeneous varieties.

1. Introduction

Let G be a connected reductive algebraic group over C and let H be a closed
subgroup of G. A homogeneous space G/H is said to be horospherical if H
contains the unipotent radical of a Borel subgroup of G, or equivalently, G/H
is isomorphic to a torus bundle over a rational homogeneous variety G/P. A
normal G-variety is called horospherical if it contains an open dense G-orbit
isomorphic to a horospherical homogeneous space G/H. Toric varieties and
rational homogeneous varieties are horospherical. The cone over a rational
homogeneous variety G/P is horospherical because it has an open G-orbit
isomorphic to a C*-bundle over G/P.

As can be seen from the latter example, horospherical varieties are not nec-
essarily smooth and it is not easy to classify all smooth horospherical varieties.
If we assume that the Picard number is one, such varieties are classified.

Theorem 1.1 (Theorem 0.1 and Theorem 1.7 of Pasquier [8]). Let G be a
connected reductive algebraic group. Let X be a smooth projective horospherical
G-variety of Picard number one. Then X is either homogeneous or one of the
following.

(1) (anwnflywn); n > 3;

(2) (Bs, @1, @3);
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(3) (Cnvwi+17wi)7 77'22 and i € {172557171}’
(4) (Fi,2,@3);
(5) (GQ,WQ,Wl).

For the notations see Section 2.

Some of the above-mentioned varieties can be embedded into rational ho-
mogeneous varieties as linear sections. For example, the horospherical varieties
(Ch,wit1,w;) are also known as odd symplectic Grassmannians. They are
linear sections of symplectic Grassmannians (Mihai [7]). Pasquier [8] asked
whether the smooth horospherical varieties listed in Theorem 1.1 can be em-
bedded as linear sections into rational homogeneous varieties as in the case of
(Ch,wit1,w;). In this paper, we investigate this problem.

First, we give geometric descriptions of the horospherical varieties listed in
Theorem 1.1. For example, we prove the following results.

Proposition 5.2 Let S,, be the rational homogeneous variety (Dpy1, @nt1)-

(1) The horospherical variety (B, wn—1,wn) is a linear section of the
horospherical variety (Dy41,@0n—1, @Wnt1)-

(2) The Fano variety Fy (§;) of lines in the cone S, overS, is isomorphic
to the horospherical variety (Dpy1,@0n—1, @Wnt1)-

Proposition 5.3 Let S be the rational homogeneous variety (Eg, twg).

(1) The horospherical variety (Fy, w2, ws) is a linear section of the horo-
spherical variety (Eg, wy, ws).

(2) The Fano variety Fg(g) of planes in the cone S over S is isomorphic
to the horospherical variety (Fe, w4, @s).

Using these descriptions we show that:

Theorem 1.2. A smooth horospherical variety X of Picard number one can
be embedded as a linear section into a rational homogenous variety S of Picard
number one except when X is (Bp, wn—1,wy) forn > 7.

For an explicit description of an embedding of X into .S, see Proposition 5.1
and its proof.

In the case of (B, @n—1,w@y) for n > 7, it is still open whether we can
embed it into a rational homogeneous variety as a linear section. The reason
why we cannot apply our method to the horospherical variety (B, @w,—1, w@x)
for n > 7, is that there does not exist a rational homogeneous variety S whose
variety C;(S) of minimal rational tangents at € S is isomorphic to the rational
homogeneous variety (Dy,+1, @n+1) for n > 7. Even though this does not imply
that the horospherical variety (B, w,—1, @) for n > 7 cannot be embedded
as a linear section into a rational homogeneous variety of Picard number one,
we expect it cannot be.

It would be interesting to investigate the Fano varieties F(S) of the cones

-~

S over rational homogeneous varieties S from the viewpoint of horospherical
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varieties, which we expect to be useful for understanding horospherical vari-
eties geometrically as in the case of rational homogeneous varieties (Landsberg-
Manivel [6]).

The remainder of this paper is organized as follows. In Section 2, we intro-
duce the notations used in subsequent sections, and we review and prove some
properties of horospherical varieties. In Section 3, we consider a way to embed
the cone over a rational homogenous variety into another rational homogeneous
variety as a linear section (Proposition 3.5). We review the results on Fano va-
rieties of rational homogeneous varieties in Section 4. In Section 5, we describe
each horospherical variety listed in Theorem 1.1 as a linear section of the Fano
variety of the cone over a rational homogenous manifold (Proposition 5.2 and
Proposition 5.3), and we employ the results obtained in Section 3 to complete
the proof of Theorem 1.2 (Proposition 5.1).

2. Horospherical varieties

Let G be a connected reductive algebraic group over C. For a dominant
weight w, let Viz(w) denote the irreducible representation space of G with the
highest weight w. Fix a Borel subgroup of G. Let {1, ...,w,} be the system
of fundamental weights of G. Take a highest weight vector v; in Vg (w;) for
i =1,...,n. Then the G-orbit of [v;] in P(Vg(w;)) is a rational homogeneous
variety. We denote it by (G, w;). The isotropy group P; of G at [v;] is called
the parabolic subgroup associated with w,;. More generally, the G-orbit of
[vi, @ Qu;, ] iIn P(Va(wi, )®- - - @V (w;, ) is a rational homogeneous variety,
which is denoted by (G, {wi,,..., @, })-

Let H be a closed subgroup of G. A homogeneous space G/H is said to be
horospherical if H contains the unipotent radical of a Borel subgroup of G. In
this case, the normalizer Ng(H) of H in G is a parabolic subgroup P of G and
P/H is a torus (C*)". Thus G/H has a structure of (C*)"-bundle over G/P.
A normal G-variety is called horospherical if it contains an open dense G-orbit
isomorphic to a horospherical homogeneous space G/H.

Proposition 2.1. For any i # j, the closure of the G-orbit of [v; + v;] in
P(Ve(w;) @ Va(w,)) is a horospherical G-variety.

Proof. The isotropy group H of G at [v; + v;] contains the unipotent radical
U of the Borel subgroup B of G and thus the homogeneous space G.[v; +v;] is
horospherical. It suffices to show that the closure X of G.[v;+v;] in P(Vg(w;)®
Ve (w;)) is a normal variety.

The normalizer P of H in G is the parabolic subgroup P,NP; and P/H is the
one-dimensional torus C* := C\{0}. The P/H-orbit of [v; + v;] is isomorphic
to C* and the G-orbit of [v; + v;] is isomorphic to the C*-bundle G x p C*
over G/P.

The closure of the P/H-orbit of [v; +v;] is a line P! in P(Vg(w;) @ Vi (w5))-
The line P! has three P/H-orbits: one open orbit C* = P/H.[v; +v;], and two
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fixed points [v;] and [v;]. Let X’ be the fiber bundle G x p P! over G/P with
fiber P!. Define a map
[ X' =G@xpP' 5 X

by f(g,z) = gx for ¢ € G and z € P!. Then f is a birational morphism
and is restricted to an isomorphism of G xp C* onto G.[v; + v;]. The image
X = f(X’) of f is normal because the fibers of X’ = G xp P! — G/P are
normal (Proposition 1 of [5]). Hence, X is normal, and thus, it is a horospherical
G-variety. O

We will denote the closure of G.[v; +v;] in P(Vg(w;)® Ve (w;)) by (G, w;, w;).!
It has three G-orbits: one open orbit G.[v;+v;] and two closed orbits, G.[v;] and
G.[vj]. The horospherical variety (G, w;, w;) is smooth if and only if P;.[v;] and
P;.[v] are linear ([8]). By showing that any non-linear smooth horospherical
variety of Picard number one is of the form (G, w;, w;), Pasquier obtained the
classification described in Theorem 1.1.

We end this section by giving a characterization of (G, w;, w;) by means of
the structure of G-orbits.

For a dominant weight @ of G, let vy be a highest weight vector of Vi (w)
and let P be the isotropy group of G at [vg]| € P(Ve(w)). For two distinct
dominant weights w’, @w” of G, let (G, w’, @) denote the closure of the G-orbit
of [V @ V] in P(Ve(w') @ Vg(w”)). Then the isotropy group H of G at
[V B V] € P(Va(w') ® Va(w')) is the kernel of w’ — w” : Ppr N P — CX,
and the normalizer P of H in G is Pr' N Pg». By the same arguments as those
in the proof of Proposition 2.1, (G, w’, @w") is a horospherical G-variety, and it
has three G-orbits: one open orbit G.[vg @ Ve~ ], and two closed orbits G.[vy]
and G.[vgr].

For example, (G, 2w;, w;+w;) is also a projective embedding of G/H, where
G/H is the open G-orbit in (G, w;,w;). Moreover, (G,2w;, w; + w;) is the
closure of the G-orbit of [(v;0v;) & (v; ®v;)] in P(S*(V(w;)) B (V () @V (w5))),
and [(v; 0v;) ® (v; ® ;)] is [v; @ (v; B v;)] as an element in P(V(w;) @ (V(w;) ®
V(w;j)). Define

7: (G, 2w, w; +w;) — PV(w;)®V(w;)) by
glvi® (vi ®vs)] = glvi Bl

where g € G. Then, the image of 7 is (G, w;, w;).
Similarly, we get two more projective embeddings of G/H.

Proposition 2.2. For i # j, let H be the isotropy group of G at [v; ® v;] €
P(Ve(w;) ® Va(w;)). Then, there are exactly 4 projective embeddings of G/H,

n [8] (G, w;,w;) is the notation for the unique smooth horospherical variety of Picard
number one such that the isotropy group at a generic point is given by the kernel of w; —w; :
P; N P; — C*. Afterwards, it is realized as a projective variety, the closure of the G-orbit
of [v; @ vj] in P(V(w;) @ P(w;)). In this paper we adopt the latter as the definition of
(G, w;,w;) regardless of its smoothness.
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(Gv Wi, wj): (Ga w; + Wy, 2wj)7 (Ga 2w;, wi+wj)7 and (Ga 2wi+wj7 wi+2wj):
and we have the following commutative diagram:

(G,2w; + wj, w; + 2w,)

/ \

(G, w; + wj,2w,) (G, 2w;, w; + w,)

(Ga Wiy w])

Proof. The horospherical homogeneous space G.[v; + v;] = G/H is of rank
one and has two colors. Thus, the classification of G/H-embeddings in terms
of colored fans tells us that it has exactly 4 projective embeddings and that
they are determined by the set of colors (See Section 1.3 of [8]). (G, w;, w;)
has two colors, (G, w; + w;,2w;) and (G, 2w;, w; + w;) have one color, and
(G,2w; + wj,w; + 2w,) has no color. O

By Proposition 2.2, we can distinguish 4 projective embeddings of G/H by
the types of their closed orbits. In particular, the following three properties
uniquely determine (G, w;, ;).

Corollary 2.3. Let X be a normal G-variety. Assume the following properties.
(1) There are three G-orbits in X : one open orbit and two closed orbits.
(2) The open orbit is isomorphic to a C*-bundle over (G, {w;, w,}).
(3) One closed orbit is isomorphic to (G,w;) and the other closed orbit is
isomorphic to (G, w;).
Then X is the horospherical variety (G, w;, w;).

3. Cones over rational homogeneous varieties

Let X C P(V) be a projective variety. By a linear space in X we mean a
(projective) linear space P* in P(V) contained in X. We call a linear space
of dimension one (two, respectively) a line (a plane, respectively). Let Fj(X)
denote the Fano variety of P*’s in X.

Proposition 3.1. Let X C P(V) be a projective variety and let Z be a linear
section of X. Then the Fano variety Fy,(Z) is also a linear section of Fj,(X).

Proof. Suppose that Z is the intersection X N P(W) for some linear space
P(W) in P(V). Then P(A**1WW) is a linear space in P(A**1V) and Fj(Z) is
the intersection Fj(X) NP(AFIW). O

Proposition 3.2. Let X C P(V) be a projective variety Let X be the cone
over X with verter a point xo. For a line L n X, let L denote the cone over
L with vertex xo. Then, Lisa plane in X. Furthermore, any line in X is
contained in L for some line L in X.
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In general, any linear space in X is contained in the cone over a linear space
m X with verter xg.

Proposition 3.3. Let G be a connected reductive algebraic group. Let Vi be
an irreducible representation space of G and let v be a highest weight vector of
V. Let P denote the isotropy group of G at [vy] € P(Vy,). Let Vi be the one-
dimensional trivial representation space of G and let vy be a non-zero vector in
Vo. Then, the closure S of the G-orbit G.[uy @ vo] in P(Vy @ Vpy) is the cone

over the rational homogeneous variety S = G/P, and it is horospherical.

Proof. Consider the map 7 : G.[vy @ vg] = P(Vy,) defined by g.[vm & vo] —
g.[vw], where g € G. Then, the image of 7 is the rational homogeneous variety
S = G/P embedded in P(V), and the fiber over the base point [vg] of S
consists of [vg @ cvg], where ¢ € C*. Thus, the G-orbit G.[vg @ vp] is horo-
spherical. The closure S of G.[vs @ vg] contains two more G-orbits: G.[ve & 0]
and G.[0 @ vg]. The former is S = G/P and the latter is the point [0 @ wvp].

~

Then, S is the cone over S with vertex [0 @ vo]. O

We will retain the same notations and embeddings of Proposition 3.3 when-
ever we mention the cone S over the rational homogeneous variety S = G /P.
The cone over a rational homogeneous variety appears naturally as a linear sec-
tion of another rational homogeneous variety. For clarity, we first recall several
definitions.

Let X C P(V) be a projective variety and let € X. The projective tangent
space T, X at x € X is the projectivization of the Zariski tangent space i;f( -
V of the affine cone X C V of X at a point & with [#] = . The projective
tangent space T, X is a linear space in P(V'). The Zariski tangent space T, X
can be identified with (T3X/CZ) ® (CZ)*. The projectivized tangent space
P(T,. X) is the projectivization of the Zariski tangent space T, X.

When X is uniruled by lines in X, the variety C,.(X) of minimal rational tan-
gents of X at a smooth point © € X is, by definition, the subvariety of P(T,X)
consisting of tangent directions to lines in X passing through « (Hwang-Mok

2], [3], [4])-

Proposition 3.4. Let S = G/P C P(V(w;)) be the rational homogeneous
variety (G,to;). Let x be the base point [vw,]. Then, the intersection TSNS
of S with the projective tangent space TS of S is the cone over the variety of
minimal rational tangents C,(S) with vertex x.

Proof. We will repeat the arguments presented in Section 2.1 of Landsberg-
Manivel [6]. Since the ideal of S is generated in degree two, any line L osculating
to order two at x is contained in S. Hence, if y € T,S NS and y # x, then
the line passing through x and y is contained in .S. Therefore, the intersection
T,S NS, of S with the projective tangent space T, S of S, is the locus of lines
in S passing through x. Now, the locus of lines in S passing through x is the
cone over C,(S) with vertex x. O
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Proposition 3.5. Let S = G/P C P(Vy,) be a rational homogeneous variety
(G, ;). Let x be the base point [vy,] and let L denote the reductive part of P.
Let S be a linear section of C,(S) by a linear space invariant under the action
of a reductive subgroup G of L. Then there is a G-equivariant embedding of the
cone S over S as a linear section, into S.

-~

In this case the Fano variety Fj(S) is also a linear section of Fj(S).

Proof. The first statement follows from Proposition 3.4. The second statement
follows from Proposition 3.1. O

Now, our strategy is

(I) to describe the horospherical variety X listed in Theorem 1.1 as (a

~

linear section of) Fy(S) for some G-homogeneous variety S,
(IT) and to find a G-equivariant embedding of S as a linear section into
C»(S) for some rational homogeneous variety S.

Then, we can embed X as a linear section into S = Fj(S) by Proposition 3.5.

4. Fano varieties of rational homogeneous varieties

To achieve our goal, more precisely, (I) and (II) at the end of Section 3, we
will use the results on varieties of minimal rational tangents or Fano varieties
of rational homogeneous varieties, obtained by Hwang and Mok [2], [3], [4] and
Landsberg-Manivel [6].

In the following, we identify the fundamental weights of G with the nodes
of the Dynkin diagram of G.

Proposition 4.1 (Hwang and Mok [2], [3], [4] and Landsberg-Manivel [6]).
Let S = G/P C P(Vg,) be a rational homogeneous variety (G, w;). Let x be
the base point [vw,| and let L denote the reductive part of P. Then, Cy(S) has
at most two orbits under the action of P, and C,(S) has two P-orbits if and
only if w; is associated to a short root.

Furthermore, the closed P-orbit in C,(S) is the rational homogeneous variety
(L?%, N(w;)) and is a linear section of C5(S), where L*® is the semisimple part
of L and N(w;) is the set of nodes connected to w; by an edge in the Dynkin
diagram of G.

We remark that the Dynkin diagram of L*° is obtained by deleting w; in
the Dynkin diagram of G.

Proposition 4.2 (Landsberg-Manivel [6]). Let S = G/P C P(Vy,) be a ratio-
nal homogeneous variety (G,w;). Then, F1(S) has at most two orbits under
the action of G, and F1(S) has two G-orbits if and only if w; is associated to
a short root.

Furthermore, the closed G-orbit in Fy(S) is the rational homogeneous variety
(G,N(w;)) and is a linear section of F1(S), where N(w;) is the set of nodes

connected to w; by an edge in the Dynkin diagram of G.
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In general, F},(S) can be described using subdiagrams of type (A, w1), of
the marked Dynkin diagram (G, w;). We call such a subdiagram a chain of
length k. For a chain A, N(A) is defined by the set of nodes connected to A
by an edge in the Dynkin diagram of G.

Proposition 4.3 (Landsberg-Manivel [6]). Let S = G/P C P(Vy,) be a ratio-
nal homogeneous variety (G, w;).

(1) If w; is not associated to a short root, then Fy,(S) is the disjoint union
of rational homogeneous varieties (G, N(A)), where A is a chain of
length k.

(2) If w; is associated to a short root, then Fy(S) has (G,N(A)) as linear
sections, where A is a chain of length k.

We will apply Proposition 4.2 and Proposition 4.3 to S = (G, w;) where w;
is an end of the Dynkin diagram of G. A node of the Dynkin diagram of G is
called an end if it is connected to only one other node. For an end w, a branch
of w is a series of nodes

that satisfy:

(1) Each w® (i =1,...,7 — 1) is connected only to w1 and w(+1),

(2) The subdiagram of the Dynkin diagram of G with nodes "), ... @@,
w is either of type A,41 or of type Cp41.

(3) The series @™, ..., @™ w is maximal with respect to properties (1)
and (2).

Example. (1) The Dynkin diagram of By, has two ends: w; and w,. The
branch of o is w,_1,...,ws,w; and the branch of w,, is w, _1, wy,.
(2) The Dynkin diagram of Fj has two ends: w; and wy. The branch of
w1 is wo, w1 and the branch of wy is ws, w3, wy.
(3) The Dynkin diagram of G5 has two ends: w; and wy. The branch of
w1 is w1 and the branch of ws is ws.

For the index of fundamental weights, we follow the conventions in [1].

Proposition 4.4. Let S C P(V) be a rational homogeneous variety (G, w).
Assume that w is an end of the Dynkin diagram of G. Let @™, ... oM w
be the branch of w and letr > k > 1.

(1) If w is not associated to a short simple root, then Fy(S) is the rational
homogeneous variety (G, w®).

(2) If w is associated to a short simple root, then Fy(S) has the rational
homogeneous variety (G,w(k)) as a linear section.

Proof. 1t follows from Proposition 4.2 and Proposition 4.3. O
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5. Embeddings as linear sections

In this section we will show that there is an embedding of the horospherical
variety X into the rational homogeneous variety S for the following pairs.

Proposition 5.1. For the following pair (X, S) of a smooth horospherical va-
riety X of Picard number one and a rational homogeneous variety S of Picard
number one, X can be embedded as a linear section into S:

(1) X = (Bs,ws,w3) and S = (Fy,ws) or S = (D5, w2);

(2) X = (B4, w3, w4) and S = (Eg, w3);

(3) X = (B5,W4,W5) and S = (E7,W3);

(4) X = (Bg,ws,ws) and S = (Es, w3);

(5) X = (F4,W2,W3) and S = (E7,W5);

(6) X = (Cq, w2, w1) and S = (Cs,ws) or S = (Fy,ws);

(7) X =(Ch,wit1,wi),n>3and 1 <i<n-—1and S = (Cpy1,™it1);
(8) X = (G2,wa,w1) and S = (By, ws);

X=(

Bg,wl,w?,) and S = (B4,W4) = (D5,w;,).
For the index of fundamental weights, we follow the conventions in [1].

For example, we will show that there are embeddings (Fig. 1).

P . 5.2 P . 5.4 et al.
(3) (Bs, w4, w5) 2" (Dg,wa,w6) - — (B, ws).
) Prop.get al. (E7,W5).

(5) (Fy, w0, 03) 25" (Eg, w04, 5
Proposition 5.2. LetS,, be the rational homogeneous variety (Dy+1,t0n+1).
(1) The horospherical variety (B, wn—1,%y,) @S a linear section of the
horospherical variety (Dy41,@0n—1, @Wnt1)-
(2) Fi(Sy) is isomorphic to the horospherical variety (Dpy1, @n—1,@nt1)-

Proof. (1) Let S,, be the rational homogeneous variety (Dj,+1,w@n+1). Then,
S, is isomorphic to (B, wy,). Furthermore, (B,,,w,_1) is a linear section of
Fi(Sn) = (Dpt1,wn—1) (Proposition 4.4). Therefore, X = (By,wwn—1,w@y) is
a linear section of the horospherical variety (D41, @n—1, @Wn+1)-

(2) Let V be the one-dimensional trivial representation space of D, and
let vo be a nonzero vector in Vy. By Proposition 3.3 the closure of the Dy 41-
orbit Dy, y1.[v, ® vo] is the cone g; over S, with vertex [0 ® vg].

We first show the following properties.

(1) Fl(gg) has three D,,1-orbits: one is open and the others are closed.

(2) The open D,,1-orbit is isomorphic to a C*-bundle over (Dy,41, {wwn—1,
wnJrl})-

(3) One closed orbit is isomorphic to (Dp41,wn—1) and the other closed
orbit is isomorphic to (Dp41,@nt1)-

The variety of lines in g; passing through the vertex [0 @ vo] is isomorphic
to the base S,, of the cone g;, and thus, it is isomorphic to (D41, @pn+1). The
variety of lines in the base S,, is isomorphic to (D41, @,—1) (Proposition 4.4).
These two varieties are closed orbits in Fy (§;)
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(Bs, w4, ws) (Fa, w2, w3)
W4 ws w1 w2 w3 W4
(D67w47w6) (E57w47w5)
w1
w3 @)
Tq o) w9 Tyq /
G o -< o—o<O
X x\
wG W5 O
We
(E7,w3) (E7,ws)
w1

X
\o . o)
w3 Ws \
w1 we o
wr

FIGURE 1. Embeddings of (3) (Bs, w4, ws) and (5) (Fi, wa,
ws) in Proposition 5.1.

 Let Q denote the complement of these two closed orbits. Let ¢ be a line in
S, corresponding to a point in 2. By Proposition 3.2, there is a line L in S,
such that ¢ is contained in the cone L over L with vertex. If there are two such
lines L, L', then £ is contained in the intersection LNL. However, LNL is
a line passing through the vertex, which is a contradiction. Thus, there is a
unique L with ¢ C L. Since ¢ and L are lines in the plane Z, they intersect at

a point. Define a map

m:Q = (Dpy1,{@n-1,@n41})
(6] = (L, [LNd).
Then, 7 is a C*-bundle over (D41, {wn—1,@n+1}) and Q is a horospherical
homogeneous space.
For any line ¢ € S,,, there is a line L in S,, such that ¢ C L. Since the variety

of lines in L is P2, we have the following collapsing:
f:GxpP? 5 Fi(S,),

where G/P = (Dy,41, @, —1) is the variety Fi(S,,) of lines in S,,. By Proposition
1 of [5], F1(S;) is normal.
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—

By Corollary 2.3, Fi(S,,) is isomorphic to (Dy41, @n—1, Wn41)- O

Proposition 5.3. Let S be the rational homogeneous variety (Eg, wg).

(1) The horospherical variety (Fy, w2, ws) is a linear section of the horo-
spherical variety (Fg, wy, ws).

(2) F»(S) is isomorphic to the horospherical variety (Eg, @y, @5 ).
Proof. (1) Let S be the rational homogeneous variety (Eg, ). Then, S’ :=
(Fy,t04) is a linear section of S (Section 6.3 of Landsberg-Manivel [6]). By
Proposition 3.1, Fy(S') is a linear section of Fy(S). Furthermore, (Fy,ws;) is a
linear section of Fi(S’) by Proposition 4.4. Hence, (Fy, ws3) is a linear section of
F1(S) = (B¢, ws). Similarly, (F4,ws) is a linear section of (Eg, w4 ) (Proposition
4.4). Therefore, X = (Fy, wa, ws3) is a linear section of the horospherical variety
(E6, w4y, W5).

(2) Let Vp be the one-dimensional trivial representation of Eg and let vy be a
nonzero vector in V5. By Proposition 3.3 the closure of the Fg-orbit Eg.[v, ® o]
is the cone S over S with vertex [0 & vo).

We first show the following properties.

-~

(1) F3(S) has three Fg-orbits: one is open and the others are closed.

(2) The open Eg-orbit is isomorphic to a C*-bundle over (Eg, {w4, ws}).

(3) One closed orbit is isomorphic to (Eg,w,) and the other closed orbit
is isomorphic to (Eg, ws).

The variety of planes in S passing through the vertex [0 @ vg] is isomorphic
to the Fano variety Fi(S) of lines in the base of the cone g, and thus, it is
isomorphic to (Eg,ws). The variety of planes in the base S is isomorphic to
(Eg,w4) (Proposition 4.4). These two varieties are closed orbits in F»(S).

Let € denote the complement of these two closed orbits. Let o be a plane
inS corresponding to a point in €2. By Proposition 3.2, there is a plane F in
S such that g is contained in the cone E over E with vertex. If there are two
such planes E, E’, then g is contained in the intersection ENFE. If E and
E’ intersect at a point, then ENE =ENE'isa line, and it cannot contain
the plane g, which is a contradiction. If E and E’ intersect in a line, then
ENE =ENFE'isa plane passing through the vertex and is equal to p, which
contradicts to the assumption that o does not contain the vertex. Thus, there
is a unique F with p C E. Since g and E are planes in the linear space E of
dimension 3, they intersect in a line. Define a map

T:Q — (E6,{W4,W5})
[©] — (EL[ENg]).

Then 7 is a C*-bundle over (Eg, {w4, ws}) and € is a horospherical homoge-
neous space.
As in the proof of Proposition 5.2(2), there is a collapsing

g: G Xp ]P3 — FQ(/S\),
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where G/P = (Es,w,4) is the variety F5(S) of planes in S. Thus, F; (g) is
normal. N

By Corollary 2.3, F5(S) is isomorphic to (Fg, w4, ws). O

Proposition 5.4. LetS,, be the rational homogeneous variety (B,,,wy,). Then,
there is an embedding of S, into the variety C.(S) of minimal rational tangents
of the rational homogeneous variety S at the base point x of S in the following
cases:

(

1) n=3 and § = (Fy,wy4) or S = (D5, w1);
(2
(3
(4

) ( )
) n=4 and S = (Fgs,w1);
g ( );

n=>5and S = (Fr7,w1);
n=206 and S = (Es,w).

Proof. The variety C,(S) of minimal rational tangents of S = (Fy, w4) has
(B3, ws) as a linear section (Proposition 4.1).

The variety C,(S) of minimal rational tangents of S respectively equal to
(D5, w1), (Es,w1), (E7,w1) and (Es, w1 ) are respectively (D4, w4), (Ds,ws),
(D¢, ws) and (D7, w7) (Proposition 4.1). Furthermore, (B, w, ) is isomorphic
to (Dn+1, wn+1). O

Proposition 5.5. Let S be the rational homogeneous variety (Fg,wg) and let
S be the rational homogeneous variety (E7,w7). Then there is an embedding
of S into the variety C.(S) of minimal rational tangents of S at the base point
x.

Proof. The variety C,(S) of minimal rational tangents of & = (Er,w7) is
(Eg,ws) (Proposition 4.1). O

Proof of Proposition 5.1. (1)—(4) By Proposition 5.2, the horospherical variety

(B, @n—1,wy) is a linear section of the Fano variety Fj (g;) of lines in the
cone g; over S,. By Proposition 5.4, there is an embedding of S,, into the
variety C,(S) of minimal rational tangents of the rational homogeneous variety
S at the base point x in cases (1) — (4). By Proposition 3.5, the cone S,, can
be embedded into S as a linear section, and Fy (§;) is again a linear section of
Fi(S). Put S = F1(S). Then X = (By,@n—1,@y) can be embedded into S as
a linear section.

(5) The proof is similar to that of (1)—(4). In this case, use Proposition 5.3,
Proposition 5.5, and Proposition 3.5, and then, put S = F5(S).

(6)—(7) We already know that there is an embedding of X = (Cy,, w41, w;)
into S = (Cp41,wit+1). One can prove this using the method described above.
In particular, this new method provides another embedding: the embedding of
X = (CQ,’WQ,wl) into S = (F4,W3).

(8) Let S be the rational homogeneous variety (Gz,w;). Then, S is the
hyperquadric Q® of P%, and thus, it is isomorphic to (Bs, ;). Furthermore,
(G2, w2) is a linear section of Fi(S) = (Bs,w2) (Proposition 4.4). Therefore,
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X = (G2, ws,w1) is a linear section of the horospherical variety (Bs, s, w1).
Using the same method described above, starting with the embedding of S =
(B3, 1) into C,,(S) where S = (By, w1), we get an embedding of (Bs, we, wy) =
o (g) into S = F1(S) as a linear section. Consequently, X = (Ga, w2, w;) can
be embedded into S = (By, w2) as a linear section.

(9) (Bs,w3) is isomorphic to (Dy,t4), and (Bs,to1) is a linear section of
(D4, w01). Thus, the horospherical variety X = (B3, w1, ws3) is a linear section
of the horospherical variety (Dy4, w1, w4). By the triviality of Dy, (D4, w1, w4)
is isomorphic to (Dy4, w3, ww4). Now, (D4, ws, w4) is isomorphic to (By, ws) =
(D5, W5). [l

Now Theorem 1.2 follows from Theorem 1.1 and Proposition 5.1.

Remark. (B, w;) is isomorphic to (By,2wy), but the embeddings are differ-
ent: the latter is the Veronese re-embedding of the former. Thus, (B, @n_1,
w,,) is not isomorphic to (By,, wy—1, 2wy, ). Using the method described above,

one can show that (B, w,_1,2w,) is isomorphic to F,,_1(Q?"~1), which is

—_—
singular because Q27! is singular.

In Proposition 5.2(2) we prove that the Fano variety F(S) of the cone S
over the rational homogeneous variety S = (Dy41, @n+1) is the horospherical
variety (Dp+1,@n—1,@n+1). While proving this, we use the fact that Fi(S) is
(Dp+1,@n—1). The same arguments can be applied to S = (G, w) for any end
w of the Dynkin diagram of G.

Proposition 5.6. Let S be a rational homogeneous variety (G,w). Assume
that w is an end of the Dynkin diagram of G and is not associated to a short
sitmple root. Then, the Fano variety Fy (g) of the cone S over S is the horo-
spherical variety (G,w(l), w), where w is the node adjacent to w.

-~

More generally, as we prove that the Fano variety F»(S) is the horospherical
variety (Eg, wa, ws) for S = (Eg, wg) in Proposition 5.3(2), one can prove the
following.

Proposition 5.7. Let S be a rational homogeneous variety (G,w). Assume
that w is an end of the Dynkin diagram of G and that w is not associated to a
short simple root. Let (w(r), oo, w) be the branch of the Dynkin diagram
of G with the end w. Then, for r > k > 1, the Fano variety Fy, (g) of the cone
S over'S is the horospherical variety (G, wk) w(k_l)). Here, we set w©) = w.

If, furthermore, there is another rational homogeneous variety S such that
the variety C,(S) of minimal rational tangents of S at the base point x € S is
isomorphic to S, then Fi(S) =: S is a rational homogeneous variety of Picard
number one, and the horospherical variety (G,w(k),w(k_l)) can be embedded
into S as a linear section forr >k > 1.
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Proof. For the first statement, use the same arguments as those in the proof
of Proposition 5.3. For the second statement, use the same arguments as those
in the proof of Proposition 5.1. (]

Remark. If w is an end of the Dynkin diagram of G and w corresponds to
a short simple root, then (G,w) is either (B,,w,), (Cn,w@1), (Fy4,ws4), or
(G2,w1). In these cases, (G,w) can be considered as (Dyp41, @Wnt1), (A2n-1,
w1), a hyperplane section of (Fs,ws), and a hyperplane section of (Dy,t04),
respectively. Let S’ be the latter homogeneous variety. Then, for the branch
(w(r), oW, w) of the Dynkin diagram of G with the end o, the horospher-
ical variety (G,w®, w®*=1) is a linear section of Fj(S'), and Fi(S') can be
embedded into a rational homogeneous variety of Picard number one, if §' is
isomorphic to the variety C,(S) of minimal rational tangents of S at the base
point x € S§. These are the embeddings we constructed in Proposition 5.1,
except the embedding of (Fy, ws, w4) into (E7, ). This is not included in the
list of Proposition 5.1 because (Fy, ws, tw4) is singular.
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