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ON THE PRESCRIBED MEAN CURVATURE PROBLEM ON
THE STANDARD n-DIMENSIONAL BALL

AYMEN BENSOUF

ABSTRACT. In this paper, we consider the problem of existence of confor-
mal metrics with prescribed mean curvature on the unit ball of R™, n > 3.
Under the assumption that the order of flatness at critical points of pre-
scribed mean curvature function H(z) is 8 €]1,n — 2|, we give precise
estimates on the losses of the compactness and we prove new existence
result through an Euler-Hopf type formula.

1. Introduction and main result

In this article, we consider the problem of existence of conformal scalar
flat metric with prescribed boundary mean curvature on the standard n-dim-
ensional ball. Let B™ be the unit ball in R™, n > 3, with Euclidean metric go.
Its boundary will be denoted by S”~! and will be endowed with the standard
metric still denoted by go. Let H : S"~! — R be a given function, we study
the problem of finding a conformal metric g = = go such that R; = 0 in
B™ and hy, = H on S"~'. Here R, is the scalar curvature of the metric g in
B™ and h, is the mean curvature of g on S"~!. This problem is equivalent to
solving the following nonlinear boundary value equation:

Au =0 in B"
P -2 -2 n
(P) %JrnQ u:n2 Huy»-2 on S

where v is the outward unit vector with respect to the metric gg.
In general, there are several difficulties in facing this problem by means of
variational methods. Indeed, in virtue of the non-compactness of the embed-

ding H'(B™) < L5 (0B™), the Euler-Lagrange functional J associated to
the problem does not satisfy the Palais-Smale condition, and that leads to the
failure of the standard critical point theory. Moreover, besides the obvious
necessary condition that H must be positive somewhere, there are topological
obstructions of Kazdan-Warner type to solving (P).
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In this paper, we study the case where the prescribed function H satisfies
some kind of flatness near its critical points. Roughly, it is assumed that there
exists a real number 3 such that in some geodesic normal coordinate system
centered at y, we have

n—1
(f)s H(x) = H(0) + Y bil(:)|” + R(w),
i=1
where b; = b;(y) € R\ {0},Vi=1,...,n —1, """ b; # 0 and
(8]
Z |VER(z)||z|*~® = o(1) as z tends to zero.
s=0
Here V* denotes all possible derivatives of order s and [f] is the integer part
of j.
Let
n—1
K={yes" ', VH(y)=0}, KT ={yek, > b <0}
i=1
and

ily) =#{bi, i =1,...,n — 1, such that b; < 0}.

In [1], the authors proved that under condition (f)g, withn—2 < g <n—1,
(P) has a solution provided

(1.1) S (-t 21
yekt

We denote by Z the operator which associates to H the solution v of (P) and
we extend the definition of = to the case of weak solutions of (P). Let

Kn—2={y €Kk, f=0(y)=n—2}

p
For each p-tuple (y,,...,u,) € (IC+ N ICn_g) such that y;, # yi; if i # j, we
associate the matrix M = (M;;) defined by
n—2_ =321 be(u,)
— ]_Cl n—1
" H(ylz)
n— Gy, v, o o
M =-2"% ¢ (o1, 11,) s LJE{L,....ph i # ],
[H(yli)H(ylj)] ’

Mi': ) iE{l,...,p},

where

(n—1) (n—1) B
C1 = C;n721 / Lﬂ, and 51 = C;n721 / Lnildl'
R (14 [2]7)? R (14 [2[?)

Here G(q, ) denotes the Green’s function for the operator Z with point ¢ and
x1 is the component of x in some geodesic normal coordinate system.
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Let p = p(y1,,---,y1,) be the least eigenvalue of M. It was the first pointed
out by Bahri [5] that when the interaction between the different bubbles is of the
same order as the self interaction. p plays a fundamental role in the existence of
solutions to problem like (P). Please see [3], such kind of phenomenon appears
under (f)g condition when 8 = n — 2. We assume the following

(AO) p(Wiys- -, y1,) # 0 for distinct points y;,,...,y, € KTNK,_s.

We now introduce the following set

Coo e {Tp = omy) € (G, p>1, st yi £y, Vi # J, and if

{ys -y, y N2 # 0, we denote by y, ... +Y;, all elements of
{yis -y, b with B(y;;) =n —2 for each j =1,...,q and

(1.2) p(yil,...,yiq)>0}.

Our main result is the following:
Theorem 1.1. Assume that H is a C'-function satisfying (Ao) and (f)s, with
1<pB<n—2.

If
Z (_1)P*1+Z}D:1 n—1+i(y.;) £ 1,

(Yi15-Y1p)EC

then (P) has at least one solution.

Our argument uses a careful analysis of the lack of compactness of the Euler
Lagrange functional J associated to the problem (P). Namely, we study the
non-compact orbits of the gradient of J the so-called critical points at infinity
following the terminology of Bahri [5]. These critical points at infinity can be
treated as usual critical points once a Morse lemma at infinity is performed
from which we can derive just as in the classical Morse theory the difference of
topology induced by these noncompact orbits and compute their Morse index.
Such a Morse lemma at infinity is obtained through the construction of suit-
able pseudo-gradient for which the Palais-Smale condition is satisfied along the
decreasing flow lines, as long as these flow lines do not enter the neighborhood
of a finite numbers y1, ..., y, of critical points of K such (y1,...,yp) € Coo-

Similar Morse lemma at infinity has been established for the problem (P)
on the sphere S™ n > 3, under the hypothesis that the order of flatness at
critical points of H is 8 € [n — 2,n — 1], see [3].

The rest of this paper is organized as follows. In Section 2, we set up
the variational problem and we recall the expansion of the gradient of the
associated Euler-Lagrange functional near infinity. In Section 3, we characterize
the critical points at infinity of the associated variational problem. Section 4
is devoted to the proof of the main result Theorem 1.1.
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2. General framework and some known facts
2.1. Variational structure and lack of compactness

In this section, we recall the functional setting and the variational problem
and its main features. Problem (P) has a variational structure. The Euler-
Lagrange functional is

2—n
2(n—1)

J(u) = ( Huy »== dago)m,
Sn—1

defined on H'(B™) equipped with the norm

n—2
N Ty M
B’Vl n—

where dv,, and do,, denote the Riemannian measure on B™ and S"~! induced
by the metric go. We denote by ¥ the unit sphere of H!(B™) and we set,

St={uex, u>0}.

The exponent % is critical for the Sobolev trace embedding H'(B™) —
L4(S™=1). This embedding being not compact, the functional J does not satisfy
the Palais-Smale condition. In fact, let M be a Riemannian manifold and let
f: M — R. Wesay that f satisfies the Palais-Smale condition if every sequence
(ug) such that f(uy) is bounded and f’(ux) — 0 has a convergent subsequence
(see [12]).

In order to characterize the sequences failing the Palais-Smale condition, we
need to introduce some notations.

We will use the notation z for the variables belonging to the unit ball B™ or
to the half space R’} defined by R"} := {z € R", z,, > 0}. We will also use the
notation x = (', x,,) for € R’} . It will be convenient to perform some stereo-
graphic projection in order to reduce the above problem to R’}. Let DLQ(R’}r)
denote the completion of C¢° (M), with respect to the Dirichlet norm. The
stereographic projection 7, through an appropriate point ¢ € S"~! induces an
isometry i : H'(B") — D'?(R"}) according to the following formula

—2

() ( 2 )"T ( 21" |2’|? + 2, — 1 )
iww) = (——— u
|2 + (2 + 1) |22 + (2 + 1) |22 + (20 + 1)/

where ¢’ = (21,...,2,-1). In particular, we can check that the following
relations hold true for every u € H'(B"),

-2
/ |Vu|? 4 z / u? = / |Viul|? and
n 2 Sn—1 R

n
+

/ Mis=a :/ Da=s
sn-1 oR™
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In the sequel, we will identify the function H and its composition with the
stereographic projection m,. We will also identify a point x of B™ and its image
by m,. These facts will be assumed as understood in the sequel.

For a € OR"} and A > 0, we define the function:

AT
(21) 5((17)\) (:L') = Cp EECE
(14 Aza)2 + 220 —a?)

where z € R}, and ¢ is chosen such that d,,» satisfies the following equation,

Au =0 andu >0 inR?}
0 n
7% =un-2 on OR"}.

So, these bubbles (4, ) are the unique solution of the Yamabe problem on R,
see for example [13]. Set

(22) 6a,)\ = iil(é(a,k))'
For € > 0, p € N, let us define

w€ X st Jay,...,ap € S, T, ..., >0,

P
A, A > ¢! with Hu — Zo‘ig(ai,&) <e, €5 <¢e Vi#],
i=1

Vip,e) = ,
"2 H(a;
and ’%T(a)fll <e Vi,j=1,...,p,
o~ H(ay)
where
i A e
51:(—Z+—j+>\1>\|a170,|2) .
J )\] )\7, J J

If u is a function in V(p, ), one can find an optimal representation, following
the ideas introduced in Proposition 5.2 of [5] (see also pages 348-350 of [6]).
Namely we have:

Proposition 2.1. For any p € N, there is ¢, > 0 such that if ¢ < ¢, and
u € V(p,¢e), then the following minimization problem

p
U= Z aig(ai,/\i)
=1

has a unique solution («, \,a) up to a permutation.

min
a;>0,\;>0,a,€S7—1

In particular, we can write u as follows

p
u = Zaié(ai,/\i) + v,

i=1
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where v belongs to H(B™) and it satisfies the following:
6)\1- ’ (’)ai e
here d; = d(4, ) and (-, -) denotes the scalar product defined on H'!(B") by

(Vo) : <v,7,/1>:0 for 1/)6{&-, 1,...,p}

-2

(u,v) = VuVu dug, + nT / uv dog, .

Bn Sn—1

The behavior of sequences failing the Palais-Smale condition can be char-

acterized taking into account the uniqueness result of Li and Zhu [13] and
following the ideas introduced in [2]. We have the following proposition:

Proposition 2.2. Let (uy) be a sequence in X7 such that J(uy) is bounded and
OJ(uy) goes to zero. Then there exist an integer p € N, a sequence (g1) > 0,
e tends to zero, and an extracted subsequence of uy’s, again denoted (uy) such
that u,, € V(p,ex).

Now arguing as in [6] (pages 326, 327 and 334), the following Morse lemma
allows us to get rid of the v-contributions and shows that it can be neglected
with respect to the concentration phenomenon.

Proposition 2.3. There is a C'-map which to each (o, a;, \;) such that
> @;i0(a, ;) belongs to V(p,e) associates v = v(a, a, \) such that v is unique
and satisfies:

1Yo +7) = min {7 eudenn +1)}

Moreover, there exists a change of variables v —v — V such that

J(iaié(am) +v) = J(iaié(am) +ﬁ)+ | V2.
=1 =1

We notice that in the V' variable, we define a pseudo-gradient by setting
o __
as

where 4 is a very large constant. Then at s = 1, V(s) = e #*V(0) will be as
small as we wish. This shows that, in order to define our deformation, we can
work as if V' was zero. The deformation will extend immediately with the same

properties to a neighborhood of zero in the V' variable.
The following proposition gives precise estimates of .

v,

Proposition 2.4 ([3]). There exists ¢ > 0 such that the following holds

' n

1 1 VH i ! /\Z 2(n—1)
||5H < C§ |: - ﬂ | (a )| + (Og )ﬂ
Az N i A2

7 1 %

=1
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ST () ™7 0z
k#r

1

—1\2 .
Zekr(logskr) if n=3.
k#r
At the end of this section, we give the following definition extracted from

([5], definition 09; see also [6] pages 333-334).

Definition 2.1. A critical point at infinity of J on X% is a limit of a flow line
u(s) of the equation

+ ¢

gu — 0.7 (u(s))
u(0) = ug

such that wu(s) remains in V(p,e(s)) for s > sg. Here, w is either zero or

a solution of (P) and e(s) is some positive function tending to zero when

s = +00. Using Proposition 2.1, u(s) can be written as:

U(S) = ;O‘Z(S)é(az(s),)\z(s)) + ’U(S)

Denoting a; = SETOO a;(s), Ui == Sl}grnoo a;(s), we denote by

P
> Gid(g, o0) OF (B Tp)eo
i=1

such a critical point at infinity.

2.2. Expansion of the gradient of the functional

In this subsection, we recall the expansion of the gradient of the functional
J in V(p,e), p > 1. These expansions are extracted from [3].
Proposition 2.5 ([3]). Letu="_, a;0; € V(p,e). For everyi, 1 <i < p,
we have the following expansions

(i)
<8J(u),)\ig—f\i> = 20 7(u) Yy ‘?;AJ + o<zsij) + 0<Ai)

i) i#j ‘

2(n—1)
where ¢co = cq" 2 [o,_, —
0 fR 1 (1+|y|2) 2
(ii) If a; € By, p), yi, € K with 1 < 8 <n—2 and p is a positive constant
small enough, we have

<aJ(u), Moy

Jeij  nm—2 2An-h g 1 =
— 2 _ . - —_— - no2 - NG
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16_1 Tl

— d
(It [y

x/Rn_l sign(zkwL)\i(aifyji)k)‘szr)\i(aifyji)k
(2.3) +O(Z€Z]+Z)\B):|

J#i

Furthermore, if \ila; — yj,

Si - 3 L b i
<6J( )\ §A>=2J(u)|:2(7221)603 HO& k 1 k QZCY] (96]

< 0 for § very small, we then have

(a:) JFi
(2.0 (z%+z ﬂ
J#i
e BN
where c3 = ¢, f]Rn,l Wd:c.

Proposition 2.6 ([3]). Letu=37_, a;0; € V(p,e) and leti, 1 <i<p. We
have the following expansions:

(1)

(o) oo S o 1)

+0<Z€” )

i#£]
(ii) If a; € B(yj,,p), yj; € K with 1 < f <n — 2, we have
1 99
eh ey 1 o m
= —2(71—2)00 oy (J(’u)) n— E/IRnl bk’.’l]k‘f’)\l(az_yh)k‘ de

"1 &EU

+o ;Eij +o 21 )t Z | \

iF£j i= 4

where (a;)i is the k' component of a; in some geodesic normal coordinates

system and c5 = fR" N W
Yy

3. Characterization of the critical points at infinity

This section is devoted to the characterization of the critical points at infinity
in V(p,e), p > 1, under p-flatness condition with 1 < 8 < n — 2. This
characterization is obtained through the construction of a suitable pseudo-
gradient at infinity for which the Palais-Smale condition is satisfied along the
decreasing flow-lines as long as these flow-lines do not enter in the neighborhood
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of finite number of critical points y;,4 = 1,...,p of H such that (y1,...,yp) €
Coo-
Now we introduce the following main result.

Theorem 3.1. Assume that H satisfies (Ag) and (f)g, 1 < B <n—2.

Let §:=max{B(y)/y € K}. For p > 1, there exists a pseudo-gradient W in
V(p,e) so that the following holds:

There exists a constant ¢ > 0 independent of w = > ¢_, Oéz'g(a,_-Ai) € V(p,e)
such that

(i) (0J(w), W(u)) < c( v )\_15 + i Wﬁ& N Z%‘)-
i i=1 v i
(i)

(09 (u+7),W(u) + ﬁ(wm)»
1 P | VH(a;

Furthermore, |W| is bounded and the only case where the mazimum of the \;’s
is not bounded is when a; € B(y,, p) withy, € K,Vi=1,....p, (yi,,---,y,) €
Coo-

We will prove Theorem 3.1 at the end of the section. Now we state two
results which deal with two specific cases of Theorem 3.1. Let

p
Vi(pe)={u=>"idi €V (p.€) s:t. ai€ Blyn,, ), w1, € KNz ¥i=1,...,p}.
i=1

and
p ~
%(pag):{uzzaiéie V(pa 5) s.t. a; € B(yli’p)’ Yy, € Icn—Q VZ:L s 7p}
i=1
We then have:

Proposition 3.1 (See [3], Proposition 3.4). For p > 1 there exists a pseudo-
gradient W in Va(p,€) such that Vu = Y"_, a;6; € Va(p,€), we have
P

<8J(u),W2(u)> < C(Z )\;2 + Zfij + i W),

i=1 i#£j
where ¢ is a positive constant independent of w. Furthermore, we have |Wa| is

bounded and the only case where the mazimum of N,s is not bounded is when
ai € By, p), yi, €K, Vi=1,...,p, with p(yy, ..., y,) > 0.

Proposition 3.2. For p > 1, there exists a pseudo-gradient Wy in Vi(p, ) so
that the following holds:
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There exists ¢ > 0 independent of u=>"_, @i0; € Vi(p,e) such that

p

(050 W) < (3 s+ Sy + 30 AL,

i=1 " i£] i=1

Furthermore |W1| is bounded and the only case where the mazimum of the
Ai’s is mot bounded is when a; € B(y,,p) with y, € KT, Vi =1,...,p, and
Yi# YV iF ]

Observe that in Vi(p,e), the interaction of two bubbles is negligible with
respect to the self interaction. Similar phenomena occur for the scalar curvature
problem, see [10], so the proof of Proposition 3.2 is similar to the corresponding
statement in [10]. Before giving the proof of Theorem 3.1, we state the following
notations extracted from [3].

Let M, be a fixed positive constant large enough and let u = > 7, O‘ig(ai,ki)
€ V(p,e) such that a; € B(as,p), yi, € K, Vi =1,...,p. For any index 1,
1 <4 < p, we define the following vector fields

D0(a, 2,
(3.1) Zz(u) = al)\lé%:”)
and
(3.2)

> Tk dzx

X = Sk (air) / ) |2k + Ai(ai — yi )k
o Rt A (e — )P (L P

— X 0(ai)

We claim that X; is bounded. Indeed, the claim is trivial if \;|a; — yi,| < M;.
If A\;la; fyli| > My, for any k, 1 < k <n—1, such that A\;|(a; — y;,)k| > M,

n—1

3

we have the following estimate

’ﬂix
k

dx = c(signei(a; — yi, k) (Nl (a; — yi, )i |) !

/ |2k 4+ Nilai — yi)k
T
(3.3) X (14 o0(1)).

Hence, our claim follows. Next, we will say that

i€ L1 if )\Z|(J,z — Y,

< M,

i€ Lo if )\i|ai — ylil > Ml,
and we will denote by k;, the index satisfying

(3.9 (o = wnw = | malas — v, el
It is easy to see that if ¢ € Lo, then A;|(a; — y1, )k, | > ]gil.

Now, we introduce the following two lemmas.
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Lemma 3.1. Let u=>"_, O"Lg(ai,ki) € V(p,e) such that a; € B(yi,,p), yi, €
K,Vi=1,...,p. We then have

OJ(w), Zi(w) = —260() 3 cia J‘%” (i)

Bi
J#i i

— Bi—2
+|:O(|(al y;;)kl ),Zf’t €L2:|

+(z)+(z§ﬁ)

J#i

where k; is defined in (3.4).
Proof. Using Proposition 2.5, we have

<6J(u), Zi (’u,)> = — 202J Z OéZCY] 6513
J#i

X /R”fl signe(ack + Ni(a; — yji)k) ‘xk + Nila; — y5,)k
T "1
et o) *"(Z w)'

J#i

Observe that for k € {1,...,n — 1}, if \i|(a; — i, )| > \/— we have

/ Sig”e(xk + Ailai — ?in)k) o+ s - yli)f o dx
- L+

(85) = esigne(Aiai — yi k) il (@i = k) 721+ 0(1)),

taking M; large enough. If not, we have
Bi—1

- - Aﬁﬁfﬁﬁ'ﬂ e = o),

Using the fact that k; defined in (3.4) satisfies \;|(a; —yi, )k, \/%, ifi € Lo,
Lemma 3.1 follows. 0

2(n—1) 2

n—2 o
COn—Z /B

2(n7 1)

K3

H(a;)

-

Lemma 3.2. Foru=1Y)"_, aig(ah&) € V(p,e) such that a; € B(yi,, p), yi, €
K,Vi=1,...,p, we have

(0 (u), X;(w)) < o(Z ! ‘95”|> K%ﬁ)mem}
—I—[— C(;L- + —Kai — y/l\ii)ki ﬁil),ifi € Lg] +0(Z )\2"),

i j=1 7

where k; is defined in (3.4).
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Proof. Using Proposition 2.6, we have

(0 (u), Xi(u))

= —2(n—2)¢," 7 o *(J(u) "2

_ 2
anl / lzk + Xiai —yi, )k Tp de
R (1 Nil(ai — y k) B D2 (1 + [af2)n

1 0Oe;; o1
E iy V) E
Jj=17"

i
2
S / y Tt e — ), P T
AP\ SR T A N (4 — g ) E D2 (L [

Oeij S|
(3.6) +0(Z |5 |) (Zw)'
JFi J=17y
Using (3.3) and the fact that \;|(a; — yi,)k,| > \/%, if i € Ly, Lemma 3.2
follows. (]

IN

Proof of Theorem 3.1. In order to complete the construction of the pseudo-
gradient W suggested in Theorem 3.1, it only remains (using Propositions 3.1
and 3.2) to focus attention at the two following subsets of V(p, ).

Subset 1. We consider here the case of u = Y°7_| @id(a,n,) = Yies, @id(ains)

+D ier, aiS(aMi) such that
I 7& @7]2 ?é (Z), Z O‘ig(ai)\i) eV (ﬂ[l,é‘) and Z O‘ig(ai)\i) S VQ(HIQ,E).
i€l i€l
Without loss of generality, we can assume that
AL < <A

We distinguish three cases.

Case 1. up := Zieh @id(a,n;) & Vi (i, e) = {u = Zj laj6(aj7Aj),aj €
By, p)yy; € KTV i =1, 8l and yy, # V5 # k)

Let W; be the pseudo-gradient on V(p,e) defined by Wi(u) = Wi(uq),
where W is the vector filed defined by Proposition 3.2 in V;(81,¢). Note

that if uy & Vit(#1,€), then the pseudo-gradient Wi (u1) does not increase the
maximum of the \;’s, i € I;. Using Proposition 3.2, we have

<aJ() ()><—C(ZA@+ S eyt Z'VH‘”)

i€l Jj#ii,j€1 i€l

(3.7) +0< > sij).

i€l1,j€I2
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An easy calculation yields

(3.8) sijo<m> O(A}i>+o<)\}f)'

Fix 19 € I1, we denote by

1.3
J1 = {’L € I s.t. )\?72 > 5)\%0} and Jy = I \ Ji.

Using (3.7) and (3.8), we find that

CEONATYER DS

i€l UJy

(3.9) +o(i ;3)

i=1

From another part, by Lemma 3.1 we have

<8J(u), 3 fQiZi(u)> <e Y 2%%5)3 + O< 3

i€Jy J#i i€y

(3.10) +O< 3 M—Q)’“H)

i€J1NLy

Observe that using a direct calculation, we have

. 86-;
DN

Oe;;
(311) )\z% < —c €ijs if \; > )\j or \; ~ )\j or |0,Z' — aj| > 50 > 0.
Since for i < j, we have
. 66" . 65,,
3.12 2N —L 429\, =2 < —c¢;;
(3.12) o N, ST
and for ¢ € J; and j € J2, we have A\; < A;. So, we obtain ;532

These estimates yields

<aJ(u), > f2iZi(u)> < —¢c > i+ o( >

i€Jy j#i i€ Jr, jEJ1UJ2 i€Jy

|(a’i - yli)ki |’6i_2
ro 3 Memmgel

i€JiNLo
+ O( Z Eij) .
ic€Ji, jel
It is easy to see that for any index ¢ € Lo, we have

|(a’i — yli)ki pi—2 < VT — 1 |(az - yli)ki Fiml
)\2 - M1 )\7, ’

(2

1 VHa;
WJFZ%ﬁL Z €ij

i€l jF#iel;

Bi
i€Jy )\i

299

1 S —C E&jj.
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where k; is defined in (3.4) and M; large enough. Thus, we derive that

(@i — i), |72 0(|(ai — ) [P

Nl =
(3.13) ¥ ¥

) for any ¢ € Lo.

Let m; > 0 small enough, using Lemma 3.2, (3.13) and (3.8), we get

<8J(u), Z —2°7Z;(u) +my Z Xl(u)>

i€J1 i€J1NLo
|VH (a;)| 1 SN |
<o ¥ e SR o( Y ) e ),
Jj#i i€Jy, jJEJ1UJ2 i€y i€Jp T =1 "'t
and by (3.9) we obtain
<6J(u), Wi (u) + my ( Z —2Z;(u) +my Z Xz(u))>
i€J1 i€J1NLo
1 [V H (ai)|
s ot Xoar ¥ e > B
i€UJy 7N itjel j#i i€Jy, jEJL1UT, i€l UJy *
P
1
(3.14) +o(z A@i).
=1 ""
We need to add the remainder indices ¢ € Js. Note that u := Zjng ozjgj €

Va(t#Ja,€). Thus, using Proposition 3.1, we apply the associated vector field
which we will denote W5. We then have the following estimate

<6J(u),l/l72(u)>g —C(Z ! + Z Eij—l-zilv}iiaj)')

Bj
e N itg e jed
p
1
(3.15) ro X w)o(X k).
jE€Ta, i€y i=1 N

since |a; — a;| > p for j € Jp and i € I7.
Let in this case W = W, 4+ my ( Wy + Sien —2Zi+m1Y i, XZ-).
From (3.14) and (3.15) we obtain

P P
1 |VH (a;)|
<6J(u),W(u)> < _C(ZF +ZT +Z€ij .
=1 "" i=1 i#£j
Case 2. w1 = ) ;cp @id(a;ny € V(I e) and up = > gt ib(ain) &
Vi (#h,€) o= {u = 302 a5dia, ) a5 € Bluyp) m, € KT, V) =1, 4l
and p(ylu SRR yﬁh) > 0}
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Since ug € Va(fila, €), by Proposition 3.1, we can apply the associated vector
field which we will denote V;. We get

<6J(u),vl(u)> < —c(z A}i +Z@+ > au‘)

icly i€l i#J, 1,j€12

(3.16) +O< > sij>.

i€lz, j€L

Observe that V7 (u) does not increase the maximum of the \;’s, i € I, since
us & V3 (tlz,¢€). Fix ip € I and let

A2} and Jp = I\ Jh.

N |

Jo={ielLst A\ >

Using (3.16) and (3.8), we get

(o) s —o ¥ e TR 5 L)

ieLUT, i i€l i#£j, 1,512

(3.17) +0(Z /\;)

We need to add the indices i, i € j; Let u := ZjEfz ozjg(ajkj), since u €

Vl(jjjg, €), we can apply the associated vector field giving by Proposition 3.1.
Let V5 be this vector field. By Proposition 3.2, we have

(0.(u). Va(w)) < c(z Y 'VﬁM+ T )

jeds 7 jeTs i#4, i,j€T2
+ O( E Eij> .
jE€Ts, igJa

Observe that I; = I U j]; and we are in the case where Vi # j € I;, we have
la; — aj| > p. Thus by (3.8), we get

O( Z Eij) o(i)\}i),

j€T2,ig T2

and hence

8. (u), V; Vau)) < - 1 VA (@)l
(07 Vi) + Vo)) < —e( Yz + 3 FRIE A Y e).
i=1 "% i€laUJo i#j
Let in this case W = Vi + Vo +my Zz‘eﬁ Xi(u), my small enough.
Using the above estimate and Lemma 3.2, we find that
P P

1 |V H(ai)|
(o0, w) < e 32+ 32 4 5y )

i i=1 i#j
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Case 3. u1 € Vi{(#I1,¢) and uy € Vi (f12,€).

Let Vi (respectively ‘7;) be the pseudo-gradient in V(p, €) defined by ‘A/I(u) =
Wi (u1) (respectively ‘A/;(u) = Wa(uz)) where W (respectively W3) is the vector
field defined by Proposition 3.2 (respectively 3.1) in Vi}(#I1,¢€) (respectively
V3 (812, ¢)) and let in this case

W=V + Va.
Using Proposition 3.1, Proposition 3.2 and (3.8) we get
P P
1 |VH (a;)|
<8J(u),W(u)> < _C(Zl W + Zl T + ;Eij .
1= 7 i= i#£]

Notice that in the first and second cases, the maximum of the A;’s, 1 < i < p,
is a bounded function and hence the Palais-Smail condition is satisfied along
the flow-lines of W. However in the third case all the \;’s, 1 < i < p, will
increase and goes to +0o along the flow-lines generated by W.

Subset 2. We consider the case of u =Y ©_, @;d; € V(p,e) such that there
exist a; satisfying a; ¢ UyexB(y, p).

In this region, the construction of the pseudo-gradient W proceeds exactly
as the proof of (Theorem 3.2, of subset 2) of [3].

Finally, observe that our pseudo-gradient W in V(p,e) satisfies claim (i)

of Theorem 3.1 and it is bounded, since ||/\Z-66T | and ||%% | are
bounded. From the definition of W, the A;’s, 1 < i < p decrease along the flow-
lines of W as long as these flow-lines do not enter in the neighborhood of finite
number of critical points ;,, i = 1,...,p, of K such that (yi,,...,uy1,) € Coo.
Now, arguing as in Appendix 2 of [6], see also Appendix B of [9], claim (ii)
of Theorem 3.1 follows from (i) and Proposition 2.4. This complete the proof
of Theorem 3.1. O

(aj ;)

Corollary 3.1. Let p > 1. The critical points at infinity of J in V(p,e)
correspond to

P
1 -
Y1y Yty oo = ———=5 Oy, ,00)
e = ) e S
where (yi,,...,y1,) € Coo. Moreover, such a critical point at infinity has an

index equal to i(yi,, ...,y )oo =P — 14+ >0 1 n—1—1i(y,).
4. Proof of Theorem 1.1

We prove the existence result by contradiction. Assume that J has no critical
point in ¥F. Tt follows from Corollary 3.1 that the critical points at infinity of
the associated variational problem are in one to one correspondence with the
elements of Co defined in (1.2).

Notice that, just like for usual critical points, it is associated to each crit-
ical point at infinity we of J stable and unstable manifolds W (ws) and



ON THE PRESCRIBED MEAN CURVATURE PROBLEM 303

W (weo), (see [6], pages 356-357). These manifolds can be easily described
once a finite dimensional reduction like the one we performed in Section 3 is
established.

2
For any weo = (Yir»---+¥i,) € Coo, let c(w)oe = Sn( le ﬁ)"
i,

denote the associated critical value. Here, we choose to consider a simplified
situation, where for any wee # w.,, ¢(W)so # c(w )oo and thus order the
(W)oo’8, Woo € Coo S

e(W1)oo <+ < ¢(Why ) oo-
By using a deformation lemma (see Proposition 7.24 and Theorem 8.2 of [8]),
we know that if c(wi—1)eo < @ < c(Wk)oo < b < c(Wg41)oo, then

(4.1) I 22 Jo U WSS (W) oo

where Jp, = {u € T, J(u) < b} and ~ denotes retracts by deformation.
We apply the Euler-Poincaré characteristic of both sides of (4.1), we find
that

(42) X(Jb) = X(Ja) + (_1)i(wk)oo,
where i(wy)oo denotes the index of the critical point at infinity (wg)eo. Let

b1 < e(wy)eo = egli(%+)J(u) < by < e(wa)oo < v < by < (Wi )oo < kg1
ucVn

Since we have assumed that (P) has no solution, J, ., is a retract by defor-
mation of ¥*. Therefore x(Jy,, ,,) = 1, since ¥ is a contractible set. Now
using (4.2), we derive after recalling that x(Jp,) = x(0) =0,

ko

(4.3) 1= Z(—l)i(“”j)W.

j=1

Hence if (4.3) is violated, J has a critical point in X%.
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