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ABSTRACT. In this paper, all rings are commutative with nonzero identity. Let M be an
R-module. A proper submodule N of M is called a classical prime submodule, if for each
m € M and elements a,b € R, abm € N implies that am € N or bm € N. We introduce
the concept of “weakly classical prime submodules” and we will show that this class of
submodules enjoys many properties of weakly 2-absorbing ideals of commutative rings. A
proper submodule N of M is a weakly classical prime submodule if whenever a,b € R and
m € M with 0 # abm € N, then am € N or bm € N.

1. Introduction

Throughout this paper all rings are commutative with nonzero identity and all
modules are considered to be unitary. Several authors have extended the notion of
prime ideal to modules, see, for example [16, 19, 20]. Let M be a module over a
commutative ring R. A proper submodule N of M is called prime if for a € R and
m € M, am € N implies that m € Nora € (N :g M)={r e R|rM C N}.
Anderson and Smith [4] said that a proper ideal I of a ring R is weakly prime if
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whenever a,b € R with 0 # ab € I, then a € I or b € I. Weakly prime submodules
were introduced by Ebrahimi Atani and Farzalipour in [17]. A proper submodule N
of M is called weakly prime if for a € R and m € M with 0 # am € N, either m € N
ora € (N :g M). A proper submodule N of M is called a classical prime submodule,
if for each m € M and a,b € R, abm € N implies that am € N or bm € N. This
notion of classical prime submodules has been extensively studied by Behboodi in
[12, 13] (see also, [14], in which, the notion of classical prime submodules is named
“weakly prime submodules”). For more information on classical prime submodules,
the reader is referred to [5, 6, 15].

The annihilator of M which is denoted by Anng(M) is (0 :g M). Furthermore,
for every m € M, (0 :g m) is denoted by Anng(m). When Anng(M) = 0, M
is called a faithful R-module. An R-module M is called a multiplication module if
every submodule N of M has the form IM for some ideal I of R, see [18]. Note
that, since I C (N :gp M) then N =IM C (N :g M)M C N. So that N = (N :p
M)M. Finitely generated faithful multiplication modules are cancellation modules
[24, Corollary to Theorem 9], where an R-module M is defined to be a cancellation
module if IM = JM for ideals I and J of R implies I = J. Let N and K be
submodules of a multiplication R-module M with N = [ M and K = I, M for
some ideals I; and Iy of R. The product of N and K denoted by N K is defined by
NK = I I,M. Then by [2, Theorem 3.4], the product of N and K is independent
of presentations of N and K. Moreover, for m,m’ € M, by mm’, we mean the
product of Rm and Rm’. Clearly, NK is a submodule of M and NK C NN K
(see [2]). Let N be a proper submodule of a nonzero R-module M. Then the M-
radical of N, denoted by M-rad(NN), is defined to be the intersection of all prime
submodules of M containing N. If M has no prime submodule containing IV, then
we say M-rad(N) = M. Tt is shown in [18, Theorem 2.12] that if N is a proper
submodule of a multiplication R-module M, then M-rad(N) = /(N :g M)M. In
[22], Quartararo et al. said that a commutative ring R is a u-ring provided R has
the property that an ideal contained in a finite union of ideals must be contained in
one of those ideals; and a um-ring is a ring R with the property that an R-module
which is equal to a finite union of submodules must be equal to one of them. They
show that every Bézout ring is a u-ring. Moreover, they proved that every Priifer
domain is a u-domain. Also, any ring which contains an infinite field as a subring
is a w-ring, [23, Exercise 3.63].

In this paper we introduce the concept of weakly classical prime submodules
and we will show that this class of submodules enjoys many properties of weakly
2-absorbing ideals of commutative rings as in [8]. We like to emphasize that our
study in this paper is inspired by the work as in [4, 7, 8] and [11, Section 3]. We
recall from Badawi [7] that a proper ideal of R is said to be a 2-absorbing ideal of
R if whenever abc € I, then ab € I or ac € I or bc € I. Badawi and Darani in [8]
called a proper ideal I of R a weakly 2-absorbing ideal of R if whenever 0 # abc € I,
then ab € I or ac € I or bc € I. For more information about the theory of 2-
absorbing ideals and its generalizations we refer to [3, 9, 10, 21]. Now we state
our definition of weakly classical prime submodule. A proper submodule N of an
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R-module M is called a weakly classical prime submodule if whenever a,b € R and
m € M with 0 # abm € N, then am € N or bm € N. Clearly, every classical prime
submodule is a weakly classical prime submodule. Among many results in this
paper, it is shown (Theorem 2.17.) that N is a weakly classical prime submodule
of an R-module M if and only if for every ideals I, J of R and m € M with
0+# IJm C N, either Im C N or Jm C N. It is proved (Theorem 2.19.) that if N
is a weakly classical prime submodule of an R-module M that is not classical prime,
then (N :g M)?N = 0. It is shown (Theorem 2.25.) that over a um-ring R, N is a
weakly classical prime submodule of an R-module M if and only if for every ideals
I, J of R and submodule L of M with 0 £ IJL C N, either IL C N or JL C N.
Let R = R; X Ry X R3 be a decomposable ring and M = M; x My x M3 be an
R-module where M; is an R;-module, for ¢ = 1,2,3. In Theorem 2.38. it is proved
that if N is a weakly classical prime submodule of M, then either N = {(0,0,0)}
or N is a classical prime submodule of M. Let R be a um-ring, M be an R-module
and F be a faithfully flat R-module. It is shown (Theorem 2.39.) that N is a weakly
classical prime submodule of M if and only if FF ® N is a weakly classical prime
submodule of F' ® M.

2. Properties of Weakly Classical Prime Submodules

First of all we give a module which has no nonzero weakly classical prime
submodule.

Example 2.1. Let p be a fixed prime integer and Ny = NU {0} . Then
E(p) := {aEQ/Z|a:p:+Z forsomerEZandneNo}
is a nonzero submodule of the Z-module Q/Z. For each t € Ny, set
Gy = {aEQ/Z|a:;t+Z forsomereZ}.

Notice that for each ¢ € Ny, G; is a submodule of F (p) generated by % + Z
for each t € Ny. Each proper submodule of E (p) is equal to G; for some i €
Ny (see, [23, Example 7.10]) . However, no G; is a weakly classical prime submodule

of E(p). Indeed, pt% +7Z € E(p). Then 0 # p? (pt%—ﬁ—Z) = 1% 4+ 7Z € G4 but
p(=+2) == +2¢ G
Theorem 2.2. Let M be an R-module and N a proper submodule of M.

1. If N is a weakly classical prime submodule of M, then (N :g m) is a weakly
prime ideal of R for every m € M\N with Anng(m) = 0.

2. If (N :g m) is a weakly prime ideal of R for every m € M\N, then N is a
weakly classical prime submodule of M.
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Proof. (1) Suppose that N is a weakly classical prime submodule. Let m € M\N
with Anng(m) =0, and 0 # ab € (N :g m) for some a,b € R. Then 0 # abm € N.
Soam € N or bm € N. Hence a € (N :g m) or b € (N :g m).

(2) Assume that (N :g m) is a weakly prime ideal of R for every m € M\N.
Let 0 # abm € N for some m € M and a,b € R. If m € N, then we are done. So
we assume that m ¢ N. Hence 0 # ab € (N :g m) implies that either a € (N :g m)
or b € (N :g m). Therefore either am € N or bm € N, and so N is weakly classical
prime. O

We recall that M is a torsion-free R-module if and only if for every 0 # m € M,
Anng(m) = 0. As a direct consequence of Theorem 2.2. the following result follows.

Corollary 2.3. Let M be a torsion-free R-module and N a proper submodule of
M. Then N is a weakly classical prime submodule of M if and only if (N :g m) is
a weakly prime ideal of R for every m € M\N.

Theorem 2.4. Let f: M — M’ be a homomorphism of R-modules.

1. Suppose that f is a monomorphism. If N' is a weakly classical prime sub-
module of M" with f=*(N') # M, then f~*(N') is a weakly classical prime
submodule of M.

2. Suppose that f is an epimorphism. If N is a weakly classical prime submodule
of M containing Ker(f), then f(N) is a weakly classical prime submodule of
M.

Proof. (1) Suppose that N’ is a weakly classical prime submodule of M’ with
FHN') # M. Let 0 # abm € f~1(N’) for some a,b € R and m € M. Since f is a
monomorphism, 0 # f (abm) € N'. So we get 0 # abf(m) € N’'. Hence f(am) =
af(m) € N’ or f(bm) = bf(m) € N'. Thus am € f~*(N') or bm € f~1(N').
Therefore f~1(N’) is a weakly classical prime submodule of M.

(2) Assume that N is a weakly classical prime submodule of M. Let a,b € R
and m’ € M’ be such that 0 # abm’ € f(IN). By assumption there exists m € M
such that m’ = f(m) and so f(abm) € f(N). Since Ker(f) C N, we have 0 #
abm € N. It implies that am € N or bm € N. Hence am’ € f(N) or bm’ € f(N).
Consequently f(NN) is a weakly classical prime submodule of M’. O

As an immediate consequence of Theorem 2.4.(2) we have the following corol-
lary.

Corollary 2.5. Let M be an R-module and L C N be submodules of M. If N
is a weakly classical prime submodule of M, then N/L is a weakly classical prime
submodule of M /L.

Theorem 2.6. Let K and N be submodules of M with K C N C M. If K
is a weakly classical prime submodule of M and N/K is a weakly classical prime
submodule of M /K, then N is a weakly classical prime submodule of M.
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Proof. Let a,b € R, m € M and 0 # abm € N. If abm € K, then am € K C N or
bm € K C N as it is needed. Thus, assume that abm € K. Then 0 # ab(m + K) €
N/K, and so a(m + K) € N/K or b(m + K) € N/K. It means that am € N or
bm € N, which completes the proof. m]

For an R-module M, the set of zero-divisors of M is denoted by Zr(M).

Theorem 2.7. Let M be an R-module, N be a submodule of M and S be a
multiplicative subset of R.

1. If N is a weakly classical prime submodule of M such that (N :g M)NS =0,
then S™'N is a weakly classical prime submodule of S™'M.

2. If ST'N is a weakly classical prime submodule of S™'M such that S N
Zr(N) = 0 and SN Zgr(M/N) = (), then N is a weakly classical prime
submodule of M .

Proof. (1) Let N be a weakly classical prime submodule of M and (N :p M)NS = ().
Suppose that 0 # @ %2m o G-I N for some a1,a2 € R, S1,52,53 € S and m € M.

81 S2 83
Then there exists s € S such that sajasm € N. If sajasm = 0, then Z—i‘;—;% =
% = %, a contradiction. Since N is a weakly classical prime submodule, then

arm __ saim —1 asx m __ saxm
we have a; (sm) € N oras (sm) € N. Thus {1 7% = 510 € S™INor 278 = S22 €

S~IN. Consequently S™'N is a weakly classical prime submodule of S~'M.

(2) Suppose that S™!N is a weakly classical prime submodule of S~'M and
SNZr(N) =0 and SN Zr(M/N) = (0. Let a,b € R and m € M such that
0 # abm € N. Then %%% € STIN. If %%% = %, then there exists s € S such that
sabm = 0 which contradicts SN Zr(N) = (. Therefore 2™ £ 9 and so either
T e S~IN or %% € ST!N. We may assume that T € S~IN. So there exists
u € S such that uam € N. But SN Zgr(M/N) = 0, whence am € N. Consequently

N is a weakly classical prime submodule of M. a

Following the notion of (weakly) 2-absorbing ideals of commutative rings (as in
[7] and [8]), Darani [25] generalized the concept of prime submodules (resp. weakly
prime submodules) of a module over a commutative ring as following: Let N be a
proper submodule of an R-module M. Then N is said to be a 2-absorbing submodule
(resp. weakly 2-absorbing submodule) of M if whenever a,b € R and m € M with
abm € N (resp. 0 # abm € N), then am € N or bm € N or ab € (N :gp M).

Proposition 2.8. Let N be a proper submodule of an R-module M .

1. If N is a weakly prime submodule of M, then N is a weakly classical prime
submodule of M.

2. If N is a weakly classical prime submodule of M, then N is a weakly 2-
absorbing submodule of M. The converse holds if in addition (N :g M) is a
weakly prime ideal of R.
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Proof. (1) Assume that N is a weakly prime submodule of M. Let a,b € R and
m € M such that 0 # abm € N. Therefore either bm € N or a € (N :g M).
The first case leads us to the claim. In the second case we have that am € N.
Consequently N is a weakly classical prime submodule.

(2) Tt is evident that if N is weakly classical prime, then it is weakly 2-absorbing.
Assume that N is a weakly 2-absorbing submodule of M and (N :g M) is a weakly
prime ideal of R. Let 0 # abm € N for some a,b € R and m € M such that neither
am € N nor bm € N. Then 0 # ab € (N :g M) and so either a € (N :g M) or
b€ (N :g M). This contradiction shows that N is weakly classical prime. O

The following example shows that the converse of Proposition 2.8.(1) is not
true.

Example 2.9. Let R=7Z and M = Z, P Z P Z where p is a prime integer. Con-
sider the submodule N = {0} @{0} @ Z of M. Notice that (0,0,0) # p(1,0,1) =
(0,0,p) € N, but (1,0,1) ¢ N. Also p(1,1,1) ¢ N which shows that p ¢ (N :z M).
Therefore N is not a weakly prime submodule of M. Now, we show that IV is a
weakly classical prime submodule of M. Let m,n, z,w € Z and T € Z, be such that
(0,0,0) # mn(Z, 2,w) € N. Hence mnz = 0 and mnz = 0. Therefore p|mnz and
z = 0. So p|m or plnz. If p|m, then m(Z, z,w) = (mz,0,mw) = (0,0, mw) € N.
Similarly, if p|nx, then n(zZ, z,w) = (nx,0,nw) = (0,0,nw) € N. Consequently N
is a weakly classical prime submodule of M.

Proposition 2.10. Let M be a cyclic R-module. Then a proper submodule N of M
is a weakly prime submodule if and only if it is a weakly classical prime submodule.

Proof. By Proposition 2.8.(1), the “only if” part holds. Let M = Rm for some m €
M and N be a weakly classical prime submodule of M. Suppose that 0 # rz € N
for some r € R and € M. Then there exists an element s € R such that x = sm.
Therefore 0 # rz = rsm € N and since N is a weakly classical prime submodule,
rm € N or sm € N. Hence r € (N :g M) or z € N. Consequently N is a weakly
prime submodule. O

Example 2.11. Let R = Z and M = Z, P Z, P Q where p, ¢ are two distinct
prime integers. One can easily see that the zero submodule of M is a weakly classi-
cal prime submodule. Notice that pq(1,1,0) = (0,0,0), but p(1,1,0) # (0,0, 0) and
q(1,1,0) # (0,0,0). So the zero submodule of M is not classical prime. Hence the
two concepts of classical prime submodules and of weakly classical prime submod-
ules are different in general.

The following definition is an analogue of [8, Page 3] and [11, Definition 3.8].

Definition 2.12. Let N be a proper submodule of M and a,b € R, m € M.If N is
a weakly classical prime submodule and abm = 0, am ¢ N, bm ¢ N, then (a,b, m)
is called a classical triple-zero of N.

The following result and its proof are analogues of [11, Lemma 3.10].
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Theorem 2.13. Let N be a weakly classical prime submodule of an R-module
M and suppose that abK C N for some a,b € R and some submodule K of M.
If (a,b,k) is not a classical triple-zero of N for every k € K, then aKk C N or
bK C N.

Proof. Suppose that (a,b, k) is not a classical triple-zero of N for every k € K.
Assume on the contrary that a KX € N and bK ¢ N. Then there are kyi,ko € K
such that ak; ¢ N and bky ¢ N. If abky # 0, then we have bk; € N, because
aki1 € N and N is a weakly classical prime submodule of M. If abk; = 0, then since
aky ¢ N and (a,b, k) is not a classical triple-zero of N, we conclude again that
bk; € N. By a similar argument, since (a,b, k) is not a classical triple-zero and
bke ¢ N, then we deduce that aky € N. From our hypothesis, ab(k; + ko) € N and
(a,b, k1+k2) is not a classical triple-zero of N. Hence we have either a(k; +k2) € N
or b(k1 + k2) € N. If a(ky + ka) = aky + aky € N, then since aky € N, we have
aky € N, a contradiction. If b(ky + k2) = bk + bka € N, then since bk; € N, we
have bks € N, which again is a contradiction. Thus a K C N or bK C N. O

The following definition is an analogue of [11, Definition 3.9].

Definition 2.14. Let N be a weakly classical prime submodule of an R-module
M and suppose that IJK C N for some ideals I, J of R and some submodule K
of M. We say that N is a free classical triple-zero with respect to IJK if (a,b, k) is
not a classical triple-zero of NV for every a € I,b € J, and k € K.

Remark 2.15. Let N be a weakly classical prime submodule of M and suppose
that IJK C N for some ideals I, J of R and some submodule K of M such that N
is a free classical triple-zero with respect to IJK. Hence ifa € I,b € J, and k € K,
then ak € N or bk € N.

The following result is an analogue of [11, Theorem 3.11].

Corollary 2.16. Let N be a weakly classical prime submodule of an R-module M
and suppose that IJK C N for some ideals I, J of R and some submodule K of M.
If N is a free classical triple-zero with respect to IJK, then IK C N or JK C N.

Proof. Suppose that N is a free classical triple-zero with respect to IJK. Assume
that IJK ¢ N and JK ¢ N. Then there are a € I and b € J with aK ¢ N and
bK ¢ N. Since abK C N and N is free classical triple-zero with respect to IJK,
then Theorem 2.13. implies that a X C N and bK C N which is a contradiction.
Consequently ITK C N or JK C N. O

Let M be an R-module and N a submodule of M. For every a € R, {m € M |
am € N} is denoted by (N :p a). It is easy to see that (N :ps a) is a submodule of
M containing N.

In the next theorem we characterize weakly classical prime submodules.

Theorem 2.17. Let M be an R-module and N be a proper submodule of M. The
following conditions are equivalent:

1. N is weakly classical prime;



1092 H. Mostafanasab, U. Tekir and K. H. Oral

2. For every a,b € R, (N :pr ab) = (0 :p7 ab) U (N :pr a) U (N :pr b);

3. For everya € R and m € M with am ¢ N, (N :g am) = (0:g am) U (N :g
m);

4. For every a € R and m € M with am ¢ N, (N :g am) = (0 :g am) or
(N :gam) = (N :g m);

5. For every a € R and every ideal I of R and m € M with 0 # alm C N,
either am € N or Im C N;

6. For every ideal I of R and m € M with Im ¢ N, (N :g Im) = (0:g Im) or
(N ‘R Im):(N :Rm);

7. For every ideals I, J of R and m € M with 0 # IJm C N, either Im C N
or Jm C N.

Proof. (1)=-(2) Suppose that N is a weakly classical prime submodule of M. Let
m € (N :p ab). Then abm € N. If abm = 0, then m € (0 :p; ab). Assume that
abm # 0. Hence am € N or bm € N. Therefore m € (N :pr a) or m € (N :p1 b).
Consequently, (N :pr ab) = (0 :p7 ab) U (N :pr a) U (N :pr b).

(2)=(3) Let am ¢ N for some a € R and m € M. Assume that x € (N :g am).
Then axm € N, and so m € (N :pr ax). Since am ¢ N, then m ¢ (N s a).
Thus by part (2), m € (0 :ps ax) or m € (N :p x), whence z € (0 :g am) or
x € (N :g m). Therefore (N :g am) = (0 :g am) U (N :g m).

(3)=(4) By the fact that if an ideal (a subgroup) is the union of two ideals (two
subgroups), then it is equal to one of them.

(4)=(5) Let for some a € R, an ideal I of R and m € M, 0 # aIm C N. Hence
I C(N:gam)and I € (0:gam). If am € N, then we are done. So, assume that
am ¢ N. Therefore by part (4) we have that I C (N :g m), i.e., Im C N.
(5)=(6)=(7) Have proofs similar to that of the previous implications.

(7)=(1) Is trivial. O

An analogue of [8, Theorem 2.3] is the following result.

Theorem 2.18. Let N be a weakly classical prime submodule of M and suppose
that (a,b,m) is a classical triple-zero of N for some a,b € R and m € M. Then

1. abN = 0.

2. a(N :g M)m =0.
3. b(N :g M)m =0.
4. (N :g M)?>m =0.
5. a(N :g M)N = 0.
6. b(N :x M)N = 0.
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Proof. (1) Suppose that abN # 0. Then there exists n € N with abn # 0. Hence
0 # ab(m +n) = abn € N, so we conclude that a(m +mn) € N or b(m +n) € N.
Thus am € N or bm € N, which contradicts the assumption that (a, b, m) is classical
triple-zero. Thus ablN = 0.

(2) Let axm # 0 for some x € (N :g M). Then a(b+x)m # 0, because abm = 0.
Since xm € N, a(b+x)m € N. Then am € N or (b+ x)m € N. Hence am € N or
bm € N, which contradicts our hypothesis.

(3) The proof is similar to part (2).

(4) Assume that zyzom # 0 for some 1,29 € (N :g M). Then by parts (2)
and (3), (a + z1)(b+ x2)m = xyxem # 0. Clearly (a + x1)(b + x2)m € N. Then
(a+x1)m € N or (b+ xz2)m € N. Therefore am € N or bm € N which is a
contradiction. Consequently (N :g M)*m = 0.

(5) Let azn # 0 for some x € (N :gp M) and n € N. Therefore by parts (1)
and (2) we conclude that 0 # a(b+ x)(m +n) = axzn € N. So a(m+mn) € N or
(b4 z)(m+n) € N. Hence am € N or bm € N. This contradiction shows that
a(N :g M)N = 0.

(6) Similart to part (5). ad

A submodule N of an R-module M is called a nilpotent submodule if (N :p
M)*N = 0 for some positive integer k (see [1]), and we say that m € M is nilpotent
if Rm is a nilpotent submodule of M.

Theorem 2.19. If N is a weakly classical prime submodule of an R-module M
that is not classical prime, then (N :r M)?N =0 and so N is nilpotent.

Proof. Suppose that N is a weakly classical prime submodule of M that is not
classical prime. Then there exists a classical triple-zero (a, b, m) of N for some a,b €
R and m € M. Assume that (N :gp M)?N # 0. Hence there are 21,22 € (N :p M)
and n € N such that zyzen # 0. By Theorem 2.18. 0 # (a + x1)(b+ x2)(m +n) =
z1zon € N. So (a+x1)(m+n) € N or (b+ z1)(m +n) € N. Therefore am € N
or bm € N, a contradiction. O

Remark 2.20. Let M be a multiplication R-module and K, L be submodules
of M. Then there are ideals I,J of R such that K = IM and L = JM. Thus
KL =1JM = IL. In particular KM = IM = K. Also, for any m € M we define
Km := KRm. Hence Km = IRm = Im.

The following corollary is an analogue of [8, Theorem 2.4].

Corollary 2.21. If N is a weakly classical prime submodule of a multiplication
R-module M that is not classical prime, then N3 = 0.

Proof. Since M is multiplication, then N = (N :p M)M. Therefore by Theorem
2.19. and Remark 2.20. N3 = (N :gp M)?N = 0. a

Assume that Nil(M) is the set of nilpotent elements of M. If M is faith-
ful, then Nil(M) is a submodule of M and if M is faithful multiplication, then
Nil(M) = Nil(R)M = (Q (= M-rad({0})), where the intersection runs over all
prime submodules of M, [1, Theorem 6].
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Theorem 2.22. Let N be a weakly classical prime submodule of M. If N is not
classical prime, then

L. /(N :g M) = \/Anng(M).

2. If M is multiplication, then M-rad(N)=M-rad({0}). If in addition M is
faithful, then M-rad(N) = Nil(M).

Proof. (1) Assume that N is not classical prime. By Theorem 2.19. (N :g M)?N =
0. Then
(N :g M)> = (N :p M)*(N :x M)

C ((N:g M)*N :g M)
= (0:r M),
and so (N :g M) C /(0:r M). Hence, we have /(N :g M) = /(0:p M) =

v/ Anng(M).

((2)) By part (1), M-rad(N) = /(N :g M)M = /(0 :g M)M = M-rad({0}) =
Nil(M). O

Corollary 2.23. Let R be a ring and I be a proper ideal of R.

1. rI is a weakly classical prime submodule of rR if and only if I is a weakly
prime ideal of R.

2. Fwvery proper ideal of R is weakly prime if and only if for every R-module M
and every proper submodule N of M, N is a weakly classical prime submodule
of M.

Proof. (1) Let rI be a weakly classical prime submodule of gR. Then by Theorem
2.2.(1), ({ :r 1) =1 is a weakly prime ideal of R. For the converse, notice that gl
is a weakly prime submodule of gR if and only if I is a weakly prime ideal of R.
Now, apply part (1) of Proposition 2.8.

(2) Assume that every proper ideal of R is weakly prime. Let N be a proper
submodule of an R-module M. Since for every m € M\N, (N :g m) is a proper
ideal of R, then it is a weakly prime ideal of R. Hence by Theorem 2.2.(2), N is a
weakly classical prime submodule of M. We have the converse immediately by part
(1). O

Regarding Remark 2.20. we have the next proposition.

Proposition 2.24. Let M be a multiplication R-module and N be a proper sub-
module of M. The following conditions are equivalent:

1. N is a weakly classical prime submodule of M ;

2. If 0 # NyNom C N for some submodules N1, No of M and m € M, then
either Nym C N or Nam C N.
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Proof. (1)=(2) Let 0 # N;Nam C N for some submodules Ny, No of M and
m € M. Since M is multiplication, there are ideals Iy, Is of R such that Ny = 1M
and No = IbM. Therefore 0 # NyNom = I1Iom C N, and so either Iy C N or
Iom C N. Hence Nym C N or Ngym C N.

(2)=(1) Suppose that 0 # I; Iyam C N for some ideals Iy, Is of R and some m € M.
Tt is sufficient to set Ny := I1 M and Ny := I; M in part (2). O

Theorem 2.25. Let R be a um-ring, M be an R-module and N be a proper
submodule of M. The following conditions are equivalent:

1. N is weakly classical prime;

2. For every a,b € R, (N :pr ab) = (0 :ps ab) or (N :pr ab) = (N :p a) or
(N :pr ab) = (N i b);

3. For every a,b € R and every submodule L of M, 0 # abL C N implies that
alL C N orbL C N;

4. For every a € R and every submodule L of M with aL ¢ N, (N :g aL) =
(0:gal) or (N:galL)= (N :gL);

5. For every a € R, every ideal I of R and every submodule L of M, 0 # alL C
N implies that alL, C N or IL C N;

6. For every ideal I of R and every submodule L of M with IL ¢ N, (N :g
IL)=(0:g IL) or (N :g IL)= (N :g L);

7. For every ideals I, J of R and every submodule L of M, 0 # IJL C N
implies that IL C N or JL C N.

Proof. Similar to that of Theorem 2.17. m]

Remark 2.26. The zero submodule of the Z-module Zy4, is a weakly classical prime
submodule (weakly prime ideal) of Z4, but (0 :z Z4) = 47Z is not a weakly prime
ideal of Z.

Proposition 2.27. Let R be a um-ring, M be an R-module and N be a proper
submodule of M. If N is a weakly classical prime submodule of M, then (N :g L) is
a weakly prime ideal of R for every faithful submodule L of M that is not contained
in N.

Proof. Assume that N is a weakly classical prime submodule of M and L is a faithful
submodule of M such that L ¢ N. Let 0 # ab € (N : L) for some a,b € R. Then
0 # abL. C N, because L is faithful. Hence Theorem 2.25. implies that al. C N or
bL C N,ie,a€ (N:gL)orbe (N :gpL). Consequently (N :p L) is a weakly
prime ideal of R. a

Proposition 2.28. Let M be an R-module and N be a weakly classical prime
submodule of M .Then
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1. For everya,b€ R andm € M, (N :g abm) = (0 :g abm)U(N :g am)U(N g
bm);

2. If R is au-ring, then for every a,b € R andm € M, (N :g abm) = (0 :g abm)
or (N :g abm) = (N :g am) or (N :g abm) = (N :g bm).

Proof. (1) Let a,b € R and m € M. Suppose that » € (N :g abm). Then
ab(rm) € N. If ab(rm) = 0, then r € (0 :g abm). Therefore we assume that
ab(rm) # 0. So, either a(rm) € N or b(rm) € N. Thus, either r € (N :g am) or
r € (N :g bm). Consequently (N :g abm) = (0 :g abm) U (N :g am) U (N :g bm).
(2) Apply part (1). O

Theorem 2.29. Let R be a um-ring, M be a faithful multiplication R-module and
N be a proper submodule of M. The following conditions are equivalent:

1. N is a weakly classical prime submodule of M ;

2. If 0 # N1NaN3 C N for some submodules N1, No, N3 of M, then either
N1N3 g N or N2N3 Q N,‘

3. If 0 # N1 Ny C N for some submodules N1, No of M, then either Ny C N or
N2 g N;

4. N is a weakly prime submodule of M ;
5. (N :g M) is a weakly prime ideal of R.

Proof. (1)=(2) Let 0 # N1 NoN3 C N for some submodules N1, N3, N3 of M. Since
M is multiplication, there are ideals I1, I of R such that Ny = [1M and No = L M.
Therefore 0 £ I1Io,N3 C N, and so by Theorem 2.25. I;1 N3 C N or IsN3 C N.
Thus, either N1N3 Q N or N2N3 Q N.

(2)=(3) Is easy.

(3)=-(4) Suppose that 0 # [K C N for some ideal I of R and some submodule K
of M. It is sufficient to set Ny := IM and Ny = K in part (3).

(4)=(1) By part (1) of Proposition 2.8.

(1)=(5) By Proposition 2.27.

(5)=(4) Let 0 # IK C N for some ideal I of R and some submodule K of M.
Since M is multiplication, then there is an ideal J of R such that K = JM. Hence
0 # IJ C (N :g M) which implies that either I C (N :g M) or J C (N :g M).
If I C (N :g M), then we are done. So, suppose that J C (N :g M). Thus
K=JM CN. O

Proposition 2.30. Let R be a um-ring. Let M be a finitely generated faithful
multiplication R-module and N a submodule of M. Then the following conditions
are equivalent:

1. N is a weakly classical prime submodule;

2. (N :gp M) is a weakly prime ideal of R;
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3. N =1IM for some weakly prime ideal I of R.

Proof. (1) < (2). By Theorem 2.29.

(2) = (3) Since (N :p M) is a weakly prime ideal and N = (N :p M) M, then

condition (3) holds.

(3) = (2) Suppose that N = IM for some weakly prime ideal I of R. Since M is a

multiplication module, we have N = (N : M) M. Therefore N =IM = (N : M) M

and so I = (N : M), because by [24, Corollary to Theorem 9] M is cancellation.
O

Theorem 2.31. Let My, My be R-modules and N1 be a proper submodule of M.
Then the following conditions are equivalent:

1. N =Ny x Ms is a weakly classical prime submodule of M = My x Ms;

2. Np is a weakly classical prime submodule of My and for each r,s € R and
mq € My we have

rsmy =0, rmy ¢ Ny, smy ¢ Ny = rs € Anng(Ma).

Proof. (1)=-(2) Suppose that N = Ny x M> is a weakly classical prime submodule
of M = My x Ms. Let r,s € R and m; € M; be such that 0 # rsm; € N;. Then
(0,0) # rs(m1,0) € N. Thus r(m1,0) € N or s(my,0) € N, and so rmy € Ny or
smy € Ny. Consequently N7 is a weakly classical prime submodule of M;. Now,
assume that rsmy; = 0 for some 7,8 € R and my; € M; such that rmy; ¢ Ny
and smy ¢ Nj. Suppose that rs ¢ Anng(Ms). Therefore there exists mqo € My
such that rsmg # 0. Hence (0,0) # rs(my1,mg) € N, and so r(mq,mz) € N or
s(my1,mg) € N. Thus rm; € Ny or smy; € N7 which is a contradiction. Conse-
quently rs € Anng(Ms).

(2)=(1) Let r,s € R and (my,m2) € M = M; x My be such that (0,0) #
rs(mi,me) € N = Ny X Ms. First assume that rsm; # 0. Then by part (2),
rmy € Ny or smy € Ni. So r(my,mg) € N or s(my,m2) € N, and thus we are
done. If rsmy = 0, then rsma # 0. Therefore rs ¢ Anng(Ms), and so part (2)
implies that either rm; € Ny or sm; € N;. Again we have that r(mq,ma) € N or
s(m1,m2) € N which shows N is a weakly classical prime submodule of M. O

The following two propositions have easy verifications.

Proposition 2.32. Let My, My be R-modules and Ny be a proper submodule of
My. Then N = Nj x My is a classical prime submodule of M = My x My if and
only if Ny is a classical prime submodule of Mj.

Proposition 2.33. Let My, My be R-modules and Ny, No be proper submodules of
My, My, respectively. If N = Ny X Ny is a weakly classical prime (resp. classical
prime) submodule of M = My x Ms, then Ny is a weakly classical prime (resp.
classical prime) submodule of My and N is a weakly classical prime (resp. classical
prime) submodule of M.
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Example 2.34. Let R =7, M = Z x Z and N = pZ X qZ where p, q are two
distinct prime integers. Since pZ, gZ are prime ideals of Z, then pZ, qZ are weakly
classical prime Z-submodules of Z. Notice that (0,0) # pg(1,1) = (pg,pq) € N, but
neither p(1,1) € N nor ¢(1,1) € N. So N is not a weakly classical prime submodule
of M. This example shows that the converse of Proposition 2.33. is not true.

Let R; be a commutative ring with identity and M; be an R;-module, for i = 1, 2.
Let R = Ry X Ry. Then M = M; x M is an R-module and each submodule of M
is in the form of N = N; x Ny for some submodules N; of M; and Ny of M.

Theorem 2.35. Let R = Ry X Ry be a decomposable ring and M = My x My be
an R-module where My is an Ri-module and My is an Rg-module. Suppose that
N = Ni x My is a proper submodule of M. Then the following conditions are
equivalent:

1. Ny is a classical prime submodule of M ;
2. N is a classical prime submodule of M ;

3. N is a weakly classical prime submodule of M .

Proof. (1)=(2) Let (a1,az2)(b1,b2)(m1,me) € N for some (a1,az), (b1,b2) € R and
(my, mg) € M. Then a1bym; € Ny so either a;mq € Ny or bymy € Ny which shows
that either (ai,az)(mq,ma) € N or (bi,b2)(m1,me) € N. Consequently N is a
classical prime submodule of M.

(2)=(3) It is clear that every classical prime submodule is a weakly classical prime
submodule.

(3)=(1) Let abm € N; for some a,b € Ry and m € M;. We may assume that
0 # m' € Ms. Therefore 0 # (a,1)(b,1)(m,m’) € N. So either (a,1)(m,m’) € N or
(b,1)(m,m’) € N. Therefore am € Ny or bm € N;. Hence N; is a classical prime
submodule of Mj. O

Proposition 2.36. Let R = Ry X Ry be a decomposable ring and M = My x My
be an R-module where My is an Ri-module and My is an Ry-module. Suppose that
Ny, Ny are proper submodules of My, Ms, respectively. If N = N1 X Ny is a weakly
classical prime submodule of M, then Ny is a weakly prime submodule of My and
Ny is a weakly prime submodule of Ms.

Proof. Suppose that N = N; x Ny is a weakly classical prime submodule of M. By
hypothesis, there exist € M;\N; and y € Ms\N,. First we show that N; is a
weakly prime submodule of M;. Let 0 # amy € Ny for some a € Ry and my € M.
Then 0 # (1,0)(a,1)(m1,y) € N1 x N = N. Notice that if (a,1)(m1,y) €
N; X Ny = N, then y € N which is a contradiction. So we get (1,0) (m1,y) €
N1 X Ny = N. Thus m; € Ny. Hence N; is a weakly prime submodule of M. A
similar argument shows that Ns is a weakly prime submodule of Ms. O

The following example shows that the converse of Proposition 2.36. is not true
in general.
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Example 2.37. Let R= M =7 x Z and N = pZ X qZ where p, q are two distinct
prime integers. Since pZ, qZ are prime ideals of Z, then pZ, qZ are weakly prime
(weakly classical prime) Z-submodules of Z. Notice that (0,0) # (p,1)(1,¢)(1,1) =
(p,q) € N, but neither (p,1)(1,1) € N nor (1,¢)(1,1) € N. So N is not a weakly
classical prime submodule of M.

Theorem 2.38. Let R = Ry X Ry X Rs be a decomposable ring and M = M; x
My x Mg be an R-module where My is an Rqi-module, My is an Rs-module and
M3 is an Rz-module. If N is a weakly classical prime submodule of M, then either
N ={(0,0,0)} or N is a classical prime submodule of M.

Proof. Since {(0,0,0)} is a weakly classical prime submodule in any module,
we may assume that N = N; x Ny x N3 # {(0,0,0)}. We assume that N
is not a classical prime submodule of M and reach a contradiction. With-
out loss of generality we may assume that N; # 0 and so there is 0 #
n € N;j. We claim that N, = M, or N3 = Mj. Suppose that there are
me € MQ\NQ and mg € Mg\N3 Get r € (N2 ‘Ro MQ) and s € (N3 ‘Rs
Ms). Since (0,0,0) # (1,7,1)(1,1,s)(n,me,m3) = (n,rmag,smgz) € N, then
(1,7,1)(n, ma, mg) = (n,rma,m3) € N or (1,1, s)(n,ma, ms) = (n,ms,sms) € N.
Therefore either mz € N3 or my € Na, a contradiction. Hence N = Ny x My X N3
or N = N1 X N2 X Mg. Let N = N1 X M2 X Ng. Then (0,1,0) S (N ‘R M)
Clearly (0,1,0)2N # {(0,0,0)}. So (N :g M)2N # {(0,0,0)} which is a contra-
diction, by Theorem 2.19. In the case when N = N; x Ny x M3 we have that
(0,0,1) € (N :g M) and similar to the previous case we reach a contradiction. O

Theorem 2.39. Let R be a um-ring and M be an R-module.

1. If F is a flat R-module and N is a weakly classical prime submodule of M
such that F@Q N # F®@ M, then FF'® N is a weakly classical prime submodule
of F & M.

2. Suppose that F is a faithfully flat R-module. Then N is a weakly classi-
cal prime submodule of M if and only if F ® N is a weakly classical prime
submodule of FF ® M.

Proof. (1) Let a,b € R. Then by Theorem 2.25. either (N :ps ab) = (0 :p ab)
or (N :prab) = (N :pa) or (N :ppab) = (N b). Assume that (N :py ab) =
(0 :ps ab). Then by [6, Lemma 3.2],

(F®N1F®M (Lb) :F®(N M ab) :F®(O M ab)

= (F@O FQM ab) = (O FQM CLb)
Now, suppose that (N :pr ab) = (N :ps a). Again by [6, Lemma 3.2],

(F®Np@Mab):F(X)(NMab):F@(NMa)

:(F®NF®MCL)
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Similarly, we can show that if (N :pr ab) = (N :ps ), then
(F®N :pgm ab) = (FF® N :pgum b) . Consequently by Theorem 2.25. we deduce
that FF® N is a weakly classical prime submodule of F' ® M.

(2) Let N be a weakly classical prime submodule of M and assume that

F@N =F@M. Then0 - FO N S F® M — 0 is an exact sequence.

Since F' is a faithfully flat module, 0 — N S5 M — 0 is an exact sequence.
So N = M, which is a contradiction. So F ® N # F ® M. Then FF ® N is
a weakly classical prime submodule by (1). Now for the converse, let F @ N
be a weakly classical prime submodule of FF ® M. We have F@ N # F @ M
and so N # M. Let a,b € R. Then (F®N :pgym ab) = (0:pgy ab) or
(F®N1F®M (Lb) = (F®N2F®M a) or (F®N FQM ab) = (F®N1F®M b) by
Theorem 2.25. Suppose that (F ® N :pgar ab) = (0 :pgar ab). Hence

F® (N ‘M ab) = (F®N FQM ab) = (O FQM (lb)
= (F®OZF®M ab) :F®(O ‘M ab)

Thus 0 = F ® (0 :pr ab) S5F® (N :pr ab) — 0 is an exact sequence. Since F' is a

faithfully flat module, 0 — (0 :ps ab) 5 (N :pr ab) — 0 is an exact sequence which
implies that (N :ps ab) = (0 :ps ab). With a similar argument we can deduce that
if (F@N ‘FQM ab) = (F®N3F®M a) or (F®N FOM ab) = (F@N FQM b),
then (N :pr ab) = (N :p a) or (N :pp ab) = (N :pr b). Consequently N is a weakly
classical prime submodule of M by Theorem 2.25. O

Corollary 2.40. Let R be a um-ring, M be an R-module and X be an indeter-
minate. If N is a weakly classical prime submodule of M, then N[X] is a weakly
classical prime submodule of M[X].

Proof. Assume that N is a weakly classical prime submodule of M. Notice that
R[X] is a flat R-module. Then by Theorem 2.39. R[X]® N ~ N[X] is a weakly
classical prime submodule of R[X]® M ~ M[X]. O
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