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ABSTRACT. In this paper, a new class of diagram algebras which are subalgebras of
signed brauer algebras, called the Walled Signed Brauer algebras denoted by BT,S(:c)7
where r, s € N and z is an indeterminate are introduced. A presentation of walled signed
Brauer algebras in terms of generators and relations is given. The cellularity of a walled
signed Brauer algebra is established. Finally, B,-,S(x), is quasi- hereditary if either the
characteristic of a field, say p, p = 0 or p > max(r, s) and either z # 0 or z = 0 and 7 # s.

1. Introduction

The walled Brauer algebras B, 4(0) [4, section 2] are defined as subalgebras of
Brauer algebras B,;;(d). It was introduced independently by Turaev [16], Koike
[10] and Benkart et al.[1] which was partially motivated by Schur- Weyl duality
between walled Brauer algebras B, ;(J) and general linear group GLs(C) arising
from mutually commuting actions on the mixed tensor space V& @ W®$ where
V is the natural representation of GLs(C) and W := V*, the dual of the natural
representation of GLs(C). Cox et al. [4] and Brundan and Stroppel [3] have also
studied walled Brauer algebras.

Brauer and walled Brauer algebras arose in invariant theory. Brauer algebras [2]
have a basis consisting of undirected graphs. This motivated Parvathi and Kamaraj
[14] to define a new class of diagram algebras which are known as signed Brauer
algebras denoted by l_jf (), having a basis consisting of signed diagrams. These
algebras contain Brauer algebras D (z) and the group algebras k(z)Sy, where Sy
is isomorphic to the hyperoctahedral group (Zs1Sy), as subalgebras in a natural
fashion where as the Brauer algebras contain the group algebra of symmetric group.
The flip map gives an isomorphism between the group algebra of symmetric group
Sy+s and the walled Brauer algebra B, 5(d). The structure of signed Brauer algebras
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over k(z), where x is an indeterminate, has been studied in [14].

These works motivated us to define a new class of diagram algebras over k(z)
which are subalgebras of signed Brauer algebras. These new algebras are called
Walled signed Brauer algebras and denoted by D, s(z), where r,s € N and z is an
indeterminate.

In section 3, we define the walled signed Brauer algebras and give a presentation
of walled signed Brauer algebras in terms of generators and relations . In section
4, the cellularity of these algebras are established and we proved that D, s(z), are

quasi-hereditary if either characteristic of a field, say p, p = 0 or p > maz(r, s) and
either z # 0 or x = 0 and r # s.

2. Preliminaries

In this section, we collect some preliminary results that we need for the devel-
opment of the paper.

Definition 2.1.([15]) A partition of a non-negative integer k is a sequence of non-
negative integers A = (A1, A2...,A;) such that \y > Ao > ... > A, > 0 and
Al = A1+ X2+ ...+ A\ = k. The non-zero \js are called the parts of A and the
number of non-zero parts is called the length of A\. The notation A F k denotes that
A is a partition of k.

Definition 2.2.([9]) A partition A = (A1, A2..., ) of k is said to be p-regular if
either p > 0 and there isno 1 < ¢ < r such that \; = A\jp1 = ... = Aipp or p=0.

Definition 2.3.([7]) A bi-partition of a non-negative integer n is an ordered pair
A = (AW X)) of partitions AP and A?) such that () 4+ X\?) = n. For every
bipartition A = (A(), A(?)) we associate a Young subgroup 8x = 8,1, x 8,2

Definition 2.4.([9]) A bi-partition A = (A1), X)) of n is said to be p-regular if
the partitions A1) and A are p-regular.

Definition 2.5.([7]) Suppose that a = (a1, ag) is an 2— tuple of integers a; and ay
such that 0 < ay,as < n.

aj
Let U = Uy 1Uq 2; where Ug o = ] (L — Qi) for 1 <k <2

m=1
Here Q1 =1,Q2 = —1and L, = Sy—1---518081 -+ - Sm—1-

Definition 2.6.([7]) Suppose that A = (A1), \(?)) is a bi-partition of n and define
k=1

a=(a,a2) by ap = 3. | A9 |. Let 2y = > T, and set my = U z,.
i=1 wES )

Definition 2.7.([7]) Suppose that X is a bi-partition of n and that s and ¢ are row
standard A-tableaux . Let mg = T;(S)mATd(t).

Definition 2.8.([7]) Suppose that A is a bi-partition of n.
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1. Let N* be the R- module spanned by
{ms/s and t are standard u— tableaux for some bi-partition p of n with
A}

2. Let N* be the R- module spanned by
{ms:/s and t are standard pu— tableaux for some bi-partition p of n with

W Al

Proposition 2.9.([7]) Suppose that \ is a bi-partition of n. Then N* and N* are
two-sided ideals of an algebra H, where H is the Iwahori-Hecke algebra of type B
and H =2 k(Z1 %,,).

Theorem 2.10. [7] The algebra K is a free R-module with basis
M= {ms/s and t are standard A-tableaux for some bi-partition of n}.
Moreover, M is a cellular basis of K.

Definition 2.11.([7]) Suppose that A is a bi-partition of n. Let 2\ = (N> 4+my) /N>
The Specht module S* of k(ZxY,,) is the submodule of 3/ N* given by S* = 2, K.
Also 5% is a free R— module with basis {z3Ty)| ¢ is a standard A-tableaux }.

Definition 2.12.([8]) Let A be an associative algebra over the field K. The associa-
tive algebra A is called a cellular algebra with cell datum (A, M, C, 1) if following
conditions are satisfied:

1. The finite set A is partially ordered. Associated with each A € A there is
a finite set M(A). The algebra A has an K— basis Cé,T where (S,T) runs
through all elements of M(\) x M(X) for all A € A.

2. The map i is an K — linear anti-automorphism of A with 72 = id which sends
C’Q’T to C%’ g
3. For each A € A and S,T € M()) and each a € A, the product aC’éT can
be written as ( > ra(U, S)CQ,T) + 1/, where 7’ is a linear combination
UeM())

of basis elements with upper index g strictly smaller than A, and where the
coefficients r, (U, S) € K do not depend on T.

Definition 2.13.([11]) Let A be an algebra over a Noetherian commutative integral
domain R. Assume there is an involution ¢ on A. A two sided ideal J in A is called
a cell ideal if and only if ¢(J) = J and there exists a left ideal A C J such that A
is finitely generated and free over R and there is an isomorphism of A-bimodules
a:J ~ A®gi(A) (where i(A) C J is the i-image of A) making the following
diagram commutative.

The algebra A (with the involution ) is called cellular if and only if there is an
R-module decomposition A = J; @ J; © ... © J, (for some n) with i(J}) = J;
for some j and such that setting J; = @gzlJ{ gives a chain of two-sided ideals
of A: 0 =Jy C Jy C Jy C ... CJ, = A (each of them fixed by i) and for
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each j(j =1,..... ,n) the quotient J; = J;/J;_1 is a cell ideal( with respect to the
involution induced by ¢ on the quotient) of A/J;_;.

Definition 2.14.(Inflating algebras along free modules)([12]) Given a k -algebra B
, a k-vector space V', and a bilinear form
¢ : VeV — B with values in B, we define a associative algebra (possibly with out
unit) A(B,V, ¢) as follows: As a k- vector space, A = V@V ® B. The multiplication
is defined on basis elements as follows:

(b)) (c®d®y)=a®d®z ¢, c) y.
Assume that 4 is an involution on B with i(¢(v,w)) = ¢(w,v) then we can define
involution j on A by putting

jla®b®z)=b®a®i(r).
This definition makes A into an k-algebra (possibly with out unit), and j is an
involutory anti-automorphism of A. The algebra A(B,V,¢) is an inflation of B
along V.

Proposition 2.15.([12]) There exist an element b in B such that b+ 1(C) is a unit
element in A if and only if b satisfies the following two equations.

1. For all ¢ in C there is an equality 6(1,¢c) + B(b,c) =0=0(c, 1) + v(c, b).
2. For all d in B there are equalities (b — 1)d = ~(1,d) and d(b — 1) = p(d, 1)

Definition 2.16. Inflating an algebra along another one([12]) Suppose we are given
an algebra B(may be without unit) and an algebra C' (with unit). We define an
algebra structure on A := B@®C which extends the given structures and which makes
B into a two-sided ideal such that A/B becomes isomorphic to C. Multiplication is
defined by fixing the eight summands of a multiplication map (B®&C)® (B®C) —
(B & C). In order to make B into an ideal we put the summands B ® B —
C,C®B — C and B® C — C all to zero. The summands C ® C — C and
B ® B — B are defined to be the given multiplication on C' and B, respectively.
Thus we have to choose three bilinear maps 6 : CC — B, §: BC — B
and v : C ® B — B. Then multiplication in A is defined by (b1 + ¢1)(ba + ¢2) =
b1by + ﬂ(bl, CQ) + ’7(01, bg) + (5(01, 02) + c1Co.

This multiplication is associative if and only if the following conditions are satisfied:

1. The map S is a homomorphism of left B-module.
2. The map = is a homomorphism of right B-module.

3. For all bin B and ¢, ¢o in C there is an equality 8(8(b, ¢1),c2) = bd(c1,ca) +
ﬂ(b, 6162).

4. For all bin B and ¢, co in C there is an equality v(c1,7v(c2,b)) = y(c1¢2,b) +
0(c1,c2)b.

5. for all ¢1,¢q,c3 in C there is an equality d(cica,c3) + B(d(c1,¢2),¢3) =
0(ec1, cacs) + v(er,9(ce, c3))-
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6. For all b1,bs in B and ¢ in C there is an equality 8(b1, c)by = b17y(c, ba).

7. For all ¢j,c2 in C and b in B there is an equality S(y(c1,b),c2) =
V(Clvﬁ(baCQ))'

We call A an inflation of C' along B. Moreover, an inductive application of
this procedure to algebras C, By, Ba, ..., B, ensures that inflation pieces, B; =
V: ® V; ® B}, we define an iterated inflation A of C, B}, B}, ..., B},

Proposition 2.17.([12]) An inflation of a cellular algebra is cellular again. In
particular, an iterated inflation of n copies of R is cellular, with a cell chain of
length n.

Theorem 2.18.([12]) Any cellular algebra over R is the iterated inflation of finitely
many copies of R. Conversely, any iterated inflation of finitely many copies of R is
cellular.

Definition 2.19.([13]) Let A be a k-algebra. An ideal J in A is called a heredity
ideal if J is idempotent, J(rad(A))J = 0 and J is a projective left(or, right) A-
module. The algebra A is called quasi-hereditary provided there is a finite chain
0=Jo CJi CJyC...C J, =Aof ideals of A such that J;/J;_1is a heredity
ideal in A/J;_q for all j. Such a chain is then called a heredity chain of the quasi-
hereditary algebra A.

3. Walled Signed Brauer Algebra

In this section, we define the Walled Signed Brauer Algebras and give a presen-
tation of walled signed Brauer algebras in terms of generators and relations.

Fix an algebraically closed field k of characteristic p > 0 and = an indeterminate.
For r, s € N, the walled signed Brauer algebra D, s(x) can be defined as a subalgebra
of the signed Brauer algebra BHS(x) in the following manner.

Recall that for n € N, the signed Brauer algebra Bn(x) [14] is defined over the
field k(z), where k is any arbitrary field and z an indeterminate.

A graph is said to be a signed diagram if every edge is labeled by a plus sign
or a minus sign and edges of a signed diagram are called signed edges. An edge
labeled by a plus (resp., minus) sign will be called a positive (resp., negative) edge.
A positive vertical (resp., horizontal) edge will be denoted by | (resp., —) and a
negative vertical (resp., horizontal) edge will be denoted by 1 (resp., ).

Let V', be the set of all signed diagram b with n signed edges and 2n vertices,
arranged in two rows of n vertices each. In these signed diagrams, each signed edge
belongs to exactly two vertices, and each vertex belongs to exactly one signed edge.

The signed Brauer algebra D, is a vector space spanned by V', over k(z).

The multiplication in Bn is defined as follows: First, take the product of two
undirected graphs a,b; where @, b are signed diagrams as in [14]; that is, draw b
below @, and connect i*" upper vertex of b with the i** lower vertex of @& Then
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a.b = z%, where d is the number of loops in a.b, and ¢ is the undirected graph.
A new edge obtained in the product a.b is labeled by a plus sign or a minus sign
according as the number of negative edges obtained from @ and b to form this edge
is even or odd.

A loop B in a.b is said to be positive ( resp., negative) if the number of negative
edges obtained from @ and b to form this loop is even(resp., odd). A positive (resp.,
negative) loop f in a.b is replaced by the variable 22 (resp., x) in a.b.

Now, Cis the signed diagram where each edge is labeled as above and ab= z4¢,
d is the number of loops in @& Then @ - b = 2241 742)Z where dy(resp., d2) is the
number of positive (resp., negative) loops in @ - b.

It is usual to represent basis elements graphically by means of diagrams with n
upper vertices numbered 1 to n from left to right; and n lower vertices numbered
1 to @ from left to right, where each vertex is connected to precisely one other
by a signed edge. Edges connecting a upper vertex and a lower vertex are called
propagating lines, and the reminder are called upper or lower horizontal arcs.

Partition the basis diagrams with the wall separating the first r upper vertices
and the first r lower vertices from the reminder then the Walled Signed Brauer
Algebra BT’S(QU) is the subalgebra of BTJrs(x) with basis those signed diagrams
such that no propagating edge crosses the wall and every upper or lower horizontal
arc does cross the wall. We call those diagrams as walled signed Brauer diagrams.

Remark 3.1 If we allow vertical edges can cross the wall and allow horizontal edges
may not cross the wall (that is, a vertex can be connected to any other vertex), then

we obtain r + s signed diagram. The signed Brauer algebra BTJFS (z) is spanned
by all r + s signed diagrams with product defined as above. Thus walled signed

Brauer diagram is a signed diagram and walled signed Brauer algebra D,  (z) is a
subalgebra of the signed Brauer algebra BH s(x).

For example,

[\
w
N

S

Il
= e—<—e
Tl e———o O1

1 2 3 4 5§ 2 3 4
wall wall

@ and b are basis elements in 32’3 (z) and the multiplication of @ and b are given
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It is useful to compare an(l’) with the group algebra k(Zs ! S,4s) of the
hyperoctahedral group (Zs ! Sy+s) ; where S,t¢ is a symmetric group of (r + s)
symbols and Zs is a group consisting of two elements. The group algebra k(Z21S;+)
can be viewed diagrammatically with its signed diagram with no horizontal edge.
We define a map
Frus : B(Z21 Syis) — Dl by
mapping a signed diagram with no horizontal edge to the walled signed Brauer
diagram obtained by adding a wall between the r* and (r + 1) vertices, then
flipping the part of the diagram that is to the right of the wall in its horizontal axis
without disconnecting any edges and without changing the sign also.

The map f, s is a vector space isomorphism.

dim(Dy.(x))= dim(K(Za 1 Sris))= 275 (r + 5)!

3.1. Generators, relations of the walled signed Brauer algebra

The algebra G, := K(Z 1 S,4,) is generated by ¢ = hy and the transpositions
s;i:=(i,i+1)fori=1,2,.....,(r + s — 1) subject to the relations (usual hyperocta-
hedral relations).

L ?=1

2.82=1; 1<i<r+s-1
3. tsitsy = sitsit

4. sisj =858 |t —j|>2

o

8i8i4+18; = 8i+18iSi+1; 1 <i<r+s—1

6. sit=ts;; 2<i1<r4+s—1
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Let go = frs(t) = frs(h1) =hi =tandfori=1,2,.....,(r—1),(r+1),...., (r+
5_1)7 gi:fr,s(si):3i~
So for i # r the diagram of g; is the same as s; (with the addition of the wall).
while g, = e, is the diagram,

r—1 ror+1 r+4+2 r+s

1 2
- % { .
N
1 2 (r—1) 7 (r+1) (r+2) (r+s)

Theorem 3.2. The walled signed Brauer algebra Brﬁs(x) is generated by the el-

ements hi,hri1, g1, G2, ... s Gr—1s €ry Gragl, --eeeee , Grys—1 and satisfying the
following relations:

gi=1 i=12...,(r—=1),r+1), ., (r+s—1).
9i9; = 959i if|i—j[>1

9i+19i9i+1 = 9i9i+19i

ergi =¢gier 1<i<r—2orr+2<i<r+4+s-1
e2 = x’e,

€rgr—1€r = €r
Crgr+1€r = €p

Ir—19r+1€rGr—19r+1€r = €rGgr—19r+16€r

© ® NS ok WD

€rgr—19r+1€rgr—19r+1 = €rgr—19r+1€r
ﬁf:l; 1=1,2,...... ,(r+s).

>—~
e

11. hig; = gihy; i#1

12. higihigi = gihigiha

13. hygrgi = gibgn; i# 7, (r+1)

14. Er+1gr+1ﬁr+lgr+l = gr+1ﬁr+1gr+1ﬁr+l
15. 6,jlrer =ze, and erﬁT_,_ler = ze,

16. gﬁiH = fz,'gi; i1

17. e,«i_i,.H = e,.ﬁr

18. HT+1€T = Hrer
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19. e h; = hiey; i %7, (r+1)

20. erhrgr+1er = erhr+2 and erhr+1gr+16r = erhr+2

where,

1 2 7 1+1 T r+1 r+s

For1<i<r-—1
1 2 1 1+ 1 r r+1 r+s

gi =

Forr+1<i<r+s-—1

r r+1 i 141 r+s
9i =
Proof. The walled Brauer algebra D, ¢(z?) is generated by g1,92,...,9r—1, €r,
Jr+1s---s Gris—1, with the relation from (1) to (9), there exists a unique algebra

homomorphism,

@ : D,4(z*) — A, such that ®'(g1),...,9 (gr—1), ®'(er), P (gr41)s ---,
®'(gr1s—1) satisfy the relation from (1) to (9), where A is the free associated alge-
bra over k and is generated by T1,%,41, Y1, Y2, ---sYr—1s Zry Yrtly -eeeeer s Yrts—1
satisfying the relations from (1) to (20), where ®'(g;) = y;,¢ = 1,2,...,r — 1,r 4+
1,...,7r+s—1and ®(e,) = 2.

Similarly the generators hy, HT._H, G1s 925y 9r—1y Jrt1y - -, grts—1 satisfy the
hyperoctahedral relations of the hyperoctahedral groups Zs 13, and Zy 1 ¥, there
exists a unique algebra homomorphism,

" : k(ZalS, X Za1Ss) —> A, such that & (hy), ®” (hyy1), " (g1), - .., D" (gr_1),
D" (gry1),..., D"(grys—1) satisfy the hyperoctahedral relations and
D iz, xz)= P k(n,xx,) and & (hy) = 21, " (hyy1) = 2r41, and " (gs) =y

First we prove the following for a signed walled Brauer diagram d € D,. 4(z?)
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(a) ®'(d).®"(h;).9"(h;) = ®'(d) whenever dh;h; = d, 1 <i <r and
r+1<j<r+s
(b) @”(ﬁ».@”(@).‘l”(d) = ®'(d) whenever i_iiﬁjd =d,1<i<rand
r+1<j<r+s
(c) ©"(hs).®'(d).®"(h;) = ®(d) whenever hydh; = d, either 1 < s,t < 7 or
r+1<s,t<r+s.
For1<i<randr+1<j<r+s,
Let e;j =9;-19—2.--9r419i - - - Gr—1€rGr—1-- - JiJr+1---Gj—1

then e, .11 = e,.
61‘7]‘}_{1‘}_7:]‘ = (gj_l...gH_lgi...gr_lergr_l - gigr+1 -~-gj—1)}_ii}_ij

= Gjt-e-Gr+1Gi--Gro1€r MRy 1Gro1 . GiGri1 - - - gj—1, by identity(15)
Gi—1-+-Gr41Gi - Gr—1€rGr—1---Gigr41---gj—1, Dy identity(17)

€ij-

Consider, @’(d).@"(ﬁi).q)”(ﬁj)
= ‘I)/(gj—l oo Gr+19i - - Gr—1€rGr—1 .. - GiGr4+1 - - - gj_l)(l)/l(hi).q)”(hj)
since ®’ is an algebra homomorphism on D, 4(2?) and @' |, xx,)= @ (2, x24)
@' (d).@" (h;).®"(h;) = (I)I(gjfl o Gr1Gi Gr—1)®"(e7) " (gr—1---9iGr41---9j—1)
@ (h;).2" ()
since ®” is an algebra homomorphism on k(Z2 1%, X Zy1X,) and using the identity
(15),

(I)’(d).(I)”(ﬁi).@”(ﬁ )

= ®'(gj-1- gr+1gz -gr—1)®(e,)® "(h hr+19r 1---9iGrs1---Gj—1)
:Cbl(gj—y - Gr— 1) (€)@ (hy)®" (Byy1) D' (9r71.--9i9r+1~~9j—1)
=0 (gj—1---Gi - gr—1)® ()P (gr—1---GiGrs1---gj—1), by identity(17)
— &'(d).

Hence (a) holds ford=e¢; ;1 <i<randr+1<j<r+s.
Ifdhihj=d;l1<i<randr+1<j<r+s
then d has a horizontal edge connecting the vertices ¢ and j, we can write d as,
d= d’ei j

()" (hi)®"(h) = ¥'(d) (i) ®" (i) 2" (hy)
= &'(d)®'(e;;), by the previous result,
= @'(d)

which proves (a).(b) can also be proved similarly.

For (c), d € D, 4(22) with hedh; = d
then d has an edge connecting the s vertex in the top row and t** vertex in the
bottom row.
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Take 1 < s,t < r and d has k horizontal edges, d can be written as,
d = dg.€i, j, iy js - - - €iyju, fOr sOME 0 € Xy X g,
where 1 < i1 <t < - <@ <1, r+1<j1,92,..., 5k < r+sand j;’s are all
different and d, has an edge connecting the s** vertex in the top row and t*" vertex
in the bottom row [details in 21].

—

Esdﬁt = ﬁs(dg.eil’jlei%h ...eikvjk)ht
= Esdgi_iteil7jlei27j2 ... Ciy jr, Since t # iy, jg for p,g=1,2,...,k
= d, since ﬁsdaﬁt =d,

O (s )& ()" (he) = ¥ (Re) @' (dg -3y Cis o - - - €ir, ) D ()

since @' is an algebra homomorphism on D, s(z?) and using the result,
<I>’(ei7j)<I>”(f_L'k) = @"(ﬁk)é’(ei,j) if k # 4,7 (This result has been proved below),

O (hs)® ()@ (hy) = " (he)@'(dg)®" (he)®' (ei, 3,)P (€1 5) - - ' (€4 5,)
= @'(d), since O (hy)® (dy)®" (hy) = @' (dy),

which proves (c).

Similarly, (¢) holds for r +1 < s,t <r +s.

Now, let de BT s(x) then there exists h h' € H such that d = hdh’ where d is
the underlying walled Brauer diagram of dand H is a subgroup of Zo 1 3, X Zg 1 3
generated by h;, 1 <i<r+s.

Suppose that there exists another elements R".h" € H such that d = h"dh"".
i.e., hh"dh''h = d. By the observations made from (a) to (¢),

(I)//(Eﬁ//)q)/(d)q)//(}‘i///ﬁ/) _ ( )
@//(E//)(I)/(d)@”(f_im) _ (I>N(]_1:) ()(I)N(]_i/).
So, define ® : D,.,(x) — A by ®(d) = " (i) (d)®" (i").

It is immediate that <I> o' on D, s(x 2), @ = ®" on k(Z21%, x Z31%,). Extend

it to the whole space BT s(x) by linearity property.
First, we shall show that

(3.1.1) D(eg jherm) = ' (e,)@" (R)® (er.m)

where ¢; ; = Ilei, .,
P

€lm = Helqﬂnq? H = Hﬁkn
q n

The following identities can be established immediately from the definition of
the multiplication of walled signed Brauer diagrams.

For1<il<r,r+1<jm<r+s, and1 <k <r+s.
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(3.1.2)  hixerm = eimhr if k#Lm
ei,jfzkehm = e,;Jel’mek, if k#£1,m
= hgeijerm, if k#i,j
= eipeimhi, if j=km#ki#l
= hmeijerm, if k=1Li#kj#m
xeij, if eitheri=k=I0lj=mork=j=m,i=1

9j—1€i—1,j—195—1, | 1= |2 2.

9i—1€i,59i—1

By using induction, we shall prove that ® preserves the relations (3.1.2).
Let 1< i<r,r+1<im<r+s, and1 <k<r+s.
Assume that k # [, m then
O(hp)®(erm) = ()P (e1,m)
= () (91-1)®' (g1’ (€1 1,m-1)® (gmn-1)@'(g1-1), by (3.1.2).
case(l): k#£1—1,m—1
() @(erm) =P (9-1)® (gm—1)®" (1) ' (€1-1,m—1) ¥ (gm—1) P (91-1),

)®
= O(g-1)P (grn-1)P (e1-1,m—1)P" (1) (g—1)®' (g1-1), by in-
duction,

-

= B (em) D" (hi) = B(er.m)®(hy).
_icase(Q): k=1-1 B
O(hi)®(erm) = P'(g1-1)®" (hy)® (gm D) (er-1,m-1)2 (gm-1)®'(91-1),
= ¥(g-1)2' (9m—1)2" (1)@ (e1-1,00-1)®' (Grn—1)®' (g1-1).
"(gm 1)

= '(q-1)® -1)® (61—1,m—1)@"( "(gm—-1)®'(g1-1), by in-
duction,

= B (em) D" (hy) = B(em)®(hy).
Similarly, the result holds for k = m — 1.
From _‘ghis result, we get, .
(P(ei7j)<b(ijk)q)(el)m) = @(ii)j)¢(el7m)¢>(hk), if k#£1,m
D(e; ;) P(hi)P(er,m) = O(hi)P(e; ;) Perm), if k#4,j

Assume that j = k,m # k,i # [, then

- -

D(e;,5)P(hi)P(erm) "(€i k)@ (hi) @' (e1,m),

Gi—1)® (gr— 1)‘I)'(91—1)‘IJ/(gm—1)@/(61—1,k—1)‘?//(ﬁk—1)

@'
'
'
= ®'(gi
@'
@'
¥ (e1-1,m-12"(gr-1) " (9i-1) @' (gm—1)®"(91-1),
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/

D(e;)P(he)®(erm) = P(9i-1)® (96-1)P" (91-1)®" (gm—1)® (€im1,5-1)
' (€1-1,m—1)® ”(flz‘—l)‘b/(gk—l)‘I’/(Qi—l)‘I’/(gm—l)‘p/(gl—l),
= ‘I’/(g ) (gk 1)q>/(gl—1)q>/(gm—1)q)/(€i—1,k—1)
O (e1-1,m-1)P (gk—1) @ (gi—1)@" (7))@ (grn—1)®' (g1-1),
¢ (ez k)P (el m)q)//(h )s

= q)(ei,k)q)(el,m)q)(ﬁi).

!/

The following identity can be proved in the similar way,
D(ei ;)P (he)P(erm) = ©(hin)P(ei ;) P(erm) if k=10 k,j#m.

Now, assume that ¢ = k = and j = m, then

D(eij)P(hn)P(erm) = (e ;)@ (hi)P' (ei;), B
= @'(gi-1)®'(gj-1)®"(€i-1,j-1)P'(gj-1) P (9i-1)@" (hi)
. ' (gi—1)®'(gj-1) (I),(ei—l,j—l)q)/_ggj—l)q),(gi—l)7
D (e;,5) (M) ®(er,m) = q;,((gi—l))@'(gj—l)‘I’/(eifl,j—l)@”(hz‘)‘P’(ei—l,j—l)q”(gj—l)
gi—1),
=@ (gi—1)®'(gj—1) v ®'(€i—1,j-1)®'(9j-1)P"(gi-1),
N = I¢/(6i7j) = x@(eivj)

eiyihebﬂ = H elpv]p H hkn H elqvmq

— /\h’Help ijel m B X € k(x), from (3.1.2)

O(e; ) (R D(erm) = @'(er)®" ()P (erm),
= [I2 ) 12" Re) T] 2 (erym,)s

since <I>’ and ®” are homomorphism,
= \®"(h ch (es,4,) H<I> (e1,,m,)®" (R"),

since ® preserves the relations of (3.1.2) and 1/, h" € H,
= O(eijherm),

proving our claim.
Let dy,ds € an(x) then there exist A, A i = 1,2 € H such that
dv = hWa;pW' | dy = K@ dyh®' | where dy, ds are the underlying walled Brauer
diagrams.
Since dy = do, -€i, j, €iy,js - - - Cix,ju, fOr SOME 01 € L) X Xy,
where k is the number of horizontal edges in dy, 1 <iy <ip < -+ <ip <71,
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r+1<741,752,...,Jk <7+ s and j;’s are all different and
d2 = €1 ,m1 Cly,ms - - - €1,y ,my Aoy, fOT SOME 09 € Xy X X,
where k' is the number of horizontal edges in dy, 1 <13 <lp < -+ <l <71,

r+1<my,ma,...,mp <1r+sand m;’s are all different.
Cb(ciljz) = ‘i>(lj£(1)dg1 €i1,41€in,ja - - Cig ik fﬂz(l)/ﬁ(z)ell,ml €ly,my - - - €l my Doy .H(2>/)
= @(ﬁ(l)d(,l E(?’)eil’jl €ig,jo -+ Cig, i Cly,my Clo,mag - elk“mk/ITL(?’)/d(,2 E(Z)/),
where, €, j; .- €iy 4, l_i(lyl_i@)ell’ml €l my
= fz(?’)eihh e Cig gk €l my - €l my, fl<3)l,
= @”(H(Udgl ~ﬁ(3))‘bl(ei1,j1 €igjo + - €ig, i €ly,my Clo,ma - - .elk/’mk/)
@”(E(@'dm 5(2)’)7
= " (hD)D (dey ) D" (RS (eiy 1 €inrjo - - - Cir i)
O (e1y,my €tzms -+ €1y ,mpy O (R ) (dory )8 (R,
= (B (doy )P (€iy s €in.jo - - - ig g )2 (R )" (R2))
O ety my Clams - - - €1, my, ) (doy)® (), from(3.1.1) and(3.1.3)
= ®(d1).®(da),

hence ® is an algebra homomorphism. O

4. Cellularity of Walled Signed Brauer Algebra

In this section, We will show that the walled signed Brauer algebras Bm(x)

form cellular analogous of the towers of recollement introduced in [5] and D, s(z)
are quasi-hereditary.

Suppose that k is arbitrary with r,s > 0 and = # 0 and let €, € Br,s(x)
be 72 times the diagram with one positive upper horizontal arc connecting r and
r+1, one positive lower horizontal arc connecting 7 and r + 1 and all the remaining
edges being positive propagating lines from i to .

r—1 r r—+1 r+2 r+s
‘\)_/‘

N
(r—1) 7 (r+1) (r+2) (r+s)

b
w
I
Hm‘,_.
= ———e —
N o—<——o0 IO

(é;‘,s)2 = gr,s-
€r,s is an idempotent in Bm(:c).
If x = 0 then we cannot define the idempotent €, ; as above. However, if r
or s is atleast 2 then we can define an alternative idempotent é},s as, the diagram
with one positive upper horizontal arc connecting r and r 4 1, one positive lower
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horizontal arc connecting 7 and r + 2, vertices r + 2 and r + 1 is connected by a
positive propagating line and all the remaining edges being positive propagating
lines from i to <.

1
é’r,s = }
1

Proposition 4.1. If x # 0 then for each r,s > 0, there is an algebra isomorphism

r—1 roor+1 r+2 r+s

NI o———=o0 IO

between D,_1 s_1(x) and €. 5D, s(x)éy ;.
Ift =0 andr > 2 or s > 2, there is an algebra isomorphism between Br,17s,1(x)

and é’ns BT)S(.T) c;},s.

Proof. Define a map ®,. 5 : Br—1,s—1(iﬂ) — eﬂ,),sBm(x)eﬁ,s by

@T’S(ci) =€rs d €r,s, for de r—1,5—1(), d e r.s(x) is obtained by adding two
signed propagating (either positive or negative) lines immediately before and after
the wall in d so that r is connected to 7 and r + 1 to r + 1.

It is clear that the map @, , is an injective algebra homomorphism and
(I)T,S(Br—l,s—l) = gr,s r,ng,s-

Hence ®, ; is an isomorphism.

The proof of second statement is similar to the first. o

Now we define a sequence of idempotents €, , ; in BT,S(x),
set €50 =1 and for 1 < i < min(r,s), set €. s; = P s(Er_1,6-1,i—1)-
Note that when x = 0 and 7 = s the element €., is not defined.

To these elements we define associate quotients, an,i = Br,s/BT,S €r.5,i Br’s.

When z # 0 we can give an alternative description of the €, 5 ; (Via our explicit
description of @, ) as 272 times the diagram with i positive upper horizontal arcs
connecting r — t to r + 1 + ¢, ¢ positive lower horizontal arcs connecting r — ¢ to
r+1+¢) for 0 <t <i—1 and the remaining edges all positive propagating lines
connecting u to @ for some u. A similar explanation can be given in the case = = 0.
Example,

r—1 ror+1 r+2 r+s
‘\.\:;/_/
./-/i\.\

(r=1) 7 (r+1) (r+2) (r+s)

B

=

[ V]

I

8
= e————e M
DN e—<—o IO
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We define the propagating vector of a diagram de BT’S to be the pair m,
where d has a signed propagating lines to the left of the wall and b to the right and
the remaining upper and lower vertices are joined in pairs with signed horizontal
arcs.

Note that if we multiply two diagrams with propagating vectors (a1, blj and (aq, bgj

then the result must have propagating vector (a,b) with a < min(ay,a2) and
b S min(bl, bg)

Let J; = Br,s €r.s,i Brs
then Jy = r,s €r.s,0 r,s — Br,s

Jl = Br,s 5r,s,1 Br,s C Br,s
we get the sequence of ideals

(41) . CJ; CJi1 C e CcJiCJy= Br,s

Proposition 4.2. The ideal J; has a basis of all diagrams with propagating vector

(a,b) for somea <r—iandb<s—i.
In particular the section J;/Ji+1 in the filtration (4.1) has a basis of all diagram
with propagating vector (r —i,s — ).

Proof. The proof follows from the definition of J;, Theorem(3.2) and the multipli-
cation of walled signed Brauer diagrams defined in Section 3. O

In particular we have that,
(4.2) Drs)Jy & (Lo 1 ) % L1 Sy),

where Y, and ¥¢ are symmetric groups.

We have some basic results about hyperoctahedral group representation from
(7, 14].

For each bi-partition A = (A, X2 of n (AD) = k1, A?) = ko with ki +ky = n)
the specht module S* for Z, 1%, [Definiton (2.11.)] is given by

S = 2\H, where H is the Iwahori-Hecke algebra of type B and H =

k(Zy1%,).

Let D = S*/rad S then
{D*: X = (AD X?) is p-regular bi-partition of n} is a complete set of inequiv-
alent irreducible k(Z2X,,)- modules.
As k is algebraically closed field ( so a splitting field for Zo 2, and Zg 1 Xy).
Therefore the simple modules for k(Zs 1 X, X Zo ! ) are precisely those modules
of the form D*" X D*" (outer tensor product), where D" is a simple k(Z21 %,)
- module, D" a simple k(Zy ! £,) - module [6, Theorem 10.33], and A is a
p-regular bi-partition of »r and A® is a p-regular bi-partition of s.
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Denote,
K:ésg = {(AF, \E) : ALis p regular bi-partition of r, A is p regular bi-partition of s}.
If p=0 or p>max(r,s) then the group algebra k(Z2 12, x Z21X,) is semi
simple.
Let A™s={(AL,AB) | AL is bi-partition of r, A\ is bi-partition of s}.
Let Kr)s denote the indexing set for the simple Br,s- modules. From proposition
(4.1.), we can define an exact localization functor,

Frs: an- mod — Br—l,s—l' mod by F, (M) =¢.s M ;M € an—
mod, and a corresponding right exact globalization functor G,_; s—1 in the opposite
direction,

Grfl,sfl : r—1,s—1~ mod — Br,s' mod by
GT—LS—I(N) = Br,s €r7s ®5»T1l§BT_S Er.s N; Ne¢ Br—l,s—l - mod.

By Theorem 1 in [5] and (4.2), we have that, for r,s > 0
Kr,s = Krfl,sfl U KT’S

reg*

Proposition 4.3. If x # 0 or r # s then
min(r,s) _

N r—i,s—1i
AT;S - '|_|O Areg7 .
i=

Proof. Since

Ar,s = Ar—l,s—l U A;:’esg
= A2 2U A:e_gl’s_l U AL, and so on, we have,
min(r,s)
(4.3) Ko = U Kig#= as Bpo= Do, 2 k(Z215,)
i=0

O

We shall describe the walled signed Brauer algebra in terms of partial one-row
diagrams.

Given a walled signed Brauer diagram de BT,S with ¢ signed upper horizontal
and ¢ signed lower horizontal arcs.
Denote by d* the configuration formed by the signed upper horizontal arcs in J; and
by d~ the configuration formed by the signed lower horizontal arcs in d. Renumber
the upper vertices of the propagating lines in d from left to right as 1,2,...,r —
t,r—t+1,r—t+2,...7r+ s — 2t and their lower vertices from left to right as
1,2,...,r—t,r—t+1,...,r + s — 2t. Then the propagating lines define an element
0q = (0,f) € Zy 1 Xy_y X T} By such that o(i) = j if the i"" upper vertex on
a propagating line is connected to the lower vertex j, where o € ¥,._; X X5_; and
feAL2,...,r—t,r—t+1,...r+s— 2t} — Zo with
i) = { 0, if the corresponding propagating line is positive;

1, if the corresponding propagating line is negative.

Therefore d is uniquely written as
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—

d= XJ*,E*,od'

We denote the set of elements d™ arising thus by v, s+ (and by abuse of notation
use the same set to refer to the elements d— that arise), and call this the set of partial
one-row (r, s,t) diagrams.
Lemma 4.4. Let V; be the vector space over k(x) with basis vy ;. then for 1 > 0
the algebra J;/Ji41 is isomorphic to an inflation Vi @ Vi @ k(Zo 1 38— X Lo 1 X5—1)
of k(Za 1 X1 X Ly 1 X)) along a free k-module Vi of rank | v, s, | with respect to
some bilinear form (we shall define in the proof).
Proof. Let ¥ : Vi@ Vi @ k(Zo 1 Xp—y X Zo1Xs—1) — J;/Ji41 be a map is defined by

Wd* o d @od) = Xz g,
We have to define ¢;;
-+ —_ — -+ - —
Let di ®di ®04,d2 ®@dy ®04, €EVI®VI® k(L1 50y X Lo 1 ¥sy).
Then, we have w(d_iJr ®dy ®oq)= X+ p-o, € Bm(x) and

dy
ot o
¢(d2 ® do ®O'd2):Xd”2+

€ D,.(x)
2
By definition of the multiplication in an(a:), we have, Xdﬂ1+ & oy .Xd;+ & o
i oay A2,
-
z'.d,

where t is the number of closed loops in the product Xd]*,d]’,adl . Xd;+7d;—7gd2

da 04

2

and

de Bm(gc) having 2I or more signed horizontal edges.
) T N N _
Since (dl ® dy ®0d1).(d2 ® do ®O’L{2) =d; ®dy ®O’dl¢l(d1 ,d;_)ddQ.

If this product Xd]*,d]’,adl' &t o, does not have propagating vector (r —
l,s —1) then
set ¢y(dy ,ds ') = 0, other wise, ¢y(d; ,dy ) = 2" 04 ; where oq € k(ZolSr—_y X Zal
35_1) such that Xd1+,d17,0d1 ) Xd~2+7d»27’0d2 —2td= a:t.Xd~1+7d~27’adladgd2. Consider,
W((d @di @og)(ds ©dy ®0a,)) = w(di ©dy ®oudu(dy,d)oa,)
= Y @dy ®oq, (2" 0a)oa,)
= Xt &~ 04,0404,
= Xt d e KBt a0,
Y(di ®di ®oa)(d ©dy ®oa)) = $(di ©@di ®og)p(d2 ©dy ©og,)
1 is the algebra homomorphism.
Suppose that w(dz+ ®d ® 0dq,) = z/J(d;+ ®dy ® Cdy)
then Xd1+,d;7,a(ll = X5t @ o,
d_iJr = d_;r,d_r —dy ,04, =04, and d_i+ ®d ®og = d_;r ®dy @0,

1) is one-to-one.
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Now let d € Ji/Ji+1 then d=X

J+,J7,Ud'
Consider, B
W ©d ©0)=Xp p, =d
1) is onto, since d*@d @0, eVi®V® k(Zo 13—y X Lot Xs_y)
Hence ) is an isomorphism. O

Lemma 4.5. Let cfl € Jm/JIm+1 and cfz € Jpn/JInt1 be two diagrams in Br,s whose
pre image is cff ®cff ®oy and J;' ®d’; ® oy respectively, under the bilinear forms for
their respective layers. We assume that n > m. Then the product cflcfg is either an
element of Jn/Jnt1 , or is an element of J,11. In the former case it corresponds

under ¥ to a scalar multiple of an element d+ ® @' ® poy; where d+ e V. and
ne k(ZQ Uy X Zind Es,n).
There is a similar statement for n < m.

Proof. The proofs of both statements are very similar to that of Lemma 4.4. O

Lemma 4.6. The involution on Br,s corresponds to the standard involution on
Vio Vi@ k(Za 1 Sy X Lot Xs_y) which sends dtod @ tod ®@dT @0 L.

Proof. The proof follows easily from the definition of the involution as the reflection
in the horizontal axis. g

Proposition 4.7. The walled signed Brauer algebra Br,s s an iterated inflation
of group algebra of the form (Zo 1 X,—; X Za13s—;) for 0 <1 < min(r,s) along V.
Proof. By the above lemmas, the fact that k(Z21 X, X Zs ! Xy) is cellular, and the
proposition 2.17., we have that,

rs() is an iterated inflation of the group algebra of (Z31 X, X Zy1Xs) and hence
as a k-module BT’S(m) is equal to
k(Z213, X Z1Es) D (Vi @ VI Qk(Z21 311 X Zo13s-1)) B (Va @ Vo @ k(Za 1 X2 X
Zo1Xs2))D......
and the iterated inflation starts with k(Zy 13, X Zo ! Xy) inflates it along V1 @ V1 ®
k(Zo1Xr—1 X Z21Ys—1) and so on, ending with an inflation of k = k(Z21X;) or
k = k(Za %)) as bottom layer (depending on whether (r 4 s) is odd or even). O

Theorem 4.8.

(i) The walled signed Brauer algebra an is cellular with a cell module A, (AT, \T?)
for each (NE,AB) € Ar=bs=1 with 0 < | < min(r, s).
(ii) If x # 0 or r # s then the simple modules are indexed by all pair (I, \¥, \T?),
where 0 < 1 < min(r,s) and (A\¥, \®) e A7 b=
(iii) If x =0 and r = s we get the same indexing set for simple modules as in (ii);

but with the single simple corresponding to I = min(r,s).

Proof. (i)  From the basis definition in [8], we have the following result,
A cell basis for k(Z2 13, X Zs 1 3g) can be obtained as a product of cell basis for



1066 Balachandran Kethesan

k(Z21 %) and k(Z21Zs).

Hence k(Z2 13, X Z 1 %) is cellular with cell modules of the form M X N, where
M, N are cell modules for k(Z21%,) and k(Zq 1 35) respectively.

By Proposition 4.7. and Theorem 2.18., we have,

ﬁ;s is cellular with cell module A, o(AL, AR) for each (A\F, AB) € A7—bs—1,

(ii) by Proposition 4.3, for  # 0 or r # s, the simple modules of BT’S are indexed
by all pair (I, \E, A®), where 0 < I < min(r, s) and (AL, \) € /_\’:;gl’S*Z.

(iii) In the case of x = 0, the above assertion is also valid except that the case [ =0
(which occurs only for r even) does not contribute a simple module. O

Corollary 4.9 If eitherg =0 or p > max(r,s) and either x # 0 or z = 0 and
r # s then the algebra

rs(x) is quasi-hereditary with heredity chain induced by
the idempotent €, ¢ ;. In all other cases an(aj) 18 not quasi-hereditary.

Proof. The proof follows immediately form the fact that a cellular algebra is quasi-

hereditary precisely when there are the same number of simples as cell modules.
r.s 18 quasi-hereditary with heredity chain

e CJiC Jit C s CJ1 C Jo = Dy, whete J; = Dyy @.si Drs. 0

Conclusion. We established the cellularity of walled signed Brauer algebras and we
also give a necessary and sufficient condition for the walled signed Brauer algebras to
be quasi-hereditary. As an application of this paper, we will describe the irreducible
representations of a certain Lie superalgebra, by using [8] and Schur-Weyl duality,
in our subsequent paper.
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