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THE UNIT TANGENT SPHERE BUNDLE WHOSE
CHARACTERISTIC JACOBI OPERATOR IS
PSEUDO-PARALLEL

JONG TAEK CHO AND SUN HyaNGg CHUN

ABSTRACT. We study the characteristic Jacobi operator £ = R(-,&)¢
(along the Reeb flow &) on the unit tangent sphere bundle 71 M over
a Riemannian manifold (M",g). We prove that if ¢ is pseudo-parallel,
i.e., R-£ = LQ(g,¢), by a non-positive function L, then M is locally flat.
Moreover, when L is a constant and n # 16, M is of constant curvature
0or 1.

1. Introduction

It is intriguing to study the interplay between Riemannian manifolds and
their unit tangent sphere bundles. In particular, we are interested in the stan-
dard contact metric structure (7, g, ¢,€) of a unit tangent sphere bundle 77 M
over a given Riemannian manifold (M, g). It is remarkable that the character-
istic vector field £ on T3 M contains a crucial information about M. In fact, all
the geodesics in M are controlled by the geodesic flow on T3 M which is pre-
cisely given by £. Apart from the defining structure tensors 7, g, ¢ and &, the
so-called characteristic Jacobi operator £ = R(-,£)¢ plays a fundamental role
in contact Riemannian geometry, especially in the unit tangent sphere bundle
(cf. [2]). Here, R denotes the Riemannian curvature tensor determined by g.
In Section 3, we prove that the characteristic Jacobi operator ¢ vanishes if and
only if M is locally flat (Proposition 2).

On the other hand, for a Riemannian manifold (M, g) a tensor field F' of
type (1,3);

F:X(M) x X(M) x X(M) — X(M)

is said to be curvature-like provided that F' has the symmetric properties of
R. Here X(M) is the Lie algebra of all vector fields on M. For example,
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(XAY)Z = g(YV,2)X — g(Z,X)Y, X,Y,Z € X(M), defines a curvature-
like tensor field on M. Note that a Riemannian manifold (M, g) of constant
curvature c satisfies the formula R(X,Y) = c¢(X AY).

As is well-known, a curvature-like tensor field F acts on the algebra T.}(M)
of all tensor fields on M of type (1,s) as a derivation (cf. [5]). Then P is said
to be semi-parallel if R- P = 0, where - means that R acts as a derivation on P.
Pseudo-parallelism is defined as the natural generalization. Namely, P is said
to be pseudo-parallel if R- P = LQ(g, P) for some function L, where Q(g, P)
is defined by

(g, P)(X1,...,. XV, X) = (X AY)P(Xq,...,Xs)

=Y P(X1,.. (X AY)X;, .. Xy).
j=1

In the present paper, we study pseudo-parallelism of the characteristic Jacobi
operator ¢ on the unit tangent sphere bundle T M: R - ¢ = LQ(g,/) for a
function L on T3 M. Then we easily see that vanishing ¢ implies pseudo-parallel
£. Moreover, pseudo-parallel £ includes the case of semi-parallel £ (L = 0). The

main purpose of the present paper is to prove the following.

Main Theorem. Let (M, g) be an n-dimensional Riemannian manifold and
Ty M be the unit tangent sphere bundle over M with the standard contact metric
structure (1, g, ¢,&). Suppose that the characteristic Jacobi operator € of Ty M
is pseudo-parallel by a function L on T1 M. Then we have the following results:
(i) #f L <0, then M is locally flat,
(i) of L is constant and n # 16, then M is of constant curvature 0 or 1.

Conversely, for the unit tangent sphere bundle over a space of constant curva-
ture ¢ =0 or ¢ = 1, the characteristic Jacobi operator { is pseudo-parallel with
L =0 or L =1, respectively.

2. Preliminaries

All manifolds in the present paper are assumed to be connected and of class
C*. We start by collecting some fundamental material about contact metric
geometry. We refer to [1] for further details. A (2n + 1)-dimensional manifold
M?"*1 s said to be a contact manifold if it admits a global 1-form 7 such that
nA(dn)™ # 0 everywhere. Given a contact form 7, we have a unique vector field
¢, the characteristic vector field, satisfying n(¢) = 1 and dn(¢, X) = 0 for any
vector field X on M. It is well-known that there exists a Riemannian metric g
on M and a (1,1)-tensor field ¢ such that

(1) n(X)=g(X,8), d(X.Y)=g(X,¢Y), ¢*X=-X+n(X),
where X and Y are vector fields on M. From (1) it follows that
(2) ¢ =0, n0¢=0, g(¢X,6Y)=g(X,V)-nX)n{).
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A Riemannian manifold M equipped with structure tensors (1, g, ¢, £) satisfying
(1) is said to be a contact metric manifold and is denoted by M = (M;n, g, ¢, £).
Given a contact metric manifold M, we define the structural operator h by
h = %f ¢®, where £ denotes Lie differentiation. Then we may observe that h
is symmetric and satisfies

(3) hé =0 and h¢ = —oh,
(4) V&= —0X — ¢hX,
where V is the Levi-Civita connection. From (3) and (4) we see that each
trajectory of £ is a geodesic. We denote by R the Riemannian curvature tensor
defined by

R(X,Y)Z =V%(VyZ)-Vy(VxZ) - Vix 2
for all vector fields X,Y and Z. Along a trajectory of &, the Jacobi operator
¢ = R(-,€)¢ is a symmetric (1,1)-tensor field. We call it the characteristic
Jacobi operator. A contact metric manifold for which £ is Killing is called a

K -contact manifold. For a contact Riemannian manifold M one may define
naturally an almost complex structure J on M x R:

_d _ . d

where X is a vector field tangent to M, ¢ the coordinate on R and f a function
on M x R. If the almost complex structure J is integrable, M is said to be
normal or Sasakian. It is known that a contact metric manifold M is normal
if and only if M satisfies

[, ] +2dn @ & =0,

where [, ¢] is the Nijenhuis torsion of ¢. A Sasakian manifold is also charac-
terized by the condition (V5¢)Y = g(X,Y )¢ —n(Y)X and this is equivalent
to

(5) R(X,Y)E=n(Y)X —n(X)Y
for all vector fields X and Y.

Proposition 1. For a Sasakian manifold, the characteristic Jacobi operator ¢
is pseudo-parallel with L = 1.

Proof. Let M = (M;n, g, $,€¢) be a Sasakian manifold. Then, from (5) we get
(6) (X =X —n(X)¢
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L(XAY)-0)Z
® = L{(XAY)Z - (X AY)Z)}
= L{g(Y 42)X — g(X L2)Y —g(Y,2) (X + g(X, 2)tY}
= L{n(R)5(V, 2)¢ — n(V)3(X, 2)6 + n(X)m(Z)Y — n(¥In(Z) X},
Then from (7) and (8), we can see that £ is pseudo-parallel and L = 1. O

3. The contact metric structure of the unit tangent sphere bundle

The basic facts and fundamental formulae about tangent bundles are well-
known (cf. [6], [9], [14]). We only briefly review some notations and definitions.
Let M = (M, g) be an n-dimensional Riemannian manifold and let TM denote
its tangent bundle with the projection 7 : TM — M, w(p,u) = p. For a
vector field X on M, its vertical lift XV on T'M is the vector field defined by
Xw = w(X) om, where w is a 1-form on M. For the Levi Civita connection
V on M, the horizontal lift X" of X is defined by X"w = Vxw. The tangent
bundle T'M can be endowed in a natural way with a Riemannian metric g, the
so-called Sasaki metric, depending only on the Riemannian metric g on M. It
is determined by

g(XhaYh>:g(XU7YU>:g(X7Y>O7T7 g(XhaYv):()
for all vector fields X and Y on M. Also, TM admits an almost complex
structure tensor J defined by JX" = XV and JX" = —X". Then g is a
Hermitian metric for the almost complex structure J.

The unit tangent sphere bundle 7 : TYM — M is a hypersurface of TM
given by gp(u,u) = 1. Note that @ = 7 o4, where ¢ is the immersion of T3 M
into TM. A unit normal vector field N = u” to T1M is given by the vertical
lift of w for (p,u). The horizontal lift of a vector is tangent to T3 M, but the

vertical lift of a vector is not tangent to 77 M in general. So, we define the
tangential lift of X to (p,u) € T'M by

Xfp,u) = (X - g(Xa U)U)U

Clearly, the tangent space T, )71 M is spanned by vectors of the form X h and
X', where X € T,M.

We now define the standard contact metric structure of the unit tangent
sphere bundle T3 M over a Riemannian manifold (M,g). The metric ¢’ on
T1 M is induced from the Sasaki metric g on TM. Using the almost complex
structure J on TM, we define a unit vector field ¢, a 1-form n’ and a (1,1)-
tensor field ¢’ on Ty M by

& =—-JN, ¢ =J—-nxN.
Since ¢/(X,¢'Y) = 2dn/'(X,Y), (v, ¢',¢', &) is not a contact metric structure.

If we rescale this structure by

1 _ 1
€:2§Ia 772577/’ ¢: Ia g:Zg/a
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we get the standard contact metric structure (7, g, ¢,€). The tensors £ and ¢
are explicitly given by

(9) E=2', oX'= X"+ Jg(X,u), 6X" =X,

where X and Y are vector fields on M.

From now on, we consider Ty M = (T1 M;n, g, ¢, &) with the standard contact

metric structure. Then the Levi-Civita connection V of 11 M is described by
vX"Yt = _g(Ya U)Xta

— 1

Vx:Yh = 3 (R(u, X)Y)",

_ 1

VY= (VxY) + 5 (R(u,Y)X)",

= h h 1 t

VxrY"=(VxY)" — 3 (R(X,Y)u)

for all vector fields X and Y on M.
Also the Riemann curvature tensor R of T3 M is given by

R(Xtv Yt>Zt = 7(g(X, Z) - g(X, u)g(Z, u))Yt

+(9(Y, 2) — g(Y,u)g(Z, u)) X",
R(XHYHZ" = {R(X — g(X, u)u,Y — (Y, u)u)Z}"

+ i{[R(u,X), R(u,Y)|Z}",
R(X"YYHZ! = —%{R(Y —g(Y,u)u, Z — g(Z,u)u) X }"

- i{R(u,Y)R(u,Z)X}h,
R(X", Y1 7" = %{R(X, Z)(Y — g(Y,u)u)} — E{R(X, R(u,Y)Z)u}'
(11) + %{(VXR)(u,Y)Z}h,
R(X"YMZ' = {R(X,Y)(Z - g(Z,u)u)}'
+ i{R(Y, R(u, Z)X)u — R(X, R(u, Z)Y)u}'
+ %{WXR)(u, 2)Y ~ (VyR)(u, 2)X}",

R(X",YMZM = (R(X,Y)Z)" + %{R(u, R(X,Y)u)Z}"

- i{R(u, R(Y, Z)u)X — R(u, R(X, Z)u)Y}"

(VR Y )’
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for all vector fields X, Y and Z on M. Using the formulae (11), we get
(Xt = (R2X)' +2(R, X)",
(XM = 4R, X)" = 3(R2X)" + 2(R, X)",

where R, = R(-,u)u, R, = (V.R)(-,u)u and R? = R(R(-,u)u,u)u. We can
refer to [2, 3, 4] for the formulas (10) ~ (12). From (12), we have the following
proposition.

(12)

Proposition 2. The characteristic Jacobi operator £ of T1M wvanishes if and
only if M 1is locally flat.

Proof. Suppose that the characteristic Jacobi operator ¢ vanishes. Then we
get from (12) R, X = 0 and R2X = 0. The former implies that (M,G) is a
locally symmetric space ([8], [13]) and the latter does that the eigenvalues of
R, are constant and equal to 0, i.e., (M, G) is a globally Osserman space (i.e.,
the eigenvalues of R, do not depend on the point p and not on the choice of
unit vector u at p). However, a locally symmetric globally Osserman space is
locally flat or locally isometric to a rank one symmetric space ([7]). Therefore,
we conclude that M is a space of constant curvature 0.

4. Proof of Main Theorem

Suppose that the characteristic Jacobi operator £ of T7 M is pseudo-parallel
by a function L on Ty M. Then T7 M satisfies

R(X,Y)WZ —(R(X,Y)Z)
= L{g(Y 42)X —g(X L2)Y —g(Y,2) (X + g(X, Z)(Y'}.
We put Y = ¢ in (13). Then we have
(14) R(X,)0Z — UR(X,8)Z) = L{-§(X , LZ)§ — n(Z)(X }.
Setting X = X!, Z = Z! in (14), and applying the Riemmanian metric g on
Ty M for Y" on both sides, then we have the following equation:

(13)

1 1 1

(15) 2 )
— g(Vu)(u, X)R, 2,Y) = =7 Lg(X, B2 Z)g(Y, u).

We put Y = u in (15). Then we have
1 1
9(—RuX — R’X,7) = —2Lg(RX. Z)
for any vector fields X and Z on M, that is, it holds
(16) R:X +4R.’X = LR®X.

Since R, is symmetric operator, if L < 0, from (16) we have R, = 0 and
R, = 0. Therefore, using the similar arguments in the proof of Proposition 2
we see that M is locally flat. This completes the proof of (i).
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Next, in order to prove the second part of Main Theorem we prepare the
following lemma.

Lemma 3. Let (M, g) be a locally symmetric space. Then the characteristic
Jacobi operator £ of Ty M is pseudo-parallel by a function L on TyM if and
only if M is of constant curvature 0 or 1.

Proof. 1f we set X = X" Z = Z" in (14), and apply the Riemmanian metric
g on Ty M for Y" on both sides, then we have the following equation:

(17)
49(R(X,u)RuZ,Y) + 29(R(u, Ry X)R,Z,Y) — g(R(R.Z,u)X,Y)

— 9(R(X, RuZ)u, RLY) — 39(R(X, u)F3Z,Y) — Sg(R(u, RX)R3Z,Y)

+ S9(RRZ,w)X,Y) — Sg(R(RLZ, X )u, RY) + g((Vx B)w, B, Z)u, Y
~2g(R(u, RuX)Z, RY) + Sg(R(u, RX)Z, FY) + g(R(RuZ, )X, R,Y)

3 3

- g((VZR) (Xa u)uv R;Y)
= iL{—4g(X, R, Z)g(Y,u) + 3g(X, R3Z)g(Y, u) — 49(RuX,Y)g(Z, u)

+39(RYX,Y)g(Z,u)}.
Putting Y = w in (17), we have

1
(18) —%Rﬁx +6R3X —4R2X — R.’X = FL(ARX + 3R2X).
We suppose that M is locally symmetric. Then from (16) and (18), we obtain
(19) RiX = LR2X,
(20) —9R!X + 24R3X — 16R2X = L(—4R,X + 3R2X).

We assume that R, X = AX for a function A on M. Then from (19) and (20),
we have

(21) M =LA\

(22) 9Nt — 2403 +160% — 4L\ + 3L\ = 0.

From (21), we have A\ =0 or L = A%, If L = A? and X # 0, from (22), we have
(B\—4)(A—1) = 0.

Hence, A =0,1 or %, and then (M, g) is a globally Osserman space. But, it is
also locally symmetric, and then it is locally isometric to a rank one symmetric
space. However, we can easily check that T3 M of a space of constant curvature
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% does not satisfy pseudo-parallelism of ¢. Therefore, we conclude that (M, g)
is of constant curvature 0 or 1. By Propositions 1 and 2, the converse is easily

proved. [l
Now we assume that L is constant. Then, from (16) and (18), we have

(23) 2R!X —6R3X +4R2X = L(R,X — R%X).

If we put R, X = A\X, we get

(24) AMA—1)(20% =4\ + L) = 0.

Here, we use Nikolayevsky’s results ([10, 11, 12]) on the Osserman conjecture.
Then we find that (M™, g) is locally isometric to a rank one symmetric space,
when n # 16. Thus, by Lemma 3 we conclude that (M,g) is of constant
curvature 0 or 1, when n # 16. Conversely, by Propositions 1 and 2, we see
that for the unit tangent sphere bundle over a space of constant curvature ¢ = 0
or ¢ = 1, the characteristic Jacobi operator ¢ is pseudo-parallel with L = 0 or
L =1, respectively. This completes the proof of Main Theorem.

Corollary 4. If ¢ of T1 M is semi-parallel, that is, L = 0, then M is locally
flat.
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