Commun. Korean Math. Soc. 31 (2016), No. 1, pp. 131-138
http://dx.doi.org/10.4134/CKMS.2016.31.1.131

ON A FUNCTIONAL EQUATION ARISING FROM
PROTH IDENTITY

JAEYOUNG CHUNG AND PRASANNA K. SAHOO

ABSTRACT. We determine the general solutions f : R? — R of the func-
tional equation f(ux—vy, uy+v(z+vy)) = f(z,y)f(u,v) for all z,y,u,v €
R. We also investigate both bounded and unbounded solutions of the
functional inequality | f(uz — vy, uy +v(z+vy)) — f(z,y) f(u,v)| < ¢(u,v)
for all z,y,u,v € R, where ¢ : R2 — R4 is a given function.

1. Introduction
The simple identity
(1.1) z4+y4+(:c+y)4:2 (x2+xy+y2)2

is known as the Proth identity and was first published in 1878 (see [2]). It can
be easily established by expanding the right hand side and using the binomial
theorem. If we denote the quadratic form on the right hand side of (1.1) by

(1.2) fla,y) =2® +ay +y?,
then it can be easily verified that
(1.3) flux —vy,uy +o(z +y)) = f(,9) f(u,v)

for all z,y,u,v € R. However, it is not so obvious that the function f given in
(1.2) is the only solution of (1.3).

The Proth identity means that if we represent a given positive integer n as
f(x,y), where z and y are integers, then we have a representation of 2n? as
a sum of three fourth powers, i.e., 2n? = z* + y* + (x +y)*. The functional
equation (1.3) says that if two integers have representations of the form f(z,y),
then so does their product. Using the facts, the authors of [2] gave a simple
proof of the following result: For every positive integer m, there is an integer
n with at least m proper representations as the sum of three fourth powers. As
an example, suppose m = 4, then one can find an integer n, namely n = 1729
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such that 2 - 17292 can be expressed as the sum of three fourth powers in four
ways:

2(1729)% = 84 + 371 445 = 3% +40% 4+ 43% = 231 +- 257 448" = 15% +-32% +47%.

About the integer 1729, once Ramanujan said to Hardy that the number 1729
is an interesting number because it is the smallest number expressible as the
sum of two cubes in two different ways (namely 93 + 103 = 13 + 123 = 1729).

In [3], the authors determined the general solution f : R? — R of the
functional equation (1.3) (see Theorem 2.4 in [3]). In the general solution, a
factor was missing from the solution. The interested reader should refer to the
books [5] and [4] on the subject of functional equations and stabilities. In this
paper, first we determine the general solutions f : R?> — R of the functional
equation (1.3) for all &, y,u,v € R by a simple but different method than the
one used in [3] and correct the solution in Theorem 2.4 of [3]. Then, by finding
a condition (see (3.2)) for the solution f of the following functional inequality
to be unbounded we investigate both the bounded and unbounded solutions of
the functional inequality

(1.4) |f(uz — vy, uy +v(z +y)) = f(2,y) f(u,0)] < ¢(u,v)

for all z,y,u,v € R, where ¢ : R> — R is a given function.

2. General solution of the equation (1.3)

In this section, we find the general solutions of the functional equation (1.3)
for all z,y,u,v € R. Throughout this paper we denote by R, the set of all
positive real numbers and R3 = R? \ {(0,0)}. For a complex number z of the
form x + iy, we denote arctan (£) = arg(z + iy) € [0, 27).

Theorem 2.1. The general solution f : R? — R of the equation (1.3) is given
by f=1 or

@1) o) = M@ +ay+ ) PEGE) | p0,0) =0

for all x,y € R3, where M : Ry — R is a multiplicative function and B :
[0,27) — R is an additive function such that B(x+m) = B(x) for all x € [0, 7).

Proof. Replacing (x,y) by (x— %y, %y) and (u,v) by (u— %v, %v) in (1.3)
we have

(2.2) f <uxvy \/Lg(uquvz), %(uquvz))

f< 1 2 >f< 1 2 )
= T — —y,— U— —=v, —=v
V3"’ NERRVE

for all x,y,u,v € R. Defining g : C — R by

1 2
T+1y) = r——y, —=y |, x,y€R,
g(x +iy) f( 7Y 3y) Y
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and using (2.2), we obtain

(2.3) 9(zw) = g(2) g(w)

for all z,w € C. Putting z = w = 0 in (2.3) we have g(0) = 0 or g(0) = 1.
If g(0) = 1, then putting w = 0 in (2.3), we have g(z) = 1 for all z € C. It
remains to consider the case when g(0) = 0. Assume that g # 0. If g(29) =0
for some zy # 0, then g(z) = g(225 ")g(20) = 0 for all z € C. Thus, g(z) # 0
for all z # 0. Replacing w by z in (2.3) we have g(2?) = g(2)? > 0 for all z # 0,

which implies g(z) > 0 for all z # 0. Using polar form of complex numbers, we
define h : R x [0,27) — R by

(2.4) h(r,a) =logg(z), z=¢"e®, 0<a<?2m.
Then from (2.3) and (2.4) it is easy to see that

(2.5) h(r,a) + h(s,B8) =h(r+s, a+ 3)

for all r,s € R, a, ,« + B € [0, 27), and

(2.6) h(r,a) + h(s,8) = h(r+s,a+ p — 2m)
forall m,s € R, o, 8 € [0,27), a + B > 27. Now, we can write
(2.7) h(r,a) = h(r,0) + h(0, ) := A(r) + B(a)

forallr € R, a € [0, 27), where A is an additive function on R and B : [0, 27) —
R satisfies

(2.8) B(a)+ B(B) =B(a+8), a+p<2r
(2.9) B(a)+B(8) =Bla+8—2m), a+fB>2rm

for all ai, 8 € [0,27). Note that the equations (2.8) and (2.9) clearly imply that
B(nm) + B(m) = B(0) = 0. Therefore B(r) = 0 and hence

(2.10) B(z 4+ m) = B(z) + B(r) = B(x)

for all z € [0, 7). Now, we can write

B
B

g(reia) — eh(logr,a) — eA(logr)-i—B(a)

for all ¥ > 0, a € [0,27). Let M : (0,00) — R by M(t) = e21°8 VD Then M

is a multiplicative function on (0, 00). Now, we have

(211) f(z.y) =g (m TRE Q?J) — M(a? + ay + y?) 2 (reian(335))

2 2

for all (z,y) € R2 and f(0,0) = g(0) = 0. The proof of the theorem is now
complete. (I

Remark 2.2. We can find a nonzero function B : [0,27) — R satisfying (2.8)
and (2.9). Let H be a basis (Hamel basis) of the vector space R over the field
Q of rational numbers such that # € H. Let By : H — R be a nonzero function
such that Bp(m) = 0. Then, there exists a unique extension B : R — R of By
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such that B(x+y) = B(z)+ B(y) for all x,y € R. Now, the restriction Bl )
of B on [0,27) is a nonzero function satisfying (2.8) and (2.9).

In particular, if f is Lebesgue measurable, then both A and B are Lebesgue
measurable. Thus, we have M (t) = t* and B(z) = bx for some a,b € R. From
(2.10) we have B = 0. Thus, as a direct consequence of Theorem 2.1 we have
the following corollary.

Corollary 2.3. Let f : R? — R be a Lebesque measurable function. Then f
satisfies the functional equation (1.3) for all x,y,u,v € R if and only if either
f=0, f =1 or there exists a € R such that

(2.12) fla,y) = (@ +zy+y*)° £(0,00=0
for all (z,y) € RE.

3. Stability of functional equation (1.3)

In this section, we consider the stability of the equation (1.3), by determining
the solution of the functional inequality

(3.1) |f (uz — vy, uy +v(x +y)) = f(z,y) f(u,v)| < ¢(u,v)
for all z,y,u,v € R and for some given ¢ : R? — R_.

Theorem 3.1. Let f : R? — R satisfy the functional inequality (3.1). Assume
that there exist (zo,y0) € R? and (uo,vo) € R3 such that

(3.2) | f (@0, y0) (If (w0, vo)| — 1)| > p(uo, vo).

Then f is unbounded and has the form

By
(33)  Jly) =M@ 4y +y) "0 GEE)0,0= 0
for all (x,y) € R3, where M : Ry — R is a multiplicative function and the
function B : [0,27) — R is an additive function satisfying B(x + m) = B(x)
for all x € [0,7).
Proof. Putting (u,v) = (uo,vp) in (3.1), letting 7(x,y) = (uox — voy, vox +
(up + vo)y) and using the triangle inequality on the resulting inequality we
have

(3.4) [f(r(z,y))| = |f (2, y)] |f (w0, v0))| = ¢(uo, o)
for all z,y € R.

Let us assume that |f(ug,v)| > 1. Then we have
¢(uo, vo)

3.5 o, yo)| — —22t0:Y0)

( ) |f( 0 y0>| |f(U0,’U0)|_1

Subtracting lf‘b(“& from both sides of (3.4) we have

(uo,v0)|—1
é(uo, vo)
|f(U0,Uo>| -1

> 0.

(3.6) |f(r(z,9))| =

> 1o, o)) (7o) - i) )

|f(Uovvo>| -1
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for all z,y € R. Replacing (z,y) by 7" (z0,50),n = 0,1,2,..., in (3.6) we
have

(3.7) £ (20, 0))| — |f(¢;(OUOT?)J|O)1
> (o) (167 o o)) = preestl )
for all n = 1,2,3, ... Thus, from (3.7) we have
(38) 77 )| - st
> 1 a0 (1fz0,0)| - oiestl )
for all n = 1,2,3,.... Since |f(uo,v0)| > 1 and |f(zo,y0)| — reeel s > 0, it

follows from (3.8) that
(7™ (@0, yo0))| — o0
as n — 00.
Next, assume that |f(ug,v9)] < 1. Putting (u,v) = (ug,vp) in (3.1) and
using the triangle inequality on the resulting inequality we have
(3.9) |f (@, )1 f (w0, vo))| = [f(7(z, )] — d(uo, vo)
for all z,y € R. Since (ug,vp) # (0,0) we have

1 _ ((uo +vo)z +voy  uoy — vox
T (‘rEa y) - 2 2 v 9 2 .
ug + upvo +vg - UG + UV + Vg

Replacing (x,y) by 771 (z,y) in (3.9) we have

(3.10) |F(r7 (@, )] |f (uo, vo))| > |f (2, )| — d(uo, vo)

for all z,y € R. If f(ug,v9) = 0, putting (u,v) = (ug,vo) and (x,y) =
771 (0,90) in (3.1) we have

(3.11) |f(z0,y0)| < d(uo,v0)

which contradicts (3.2). Thus, f(ug,vo) # 0. Dividing (3.10) by |f(uo,vo)|,
subtracting % from the result and using the same procedure as in the
case when |f(uo,v0)| > 1 we have

(3.12) (1™ (20, 90))] = %
> | f (uo, vo)| ™" (IJ“(%M/O)| - %)

foralln =1,2,3,.... Since 0 < |f(uo,v0)| < 1 and |f(x0,y0)|—% >0,
it follows from (3.12) that

(71" (20, y0))| — 00
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as n — oo. Thus, f is unbounded. Choose a sequence (pn,q,) € R%, n =
1,2,3,..., such that |f(pn,qn)| = 00 as n — co. Replacing (x,y) by (Pn,qn)
n (3.1), dividing the result by |f(pn, ¢n)| and letting n — oo in the result we
have

. fupn — v, vpp + (U +v)q,)
. =1
(3.13) f(u,v) = lim o)

for all u,v € R. Multiplying both sides of (3.13) by f(x,y) and using (3.1) we
have

fluv) fz,y)
f(upn — UQn, UVPn + (u + v)qn)f(x,y)

= lim
n—0o0 f(pn7 qn)

_ iy S = vy)pn = (uy + 0(@ +y))gn, (uy + v(@ +y))pn — (V2 + u(z + y))gn)
n—00 f(pm q”)

= f(uz — vy, uy +v(z +y))

for all u,v,x,y € R. Thus, by Theorem 2.1 we obtain the asserted result and
the proof of the theorem is now complete. ([l

As a consequence of Theorem 3.1 one can describe all bounded functions f
satisfying (3.1).

Corollary 3.2. Let f : R2 — R be a bounded function satisfying the functional
inequality (3.1) for all x,y,u,v € R. Then f satisfies

(3.14) @) < 20+ VIT 5@ y)

for all (z,y) € R% Also, if K = {(z,y) € R : ¢(z,y) < 1} # 0, then f

satisfies either

(3.15) %(1 +V1—=4¢(z,y)) <|f(z,y)| <

for all (x,y) € K, or else

o |

(1+V1+4¢(z,y))

N~

(1—/1—4¢(z,y))

(3.16) |fz,y)] <
for all (z,y) € K.

N | =

Proof. By Theorem 3.1, every bounded solution of (3.1) satisfies

(3.17) |f (@, y)(|f (u, 0)] = D] < ¢(u, v)

for all (x,y) € R?, (u,v) € R3. Replacing (u,v) by (z,y) in (3.17) and solving
the resulting inequality we obtain (3.14). Also, replacing (u,v) by (z,y) € K
in (3.17) we have, for each (z,y) € K,

(1+V1+4¢(z,y))

N~

(3.18) %(1 +V1—4¢(z,y)) <|f(z,y)| <
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or

(319) Fay) < 5 (- VI~ 36m0).

Assume that there exist (zo,yo), (uo,v0) € K such that

(o, 0] < 51~ v/T= 460,0)) and. |f(zo,30)| 2 31+ /T 400, o))

Then, putting (x,y) = (2o,v0), (u,v) = (ug,vp) in (3.17) we arrive at the
contradiction

1 1

15 | f (@0, yo) (| f (w0, vo)| — 1)| < ¢(ug,vo) < T
Thus, f satisfies (3.18) for all (z,y) € K, or (3.19) for all (z,y) € K. This
completes the proof. (I

Ifop(x)=e< i is constant, then we can give a more transparent description
of the bounded functions f satisfying (3.1) (see [1]).

Corollary 3.3. Let e < % and let f : R2 = R be a bounded function satisfying
(3.20) |f(uz — vy, uy +v(z +y)) — f(2,y)f(u,v)] < e
for all x,y,u,v € R. Then [ satisfies either

1 1
(3.21) 5(1+\/1—46)§f(x,y)§5(14—\/14—46)
for all (z,y) € RE, or else

1

(3.22) —e < fz,y) < 5(1 — V1 —4e)
for all (z,y) € RE.

Proof. Replacing (z,y) by (u,v) in (3.20) and using the triangle inequality we
have

(3.23) fu? =% 2uv +v?) > f(u,v)? —e> —e

for all (u,v) € R?. It is easy to check that {(u? —v?, 2uv+v?) : u,v € R} = R2
Thus, it follows that

(3.24) flx,y) > —e

for all (z,y) € R%. Since € < $(1 — /1 —4e), from (3.15) and (3.24) we get

(3.21), and from (3.16) and (3.24) we get (3.22). This completes the proof O

Remark 3.4. The value f(0,0) may not belong to the range of f(x,y) for
(z,y) € RZ. As a simple example, let f(z,y) ~ 1 for all (z,y) € RZ and
£(0,0) = 0. Then f satisfies (3.20).
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