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FRACTIONAL DIFFERENTIATION OF THE PRODUCT OF

APPELL FUNCTION F3 AND MULTIVARIABLE

H-FUNCTIONS

Junesang Choi, Jitendra Daiya, Dinesh Kumar, and Ram Kishore Saxena

Abstract. Fractional calculus operators have been investigated by many
authors during the last four decades due to their importance and useful-
ness in many branches of science, engineering, technology, earth sciences
and so on. Saigo et al. [9] evaluated the fractional integrals of the product
of Appell function of the third kernel F3 and multivariable H-function.
In this sequel, we aim at deriving the generalized fractional differentia-
tion of the product of Appell function F3 and multivariable H-function.
Since the results derived here are of general character, several known
and (presumably) new results for the various operators of fractional dif-
ferentiation, for example, Riemann-Liouville, Erdélyi-Kober and Saigo
operators, associated with multivariable H-function and Appell function
F3 are shown to be deduced as special cases of our findings.

1. Introduction and preliminaries

The multivariable H-function which was introduced and investigated by Sri-
vastava and Panda [18, p. 271, Eq. (4.1)] in terms of a multiple Mellin-Barnes
type contour integrals is defined by
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and Lj = Lωτj ∞, ω = (−1)
1

2 represents the contours which start at the point
τj − ω∞ and terminate at the points τj + ω∞ with τj ∈ R = (−∞, ∞)
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(j = 1, . . . , n). For a detailed defini-

tion, convergence and existence conditions of the multivariable H-function, the
reader may be referred to the original paper due to Srivastava and Panda [18]
(also see Srivastava et al. [19], Mathai et al. [5] and Samko et al. [11]).

For n = p = q = 0, the multivariable H-function breaks up into r product
of H-functions as follows (see Mathai et al. [5, 6]):
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where Hm,n
p,q (·) are the H-functions.

Fractional integration of multivariable H-function and a general class of
polynomials associated with Saigo-Maeda operators was investigated by Saigo
et al. [10]. In the sequel we aim at deriving the generalized fractional differ-
entiation of the product of Appell function F3 and multivariable H-function
under Saigo-Maeda fractional derivative. Two lemmas generalizing the results
given by Kilbas and Sebastian [3] are established. The results obtained here
are shown to be certain extensions of several earlier results given, for example,
by Kilbas [1], Kilbas and Saigo [2], Saigo and Kilbas [8], and so on.

A general class of multivariable polynomials of real or complex variables
x1, . . . , xs was defined and studied by Srivastava and Garg [17] in the following
form:

S
h1,...,hs

L (x1, . . . , xs)(5)
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where L, h1, . . . , hs ∈ N0 = N ∪ {0}, N being the set of positive integers, and
the coefficients A (L; k1, . . . , ks) (kj ∈ N0; j = 1, . . . , s) are real or complex
constants which are arbitrarily chosen.

2. Fractional calculus operators

For α, β, η ∈ C, C being the set of complex numbers, and ℜ (α) > 0, x > 0,
the generalized fractional calculus operators defined by Saigo [7] are given as
follows:
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If α, α′, β, β′, γ ∈ C and ℜ (γ) > 0, x > 0, the generalized fractional derivative
operators involving Appell function F3 given by Saigo and Maeda [9] are defined
by
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The following results are also required (see [11, p. 727, Eq. (5.4.51.2)]; see also
Saigo et al. [10]):
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The generalized fractional calculus operators due to Saigo-Maeda defined in
[11, 12] reduce to the following generalized fractional calculus operators due to
Saigo [7]:
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Further from [9, p. 394, Eqs. (4.18) and (4.19)], we have:

Lemma 2.1. The following formula holds true: For α, α′, β, β′, γ ∈ C, ℜ (α) >
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In particular, if α′ = 0, β = −η, γ = α, and α is replaced by α+ β in (20),

then the Saigo-Maeda operator becomes the Saigo operator as follows (see [9]) :
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In particular, if α′ = 0, β = −η, γ = α, α is replaced by α+ β in (22), then
the generalized fractional differentiation of tρ−1 is given by
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We present two more formulas asserted by the subsequent lemmas.
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An n-times differentiation of the last expression gives the formula (24). This
completes the proof. �

In particular, if α′ = 0, β = −η, γ = α, and α is replaced by α+ β in (24),
then the Saigo-Maeda operator becomes the Saigo operator (see [3]):
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(
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Lemma 2.4. The following formula holds true: For α, α′, β, β′, γ ∈ C, ℜ (α) >
0,
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= (−1)n
Γ (1− α− α′ + γ − ρ)

Γ (1− ρ)

×
Γ (1− α′ − β + γ − ρ) Γ (1 + β′ − ρ)
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where ℜ (1 + β − ρ) > 0, ℜ (1− ρ− α′ − β + γ) > 0, ℜ (1− ρ− α− α′ + γ) >
0, n = [ℜ (γ) + 1], and x > 0.

Proof. Using (13) and (15), we have
(
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x
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−
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An n-times differentiation of the last expression gives the formula (26). This
completes the proof. �

In particular, if α′ = 0, β = −η, γ = α, and α is replaced by α + β in (26),
then we obtain another known result (see [3]):

(27)

(

D
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(x) = (−1)
n Γ (1− β − ρ) Γ (1 + α+ η − ρ)

Γ (1− ρ) Γ (1 + η − β − ρ)
xρ+β−1

(n = [ℜ (γ) + 1] and x > 0) .

Remark 2.5. A detailed account of the operators of fractional integration and
their applications can be found in a survey-cum-expository paper by Srivastava
and Saxena [20], which contains a fairly comprehensive bibliography of as many
as 190 further references on the subject.

In what follows, the following notations are used throughout this paper:

(28) ξ = min
1≤j≤mi,1≤i≤r




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(

ℜ
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(i)
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
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(29) η = max
1≤j≤ni,1≤i≤r




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
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∑
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q
∑

j=1

β
(i)
j +

ni
∑

j=1

γ
(i)
j

−

pi
∑
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∑
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δ
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γ
(i)
j > 0, (i = 1, . . . , r) .(30)

3. Left-sided generalized fractional differentiation of the
multivariable H-functions

Here the left-sided generalized fractional differentiation defined in (12) for
the multivariable H-functions is investigated.

Theorem 3.1. The left-sided generalized fractional derivative D
α,α′,β,β′,γ
0+ of

the multivariable H-function is given as follows: For x > 0,
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(1−ρ−
∑s

i=1
λiki;µ1,...,µr),(1−ρ−

∑s
i=1

λiki+β−α;µ1,...,µr),
(1−ρ−

∑
s
i=1

λiki+β;µ1,...,µr),(1−ρ−
∑

s
i=1

λiki+γ−α−β′;µ1,...,µr),

(1−ρ−
∑

s
i=1

λiki+γ−α−α′−β′;µ1,...,µr),
(

aj ;ζ
(1)

j
,...,ζ

(r)

j

)

1,p
:
(

c
(1)

j
,ζ

(1)

j

)

1,p1

;...;
(

c
(r)

j
,ζ

(r)

j

)

1,pr

(1−ρ−
∑

s
i=1

λiki+γ−α−α′;µ1,...,µr),
(

bj ;β
(1)

j
,...,β

(r)

j

)

1,q
:
(

d
(1)

j
,δ

(1)

j

)

1,q1

;...;
(

d
(r)

j
,δ

(r)

j

)

1,qr

]

.

Eq. (31) is true provided (in addition to the appropriate convergence and exis-

tence conditions) that the following conditions are satisfied:

(i) α, α′, β, β′, γ, λ ∈ C, with ℜ (γ) > 0, µi ∈ R+, R+ being the set of

positive real numbers;
(ii) ξ < ℜ (λ) + min {0, ℜ (α− β) , ℜ (α′ − β′ + α− γ)} ;
(iii) |arg zj | <

π
2Ωj (j = 1, . . . , r), where Ωj is the same as in (30);

(iv) ℜ (ρ+ Ξ) > 0, ℜ (ρ+ α+ α′ + β′ − γ + Ξ) > 0, ℜ (ρ+ α− β + Ξ) >
0, where Ξ :=

∑r
i=1 λiki +

∑r
j=1 µjτj .
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Proof. Using (1), (5), and Lemma 2.3 and taking n = [ℜ (γ)] + 1 and q =
∑s

j=1 λjkj +
∑r

j=1 µjξj , we obtain

{

D
α,α′,β,β′,γ
0+ tρ−1 S

h1,...,hs

L

(

y1t
λ1 , . . . , yst

λs
)

H [z1t
µ1 , . . . , zrt

µr ]
}

(x)

=



















D
α,α′,β,β′,γ
0+ tρ−1

∑h1k1+···+hsks≤L

k1,...,ks=0 (−L)h1k1+···+hsks
A (L; k1, . . . , ks)

[y1t
λ1 ]k1

k1!
· · ·

[yst
λs ]ks

ks!

. 1
(2πω)r

∫

L1

· · ·
∫

Lr
ψ (ξ1, . . . , ξr)

{

r
∏

i=1

φi (ξi) [zit
µi ]

ξi

}

dξ1, . . . , dξr



















(x)

=

h1k1+···+hsks≤L
∑

k1,...,ks=0

(−L)h1k1+···+hsks
A (L; k1, . . . , ks)

yk1

1

k1!
· · ·

yks
s

ks!

1

(2πω)
r

×
∫

L1

· · ·

∫

Lr

ψ (ξ1, . . . , ξr)

{

r
∏

i=1

ϕi (ξi) [zi]
ξi

}

dξ1, . . . , dξr

{

D
α,α′,β,β′,γ
0+ tρ+q−1

}

(x),

=

(

d

dx

)n h1k1+···+hsks≤L
∑

k1,...,ks=0

(−L)h1k1+···+hsks
A (L; k1, . . . , ks)

yk1

1

k1!
· · ·

yks
s

ks!

×
1

(2πω)
r

∫

L1

· · ·

∫

Lr

ψ (ξ1, . . . , ξr)

{

r
∏

i=1

ϕi (ξi) [zi]
ξi

}

dξ1, . . . , dξr

×
Γ (ρ+ q) Γ (ρ+ q − γ + α+ α′ + β′) Γ (ρ+ q − β + α)

Γ (ρ+ q − γ + n+ α+ α′) Γ (ρ+ q − γ + α+ β′) Γ (ρ+ q − β)
xρ+q+α+α′−γ+n−1

= xρ+α+α′−γ−1

h1k1+···+hsks≤L
∑

k1,...,ks=0

(−L)h1k1+···+hsks
A (L; k1, . . . , ks)

yk1

1

k1!
· · ·

yks
s

ks!

×
1

(2πω)
r

∫

L1

· · ·

∫

Lr

ψ (ξ1, . . . , ξr)

{

r
∏

i=1

ϕi (ξi) [zi]
ξi

}

dξ1, . . . , dξr

×
Γ (ρ+ q) Γ (ρ+ q − γ + α+ α′ + β′) Γ (ρ+ q − β + α)

Γ (ρ+ q − γ + α+ α′) Γ (ρ+ q − γ + α+ β′) Γ (ρ+ q − β)
xq

= xρ+α+α′−γ−1

h1k1+···+hsks≤L
∑

k1,...,ks=0

(−L)h1k1+···+hsks
A (L; k1, . . . , ks)

×
yk1

1

k1!
· · ·

yks
s

ks!
xλ1k1+···+λsks

1

(2πω)
r

∫

L1

· · ·

∫

Lr

ψ (ξ1, . . . , ξr)

{

r
∏

i=1

ϕi (ξi) [zix
µi ]

ξi

}

×
Γ (ρ+ q) Γ (ρ+ q − γ + α+ α′ + β′) Γ (ρ+ q − β + α)

Γ (ρ+ q − γ + α+ α′) Γ (ρ+ q − γ + α+ β′) Γ (ρ+ q − β)
dξ1, . . . , dξr.

Now, interpreting the above result by means of (1), we arrive at the desired
result (31). This completes the proof. �

Corollary 3.2. A special case of Theorem 3.1 when n = p = q = 0 and

x > 0 gives the following result which is expressed in terms of r product of
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H-functions:

{

D
α,α′,β,β′,γ
0+ tρ−1S

h1,...,hs

L

(

y1t
λ1 , . . . , yst

λs
)

r
∏

i=1

Hmi,ni
pi,qi

[

zit
µi

∣

∣

∣

∣

∣

(

c
(i)

j
,γ

(i)

j

)

1,pi(

d
(i)

j
,δ

(i)

j

)

1,qi

]}

(x)

(32)

= xρ+α+α′−γ−1

h1k1+···+hsks≤L
∑

k1,...,ks=0

(−L)h1k1+···+hsks
A (L; k1, . . . , ks)

×
yk1

1

k1!
· · ·

yks
s

ks!
xλ1k1+···+λsksH

0,3:m1,n1;...,mr,nr

3,3:p1,q1;...,pr,qr

[

zix
µi

∣

∣

∣

∣

(1−ρ−
∑

s
i=1

λiki;µ1,...,µr),(1−ρ−
∑

s
i=1

λiki+β−α;µ1,...,µr),
(1−ρ−

∑
s
i=1

λiki+β;µ1,...,µr),(1−ρ−
∑

s
i=1

λiki+γ−α−β′;µ1,...,µr),

(1−ρ−
∑

s
i=1

λiki+γ−α−α′−β′;µ1,...,µr),
(

c
(1)

j
,γ

(1)

j

)

1,pi

(1−ρ−
∑

s
i=1

λiki+γ−α−α′;µ1,...,µr),
(

d
(1)

j
,δ

(1)

j

)

1,qi

]

,

which holds true under the same conditions as given in Theorem 3.1.

Further, if we set r = 1, then (32) reduces to the result for a single H-
function given by Saxena and Saigo [16].

Corollary 3.3. A special case of Theorem 3.1 when α′ = 0, β = −η, α =
α + β, γ = α and x > 0 reduces to the following result for the left-sided Saigo

fractional differentiation of the multivariable H-function:
{

D
α,β,η
0+ tρ−1 S

h1,...,hs

L

(

y1t
λ1 , . . . , yst

λs
)

H [z1t
µ1 , . . . , zrt

µr ]
}

(x)(33)

= xρ+β−1

h1k1+···+hsks≤L
∑

k1,...,ks=0

(−L)h1k1+···+hsks
A (L; k1, . . . , ks)

×
yk1

1

k1!
· · ·

yks
s

ks!
xλ1k1+···+λsksH

0,n+2:m1,n1;...,mr,nr

p+2,q+2:p1,q1;...,pr,qr







z1x
µ1

...

zrx
µr

∣

∣

∣

∣

(1−ρ−
∑s

i=1
λiki;µ1,...,µr),(1−ρ−

∑s
i=1

λiki−α−β−η;µ1,...,µr),
(1−ρ−

∑
s
i=1

λiki−β;µ1,...,µr),(1−ρ−
∑

s
i=1

λiki−η;µ1,...,µr),

(

aj ;ζ
(1)

j
,...,ζ

(r)

j

)

1,p
:
(

c
(1)

j
,γ

(1)

j

)

1,p1

;...;
(

c
(r)

j
,γ

(r)

j

)

1,pr
(

bj ;β
(1)

j
,...,β

(r)

j

)

1,q
:
(

d
(1)

j
,δ

(1)

j

)

1,q1

;...;
(

d
(r)

j
,δ

(r)

j

)

1,qr

]

,

which holds true provided that (in addition to the appropriate convergence and

existence condition) the following conditions are satisfied:

(i) α, β, η, λ ∈ C with ℜ (α) > 0 and µi ∈ R+;
(ii) ξ < ℜ (λ) + min {0, ℜ (α+ β + η)} ;
(iii) |arg zj | <

π
2 Ωj (j = 1, . . . , r), where Ωj is the same as in (30);
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(iv) ℜ (ρ+ Ξ) > 0, ℜ (ρ+ α+ β + η + Ξ) > 0, where Ξ is the same as in

Theorem 3.1.

Corollary 3.4. A further special case of Corollary 3.3 when β = −α gives the

following result for the left-sided Riemann-Liouville fractional differentiation:
{

0D
α
x t

ρ−1 S
h1,...,hs

L

(

y1t
λ1 , . . . , yst

λs
)

H [z1t
µ1 , . . . , zrt

µr ]
}

(x)(34)

= xρ−α−1

h1k1+···+hsks≤L
∑

k1,...,ks=0

(−L)h1k1+···+hsks
A (L; k1, . . . , ks)

×
yk1

1

k1!
· · ·

yks
s

ks!
xλ1k1+···+λsksH

0,n+1:m1,n1;...,mr,nr

p+1,q+1:p1,q1;...,pr,qr







z1x
µ1

...

zrx
µr

∣

∣

∣

∣

∣

(1−ρ−
∑s

i=1
λiki;µ1,...,µr),

(

aj ;ζ
(1)

j
,...,ζ

(r)

j

)

1,p
:

(1−ρ−
∑

s
i=1

λiki+α;µ1,...,µr),
(

bj ;β
(1)

j
,...,β

(r)

j

)

1,q
:

(

c
(1)

j
,γ

(1)

j

)

1,p1

;...;
(

c
(r)

j
,γ

(r)

j

)

1,pr
(

d
(1)

j
,δ

(1)

j

)

1,q1

;...;
(

d
(r)

j
,δ

(r)

j

)

1,qr

]

,

whose conditions are easily modified from those in Corollary 3.3.

4. Right-sided generalized fractional differentiation of the
multivariable H-functions

The right-sided generalized fractional differentiation defined in (13) for the
multivariable H-functions is investigated.

Theorem 4.1. The right-sided generalized fractional derivative D
α,α′,β,β′,γ
− of

the multivariable H-function for x > 0 is given as follows:

{

D
α,α′,β,β′,γ
− tρ−1 S

h1,...,hs

L

(

y1t
λ1 , . . . , yst

λs
)

H [z1t
µ1 , . . . , zrt

µr ]
}

(x)

(35)

= (−1)
[ℜ(γ)]+1

xρ+α+α′−γ−1

h1k1+···+hsks≤L
∑

k1,...,ks=0

(−L)h1k1+···+hsks
A (L; k1, . . . , ks)

×
yk1

1

k1!
. . .

yks
s

ks!
xλ1k1+···+λsksH

0,n+3:m1,n1;...,mr,nr

p+3,q+3:p1,q1;...,pr ,qr







z1x
µ1

...

zrx
µr

∣

∣

∣

∣

(1−ρ−
∑

s
i=1

λiki;µ1,...,µr),(1−ρ−
∑

s
i=1

λiki+γ−α−α′−β;µ1,...,µr),
(1−ρ−

∑
s
i=1

λiki+β′;µ1,...,µr),(1−ρ−
∑

s
i=1

λiki+γ−α−α′;µ1,...,µr),

(1−ρ−
∑s

i=1
λiki−α′+β′;µ1,...,µr),

(

aj ;ζ
(1)

j
,...,ζ

(r)

j

)

1,p
:
(

c
(1)

j
,ζ

(1)

j

)

1,p1

;...;
(

c
(r)

j
,ζ

(r)

j

)

1,pr

(1−ρ−
∑

s
i=1

λiki+γ−α′−β;µ1,...,µr),
(

bj ;β
(1)

j
,...,β

(r)

j

)

1,q
:
(

d
(1)

j
,δ

(1)

j

)

1,q1

;...;
(

d
(r)

j
,δ

(r)

j

)

1,qr

]

,
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provided (in addition to the appropriate convergence and existence conditions)
that the following conditions are satisfied:

(i) α, α′, β, β′, γ, λ ∈ C with ℜ (γ) > 0, µi ∈ R+;
(ii) ξ+1 > ℜ (λ)+min {0, ℜ (γ − α− α′ − β) , ℜ (−α′ − β + γ) , −ℜ (β′)} ;
(iii) |arg zj | <

π
2Ωj (j = 1, . . . , r) where Ωj are the same as in (30);

(iv) ℜ (ρ+ Ξ) > 0, ℜ (ρ+ α+ α′ + β − γ + Ξ) > 0, ℜ (ρ+ α′ − β′ + Ξ) >
0, where Ξ is the same as in Theorem 3.1.

Proof. A similar argument in the proof of Theorem 3.1 can be used to establish
(35). So a detailed account of its proof is omitted. �

Corollary 4.2. A special case of Theorem 4.1 when n = p = q = 0 and

x > 0 gives the following result which is expressed in terms of r product of

H-functions:

{

D
α,α′,β,β′,γ
− tρ−1S

h1,...,hs

L

(

y1t
λ1 , . . . , yst

λs
)

r
∏

i=1

Hmi,ni
pi,qi

[

zit
µi

∣

∣

∣

∣

∣

(

c
(i)

j
,γ

(i)

j

)

1,pi(

d
(i)

j
,δ

(i)

j

)

1,qi

]}

(x)

(36)

= (−1)
[ℜ(γ)]+1

xρ+α+α′−γ−1
h1k1+···+hsks≤L

∑

k1,...,ks=0

(−L)h1k1+···+hsks
A (L; k1, . . . , ks)

×
yk1

1

k1!
· · ·

yks
s

ks!
xλ1k1+···+λsksH

0,3:m1,n1;...,mr,nr

3,3:p1,q1;...,pr,qr

[

zix
µi

∣

∣

∣

∣

(1−ρ−
∑

s
i=1

λiki;µ1,...,µr),(1−ρ−
∑

s
i=1

λiki+γ−α−α′−β;µ1,...,µr),
(1−ρ−

∑
s
i=1

λiki+β′;µ1,...,µr),(1−ρ−
∑

s
i=1

λiki+γ−α−α′;µ1,...,µr),

(1−ρ−
∑

s
i=1
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(

c
(1)

j
,γ

(1)

j

)
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s
i=1
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(

d
(1)

j
,δ

(1)

j

)

1,qi

]

,

which holds true under the same conditions as given in Theorem 4.1.

A further special case of (36) when r = 1 reduces to a known result for a
single H-function given by Saxena and Saigo [16].

Corollary 4.3. A special case of Theorem 4.1 when α′ = 0, β = −η, α =
α+β, γ = α and x > 0 reduces to the following result for the right-sided Saigo

fractional differentiation of the multivariable H-function:
{

D
α,β,η
− tρ−1 S

h1,...,hs

L

(

y1t
λ1 , . . . , yst

λs
)

H [z1t
µ1 , . . . , zrt

µr ]
}

(x)(37)

= (−1)[ℜ(γ)]+1
xρ+β−1

h1k1+···+hsks≤L
∑

k1,...,ks=0

(−L)h1k1+···+hsks
A (L; k1, . . . , ks)

×
yk1

1

k1!
· · ·

yks
s

ks!
xλ1k1+···+λsksH

0,n+2:m1,n1;...,mr,nr

p+2,q+2:p1,q1;...,pr,qr
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





z1x
µ1

...

zrx
µr

∣

∣

∣

∣
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∑
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∑
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:
(

c
(1)

j
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(1)

j

)

1,p1
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(
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j
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(r)

j

)

1,pr(
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(1)

j
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(r)

j

)
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:
(
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j
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(1)

j

)
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;...;
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d
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j
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(r)
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)

1,qr

]

,

provided that (in addition to the appropriate convergence and existence cond-

ition) the following conditions are satisfied:

(i) α, β, η, λ ∈ C with ℜ (α) > 0;
(ii) ξ + 1 < ℜ (λ) + min {0, ℜ (β) + ℜ (α) + 1, −ℜ (α+ η)} ;
(iii) |arg zj | <

π
2 Ωj (j = 1, . . . , r), where Ωj are the same as in (30);

(iv) ℜ (ρ+ Ξ) > 0, ℜ (ρ+ β − η + Ξ) > 0, where Ξ is the same as in The-

orem 3.1.

Corollary 4.4. A further special case of Corollary 4.3 when β = −α gives the

following result for the right-sided Riemann-Liouville fractional differentiation

of the multivariable H-function:
{

xD
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ρ−1 S
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L
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)
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∑
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1
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(
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(r)

j

)
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(
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j
,γ

(1)
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)
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;...;
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(r)

j
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)

1,pr
(

d
(1)

j
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(1)

j

)
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(

d
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j
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(r)

j

)

1,qr

]

,

whose conditions are easily modified from those in Corollary 4.3.
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