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FRACTIONAL DIFFERENTIATION OF THE PRODUCT OF
APPELL FUNCTION F; AND MULTIVARIABLE
H-FUNCTIONS

JUNESANG CHOI, JITENDRA DAI1YA, DINESH KUMAR, AND RAM KISHORE SAXENA

ABSTRACT. Fractional calculus operators have been investigated by many
authors during the last four decades due to their importance and useful-
ness in many branches of science, engineering, technology, earth sciences
and so on. Saigo et al. [9] evaluated the fractional integrals of the product
of Appell function of the third kernel F3 and multivariable H-function.
In this sequel, we aim at deriving the generalized fractional differentia-
tion of the product of Appell function F3 and multivariable H-function.
Since the results derived here are of general character, several known
and (presumably) new results for the various operators of fractional dif-
ferentiation, for example, Riemann-Liouville, Erdélyi-Kober and Saigo
operators, associated with multivariable H-function and Appell function
F3 are shown to be deduced as special cases of our findings.

1. Introduction and preliminaries

The multivariable H-function which was introduced and investigated by Sri-
vastava and Panda [18, p. 271, Eq. (4.1)] in terms of a multiple Mellin-Barnes
type contour integrals is defined by
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and Lj = Lyr; 00, w = (—1)2 represents the contours which start at the point
7; — woo and terminate at the points 7; + woo with 7; € R = (—o0, 00)

(j = 1,...,r), such that all the poles of T’ (d;i) - 5§i)§i) (G=1,...,my i =
1,...,r) are separated from those of T' (1 — cy) — 7](.“51-) (G=1,...,n5 1=

1,...,r) and T (1 —a; +> CJ('Z) 'fz) (j = 1,...,n). For a detailed defini-
tion, convergence and existence conditions of the multivariable H-function, the
reader may be referred to the original paper due to Srivastava and Panda [18]
(also see Srivastava et al. [19], Mathai et al. [5] and Samko et al. [11]).

For n = p = ¢ = 0, the multivariable H-function breaks up into r product
of H-functions as follows (see Mathai et al. [5, 6]):
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where H";" (-) are the H-functions.

Fractional integration of multivariable H-function and a general class of
polynomials associated with Saigo-Maeda operators was investigated by Saigo
et al. [10]. In the sequel we aim at deriving the generalized fractional differ-
entiation of the product of Appell function F3 and multivariable H-function
under Saigo-Maeda fractional derivative. Two lemmas generalizing the results
given by Kilbas and Sebastian [3] are established. The results obtained here
are shown to be certain extensions of several earlier results given, for example,
by Kilbas [1], Kilbas and Saigo [2], Saigo and Kilbas [8], and so on.

A general class of multivariable polynomials of real or complex variables
x1,...,Ts was defined and studied by Srivastava and Garg [17] in the following
form:
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hiki+-+hsks <L :L'kl :L'ks
= > (~L)hy by ook, AL By k) 2 57
kq! k!
E1,...,ka=0
where L, hy, ..., hs € Ng = NU {0}, N being the set of positive integers, and
the coefficients A (L; k1, ..., ks) (kj € No; j =1, ..., s) are real or complex

constants which are arbitrarily chosen.

2. Fractional calculus operators

For o, 8, 7 € C, C being the set of complex numbers, and ® («) > 0, = > 0,
the generalized fractional calculus operators defined by Saigo [7] are given as
follows:

© (5 @

= 961:(0;)13 /OI (x — t)o‘*l oF7 (a + 8, —ma;1 — 2) F(t) dt
k
- (%) (B =o=R7 1) (@) (R (@) < 05 k= [R(~a)] +1);

I'(a)
_ <%) (15278 £) (@) (R (@) < 05 k= [R(~a)] +1);

0 (p*"f) @)
= (12277 f) (@) R (@) > 0
= () (i ) @) R > 0 k= RG] 1),

If a,, 5,8 ,7 € Cand R(v) > 0, x > 0, the generalized fractional derivative
operators involving Appell function F3 given by Saigo and Maeda [9] are defined
by
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= % /Ort—o/ (x — 1) Fy (a,a',ﬁ,ﬁl;% 1-— 2 1— %) F(t) dt
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t

x Fj (—a’,—a,—ﬁ’,n—ﬁ,n—v; 1— %,1 — —) f(t)dt.
x

The following results are also required (see [11, p. 727, Eq. (5.4.51.2)]; see also
Saigo et al. [10]):

! _ '
(14) / tp_l (‘T - t)c ! F3 (aaalabab/;c; 1-— ) 1-— %) dt
0

T
_L@Lp+a)C(p+ V) T(ptec—a—b) 4o
Plp+a +0)l(p+c—a)T(p+c—0)

(x>0, R(c) > 0, R(p) > max {R(—a'), R(=b), R(a+b—c)})
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and
e _ t
(15) / Pl (t—2)" " Fy (a,a’,b,b’;c; 1- %, 1-— —) dt
o x

Fre)Tr1+a —c—p)T1+ —c—p) Tl —a—b—p) pre-1
Fl+a 4+ —c—p)T(1—a—p)T(1—-b—p)
(x>0, R(c)>0,R(p) <1+ min{R(a —c), RO —c),R(—a—0)}).

The generalized fractional calculus operators due to Saigo-Maeda defined in

[11, 12] reduce to the following generalized fractional calculus operators due to
Saigo [7]:

ae) () @) = () @) (reCia > 0);

an (1) @) = (2 ) @) (reCie > 0);
(18) (DG P @) = (DT ) (@) (v e G > 0);

(19) (D(l"‘/’ﬁ’ﬁ/” f) (z) = (Dzﬂ’*%f"7 f) () (R(y)>0;2>0).
Further from [9, p. 394, Eqs. (4.18) and (4.19)], we have:

Lemma 2.1. The following formula holds true: For a, o', 3, 5',v € C, R (a) >
0,
(200 (15T (@)

P(PLpty—a-a =fT(p+5 ~0a) o aty-1
L(pty—a-a)T(pty—a =BT (p+p) ’
where R (7) >0, R (p) > max {0, R (a+ ' + 8 —7),R (' — ')}, and z > 0.

In particular, if &/ =0, 8= —n, v =, and « is replaced by o + B in (20),
then the Saigo-Maeda operator becomes the Saigo operator as follows (see [9]) :

1 I'(p) I — —B-1
(21) (Ig‘jf’"t”_ )(x) — F(p(”)ﬂ)(lﬁ)z:)za/i)n) 2P A1 (2> 0).

Lemma 2.2. The following formula holds true: For a, o', B, 5',v € C, R (a) >
0,

(22)

(Iiz,a’ﬁﬁ/ﬁtpfl) (ZL')

Ttatd )T +atB - TA-Bp) o wirs
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where R () >0, 2 >0, R(p) < 1+min{R(-58),R(a+a’'—7),R(a+8 —v)}.
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In particular, if o/ =0, 8 = —n, v = «, « is replaced by a+ B in (22), then
the generalized fractional differentiation of P~ is given by

@B p—1 _ PA+B8-plA+n—p) , 51
@) (1)@ = f S et it

We present two more formulas asserted by the subsequent lemmas.

(z>0).

Lemma 2.3. The following formula holds true: For a, o', 3,5',v € C, R (a) >
0,

(1 (D) @)
_ F(p)F(era—ﬂ)F(eromLo/Jrﬂ’—'y) szraJra/f'yfl
P(p=B)T(ptatao =)L (p+a+p —7) ’
where R (p) >0, R(p+a—0)>0,R(p+a+d +5 —v) >0, and x > 0.

Proof. Using (12) and (14), we have

(D577 (@)

~r (i) ()

X / (x — t)nf'yfl t*F3 (fo/, —a,n—pf3,-B,n—"vy;1— %, 1-— %) dt
0

t
X Fj <o/,oz,nﬂ’,ﬂ,n'y; 1_71%> dt
T

z® ( d>n F'n—9)T(p+a—a)
I'(n—7) de) T(p+a—a-8)T(p+a+n—y+d)
Fpta—-pB)l'(p+atn—y+a —n+p) pPratn—y—1
F(p+tat+n—y—n+p)
An n-times differentiation of the last expression gives the formula (24). This
completes the proof. O

In particular, if o' =0, f = —n, v = «, and « is replaced by a + 3 in (24),
then the Saigo-Maeda operator becomes the Saigo operator (see [3]):

I'(p)T
@) (Dgpmiet) ) = LAt 5
Flp+n) T (p+5)
Lemma 2.4. The following formula holds true: For a, o', 3,5',v € C, R (a) >
0,

(26) (D2 P (@)
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Frl—a—ao +v-p)
I'(l-p)
« F(l—a/—ﬁ‘f‘V—p)r(l‘f’ﬁ/_P) :L,eraJro/f'yfl
Fl—a-o =B+y—p)T(1—a' +p —p) ’
where R(1+—p) >0, R(1—p—a' —F+v9) >0, RA1—p—a—a +7) >
0, n=[R(y)+1], and z > 0.

— (-1

Proof. Using (13) and (15), we have

(Di,a’,ﬁqﬁ,ﬁtpfl) (ZL')

X / (tix)nivilto/Fé (70/7705575/5”7 /B,TL*’)/,]. - %717 %) f(t) dt

X F3 <o/,oz,ﬂ/,nﬂ,n'y;1%, 13) f(t) dt
T
_ 1 (_i)"F(n—y)f‘(l—a—a'—n—i—v—p)
S T(n—y)\ dz) T(l-a—-a =F+y-p)L(1-p)
% F(l_a/_ﬁ'i_’y_p)r(l—’—ﬁ/_p) wp-i—a—i—o/-i-n—'y—l
F(l—o +pB —p) '

An n-times differentiation of the last expression gives the formula (26). This
completes the proof. O

In particular, if &’ =0, 8 = —n,7 = a, and « is replaced by « + S in (26),
then we obtain another known result (see [3]):

B o1 _ WA =B=-pl(A+a+n—p) ,i5-1
(ngt )@yth FA=p)L'(1+n—=5-p) o
(m=[RH)+1 and x>0).

(27)

Remark 2.5. A detailed account of the operators of fractional integration and
their applications can be found in a survey-cum-expository paper by Srivastava
and Saxena [20], which contains a fairly comprehensive bibliography of as many
as 190 further references on the subject.

In what follows, the following notations are used throughout this paper:

, (4)
o o [mCE)

1<j<m;,1<i<r 5
J
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(29) pe (R (4" 1)

= max " 5
T jdnii<icr (1) '

n q n;
ST RIS ES o
j=1 Jj=1 Jj=1

Jj=n-+1

qi
(30) Z v/’+26” S AW S0, (i=1,...r).

j=ni+1 j=m;+1

3. Left-sided generalized fractional differentiation of the
multivariable H-functions

Here the left-sided generalized fractional differentiation defined in (12) for
the multivariable H-functions is investigated.

Theorem 3.1. The left-sided generalized fractional derivative Dg_’i_a,’ﬁ’ﬁl"y of
the multivariable H-function is given as follows: For x > 0,

(31)

{ngra/ﬁﬂ/ﬂ 1 SZ/I,--whs (y1t’\1, o ,ystks) H [zt ..., thHr]} (z)

hiki+-+hsks <L
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le“l
(1=p=S5ms Aikiipaseeopir ), (1=p= S0y AikitB—aspin,oir),
1 =iy NikiABipunsepir ), (1= p— 05y Nikity—a—B'301,0opir ),
ZTI/J‘T

(1—p->5, /\iki+ﬂf—a—a’—5';u1,m,ur)7(aj;Cj(-l),-»-,C;r))Lp: (c§”,<§”)m jes (cy),C](-T))l,pr

(1*/’*2?:1 Azki+“/7a7a’;/t1,.4.,/L7~),(bj;ﬂj{l),.u,ﬁj(-r))l)q : (d§1)’6;1))1,q1 3o (d;’r)’(sf(r))Lq,.

Eq. (31) is true provided (in addition to the appropriate convergence and exis-
tence conditions) that the following conditions are satisfied:
(i) o, o, 8,8, v, A € C, with R(v) > 0, u; € Ry, Ry being the set of
positive real numbers;
(i) E<RA)+min{0, R(a—8), R - +a—17)};
(iii) |argz;| < 55 (j =1,...,7), where Q; is the same as in (30);
(iv) R(p+Z2) >0, R(p+a+d +8 —v+E) >0, R(p+a—-B+E) >
0, where Z:= 3711 Niki + 35 1T
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Proof. Using (1), (5), and Lemma 2.3 and taking n = [R (y)]+ 1 and ¢ =
> 5=1 Ajky 4+ 75— 1i€;, we obtain

{Dgf/ﬁﬂ/ﬂtp—l SZI,--whs (y1t’\1, o ,ystks) H [zt ..., thHr]} (z)

DR SR L), AL k) R B
_ ) (@)
i e 060 { T o6 L l® e
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- Z (7L)h1k1+m+h ks A(L’ klv"'ka) ky! I{/’é' (27Tw)7“
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<[ e {H o1 (&) L2 } dés,.o.dgy { D507 Tt (@),
L,y
n hiki+-+hsks <L k k
d yll Ys®
= <%> (7L)h1k1+‘“+hk A(L, kl,...,ks) I{Z_l'k_s'

»»»»» ks=0

2ra) /L /1/’51"'-@ {H% &) [z }d&l,.,.,dgr

Fp+T(p+g—v+a+ +8)T(p+q—-B+a) ppatatal—y4n—1
Flptg—v+n+a+a)l(p+tg—v+a+p)l(p+q-5)

hiki+-+hsks <L ykl yke

—y—1 1
_ pptata’—y Z (=L)nykyt ik, A (L kl""’k)k'm]:l
1 s*

ki,....,ks=0
o |, A}«Mwm{g%@mJ}%ww%

PFp+T(p+q—v+a+d +8)(p+q—F+a)

q
Flp+tg—v+a+ta)l(p+qg—y+a+p)T(p+q-5)
hiki+-+hsks <L
— pptata’—y-1 Z (7L>h1k1+m+hsks A(L, kl,...,ks>

k1 k
Vi YT ki Aoks
R RITT @rw) /L /wfl""’fr {H% (&) [z }

PFp+T(p+q—v+a+d +8)(p+q—F+a)
Flp+tg—v+a+ta)l(p+qg—y+a+p)T(p+q-5)

Now, interpreting the above result by means of (1), we arrive at the desired
result (31). This completes the proof. O

déy, ..., dé,.

Corollary 3.2. A special case of Theorem 3.1 when n = p = q = 0 and
x > 0 gives the following result which is expressed in terms of r product of
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H -functions:

(32)
‘g , \ N N r (c;'i)77§z))1
Dy st ) [ g e | | @)
i=1 A VAP
hiki+-+hsks <L
= xPJraJra —y—1 Z (_L)hlkl"l‘“"‘l'hsksA(L; kl,...,k/’s)

k1,...,ks=0

k1 ks
(4] Ys x>\1k1+---+/\sksH0,3=m17"1;~--,mmnT

k! k! 3,3:P1,q15- - Prodr
2zt (1=p=305os Nikispnseeospir ) (1= p= 2oy AikitB—aspin,pr ),
‘ (1=p=30 MikitBipa,ptr ), (1= p— 352y Nikity—a—B'sp1,pir ),

(1=p=iy Akt —a—a/ =B'3p1,00pir ), (c§l),v§1))l’pi

(1=p—35 ) Mikity—a—a/spu1,..pr ), (dgl),Sﬁl)) ’

1,q9;

which holds true under the same conditions as given in Theorem 3.1.

Further, if we set r = 1, then (32) reduces to the result for a single H-
function given by Saxena and Saigo [16].

Corollary 3.3. A special case of Theorem 3.1 when o/ = 0,8 = —n, a =
a+ B, v=a and x > 0 reduces to the following result for the left-sided Saigo
fractional differentiation of the multivariable H -function:

(33) {Dgf’”tpfl Shle (gt Lyt ) H [zt .,th#r]} (z)

hiki+-+hsks <L

— .ptp-1 )
=7 (7L)h1k1+---+h5k5 A(L, kl,...,ks)
k1,...,ks=0
k1 k
X () - Ys® 1.)\1k1+"'+>\3k5H07n+2¢m11n1§---7mr7nr
kq! k! P+2,q+2:p1,q15--,PrsGr
le:“‘l

(1=p=35_y Aikispinseoptr),(1=p=35_y Aiki—a—B—n;ipi,.. i),
(1=p=5_y Aiks—Bipa,eeootir ), (1= p= 0y Aiks =3t s )
Zpahr
(o ), (), o (900),.

(6580 eB7) (a0 60) s (457,687 ’
24

1,q1 1,q9r

which holds true provided that (in addition to the appropriate convergence and
existence condition) the following conditions are satisfied:
(i) «, B, n, A € C with R () >0 and u; € Ry;
(i) € <R(A\) +min{0, R(a+B+n)};
(iii) |arg zj| < 5 (j=1,...,r), where Q; is the same as in (30);
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(iv) R(p+Z2) >0, R(p+a+B8+n+Z=) >0, where = is the same as in
Theorem 3.1.

Corollary 3.4. A further special case of Corollary 3.3 when f = —a gives the
following result for the left-sided Riemann-Liouville fractional differentiation:

(34) {OD;Y Pt S}L“’“"hs (yat™, . yst™) H [t .. ,th“T]} (x)

hiki++hsks <L

— gpa-l Z (7L)h1k1+m+hsks A(L; k1,0 k)
E1,....ks=0

k1 ks
% Y1 L Ys :L.Allir"'Jr/\sksHOan‘f‘l:ml7"1§~-~amm7h

kq! k! p+1,9+1:p1,915.-,Pr,qr

z1xht
! (1—p-32, Aikﬁ#lvwwﬂr)v(anC]('l)v--wC]('r))

(1=p—35 ) Aikitospn,.pir), (bj;ﬁj(l) ,---ﬁ;”)

1,p

szur 1,9

(1) (1) LA ()
(Ca' i )1,p1 (‘j i )1,%]
)

(40 e (707)

whose conditions are easily modified from those in Corollary 3.3.

1,91 l.qr

4. Right-sided generalized fractional differentiation of the
multivariable H-functions

The right-sided generalized fractional differentiation defined in (13) for the
multivariable H-functions is investigated.

Theorem 4.1. The right-sided generalized fractional derivative Do BBy of
the multivariable H -function for x > 0 is given as follows:

(35)

{Df’a,’ﬁ’ﬁ,"y tr1 Szl"”’hs (ylt/\l, . ,yst)‘s) H [zth ... ,z,«t‘“]} (2)

hiki+-+hsks <L

_ [R(M]+1 , ptata’ —y—1 .
= (1) T S (L), wegosnn, A(Likr, . k)
k1,...,ks=0
k1 k
" yl yss :L,Alk1+'”+)‘5k3H07n+3:m1’n1;”"mr7nr
kq! k! p+3,9+3:p1,q15---,Pr,qr
zixt

(1—p—z§:1 /\iki;m7»»»,ur),(1fp72f:1 )\iki"r'Y*a*a,*ﬁ;,U«l7»»»1#7‘)7
(1=p=320 Nikit 851 ,esttr ), (1= p= 35, Aiki v —a—a/ 51,00t ),
2pahr

(1=p= Xt Akima/+8 i), (03is o 0f7) | (V650) s (70657)

(1—p->5_, Alki+w—a’—ﬁ;u1,.“,;u),(bj;ﬂ](.n,...,ﬁj(r))lyq : (d;.“,(sj(”) - (di”,ﬁj@) ’

1,91 1.qr
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provided (in addition to the appropriate convergence and existence conditions)
that the following conditions are satisfied:

(i) a, &, B, ', v, A € C with R(y) > 0, u; € Ry;
(i) €+1>R(\)+min{0, R (7 —a—a’ —B), R(~a’ — 5+7), ~R(I)}:
(iii) |argz]| < 3Q; (j=1,...,7r) where Q; are the same as in (30);
(iv) R(p+ )>0 Rp+a+d+8—7+E) >0, R(p+d - +E) >
0, where = is the same as in Theorem 3.1.

Proof. A similar argument in the proof of Theorem 3.1 can be used to establish
(35). So a detailed account of its proof is omitted. O

Corollary 4.2. A special case of Theorem 4.1 when n = p = q = 0 and
x > 0 gives the following result which is expressed in terms of r product of

H -functions:
(36)
(7757) 1
(dﬁi)ﬁ](_i)) o ({E)

r
{Dava ,B,8 1"/t,0*1 Sgl 44444 hs (y1t>\17 . 7yst/\s) H H;:lzq;ﬂz |: itﬁbi
i=1

hiki+-+hsks<L

_ R+ | ptata’ —y—1 E .
= (—1) X (_L)h1k1+-->+hsksA(L’ kl;---7ks)
k1,....ks=0
1 ks
Y1 Ys AMki++FAsks 770,3:m, ;.m0
[N z H373:p17q1;~~,pqu
1- s-
N (T=p=3T5y Mekaspaseopr ), (1= p= 5y Nikity—a—a’ —Bipa i),
z;xh
(1=p=35y Nikit 851 ,esttr ), (1= p= 35y Aiki v —a—a/ 51,0t ),

(1=p=35_1 Aiki—a/+B"5p1, 101 ), ( §”n§”)1 .

(1=p=35_) Nikity—a/ =B, i), <d§1>75§1))1 ’

144

which holds true under the same conditions as given in Theorem 4.1.

A further special case of (36) when r = 1 reduces to a known result for a
single H-function given by Saxena and Saigo [16].

Corollary 4.3. A special case of Theorem 4.1 when o/ = 0,8 = —n, a =
a+ B,y =a and xz > 0 reduces to the following result for the right-sided Saigo
fractional differentiation of the multivariable H -function:

(37) {Div"*"tﬂ‘ls’gl ----- e (gt yst™) H[zltm,...,th“T]}(x)

hiki+--+hsks <L

= (=1)FOIHL gotp-1 > (L) nikrgoosio, AL kr, o k)
k1,...,ks=0
k1 ks
Y1 Ys” ki haks Ot 2ima ng. e ny

kq! k! p+2,9+2:p1,915.-,Pr,qr
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lel"l
(1=p=35_ 1 Niksspnsoptr ), (1=p= 32521 Niki—B4m3p1,stir )
(1=p=325_1 Niki=Bspun,optr),(1=p=35_ 1 Aikitatnspn,..pir ),
Zpxtr

(o), (S0) (),
(s B ) e (a0 00) s (a6 ’

1,qr
provided that (in addition to the appropriate convergence and existence cond-
ition) the following conditions are satisﬁed:

(i) @, B, n, A € C with R (a) >

(ii) ¢ +1<§R( ) + min {0, R (8) +§R(a)+1, —R(a+n)};
)
)

1,91

(iii |arg z]| <5Q; (j=1,...,7), where Q; are the same as in (30);
R(p+ )>O R(p+ B —n+Z) >0, where 2 is the same as in The-
orem 3.1.

(iv

Corollary 4.4. A further special case of Corollary 4.3 when B = —a gives the

following result for the right-sided Riemann-Liouville fractional differentiation

of the multivariable H-function:

(38) {ng‘ot’kl Szl"”’hs (ylt/\l, ey yst)‘s) H [zt" ... ,z,«t“r]} (z)
hiki+-+hsks <L

R 1 —a—
= (=1)FOIHL a1 3 (=L sosnon, AL k1, k)
k1,...,ks=0

1 ks
X YooYt gkt Asks prOntlimy,ngs. me,ny
kl! ks! p+1,q+1:p1,q15...,pr qr

lel"l
L
(824"), -3 (4 w

)

(d;l),(?;l)) H (d;T),éj(.T))

(1=p=35o1 Nikiipn,espir ), (aj;C;I) ,---74;”)
(1=p=35_1 Aikitaipun,eopir ), (bj;BJ(-l) ,---7ﬂ§r))

1,p

1,9

1,91 L.ar

whose conditions are easily modified from those in Corollary 4.3.
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