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GENERALIZATION OF THE FEJER-HADAMARD'’S
INEQUALITY FOR CONVEX FUNCTION ON
COORDINATES

GHULAM FARID AND ATIQ UR REHMAN

ABSTRACT. In this paper, we give generalization of the Fejér—Hadamard
inequality by using definition of convex functions on n-coordinates. Re-
sults given in [8, 12] are particular cases of results given here.

1. Introduction

Convex functions are important and provide a base to build literature of
mathematical inequalities. A function f : I — R, where I is an interval in R is
called convex if

FOz+ (1= Ny) < Af(x)+ (1= N f(y),

where A € [0,1], z,y € I.

A bundle of inequalities in literature, are due to convex functions or functions
related to convex functions see [4, 9, 15]. A classical inequality for convex
functions is Hadamard inequality, this is given as follows:

(1) f(‘”b)g : /abf(t)dtgw

2 b—a 2 ’

where f: I — R is a convex function a,b € I, a < b (see [17, p. 137]).

In many areas of analysis, application of the Hadamard inequality appear
for different classes of functions (see [1, 3, 6, 10, 18] for convex functions). Some
useful mappings connected to this inequality are also defined by many authors,
for example, see [2, 5, 10, 14]. In recent years, the concept of convexity has
been extended and generalized in various directions. In this regards, very novel
and innovative techniques are used by different authors (see, [11, 16]).
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In 1906, Fejér (see [13] and [17, p. 138]) established the following weighted
generalization of the Hadamard inequality. The inequalities

@ 1 () [Cone < [ s < IO [ gy

hold for every convex function f : I — R, a,b € I, and ¢ : [a,b] — RT is
symmetric about (a 4 b)/2.

In [8] S. S. Dragomir gave Hadamard inequality for rectangle in plane by
defining convex functions on coordinates.

Definition 1.1. Let A% := [a,b] X [c,d] C R? with a < b and ¢ < d. A
function f : A2 — R will be called convex on coordinates if the partial mapping
fy i la,b] = R, fy(u) == f(u,y) and fy : [c,d] = R, fz(v) := f(z,v) are convex,
where defined for all y € [¢,d] and = € [a, b].

Theorem 1.2. Let f : A2 = R be a conver mapping on coordinates in AZ.
Also let g1 : [a,b] = RT and g2 : [¢,d] — RT be two integrable and symmetric
functions about (a+b)/2 and (c+d)/2 respectively. Then one has the following
inequalities

a+b c+d
f( bt )
1 b c+d 1 d a+b
& [ 1 (=5 ) a@ars o [ 1 (4 7y>92(y)dy]

b pd
<oa | [ 1ena@ai

1
< Z
-2

(3) b b
< i Gil/a g1(z) f(z,c)dx + Gil g1(z) f(z,d)dx
d
+ G% 92(v) f(a,y)dy + —/ 92(y) f (b, y)dy]
< 1 UF(a,0) + fla.d) + £(be) + F(b.d),
where

b d
Gy :/ g1(x)dz and G :/ 92(y)dy.

There in [12] some mappings connected to above inequality are also consid-
ered and their properties are discussed.

In [12] authors extended the definition of convex functions on coordinates
to n-coordinates and gave the Hadamard’s inequality for n-coordinates and
related results. In this paper we give Fejér—-Hadamard’s inequality for convex
functions on coordinates and show that results proved in [8, 12] are particular
case of results in this paper.
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2. Main results

For n > 2, let a;,b; (¢ = 1,2,...,n) be real numbers such that a; < b;
fori=1,2,...,n. We consider an n-dimensional interval A™ defined as A™ =
[T, lai, b;]. In [12] the definition of a convex function on n-coordinates is given
as follows:

Definition 2.1. Let (z1,...,2,) € A™. A mapping f : A" — R is called

convex on n-coordinates if the functions f;n, where f;n (t) := f(x1,...,@i-1,t,
Zit1,---,%n), are convex on [a;, b;] fori =1,2,...,n.
Recall that a mapping f : A™ — R is convex in A™ if for x = (21,...,2,),

y=(y1,y2,---,Yn) € A" and « € [0, 1], the following inequality holds:
flax+ (1 —a)y) <af(x)+ (1 —a)f(y).

It can be seen that every convex mapping f : A" — R is convex on the n-
coordinates but converse is not true.
Let f: A™ — R be convex in A™. Consider f;. : [a;,b;] — R, defined by
;n(t) = f(:Cl, e ,Z'Z',l,t, .TiJrl, e ,SCn), t S [ai, bz]
Now for z,y € [a;,b;] and o € [0, 1],

fi (az+ (1= a)y)

= fa1,...,Ti—1,00 + (1 — @)y, Tig1, ., Tn)
= flax1 + (1 —@)z1,...,ax+ (1 — @)y,...,az, + (1 — @)z,)
S af(zla' sy Li—1, Ly Tt 1, - - .,In) + (1 705).](;(:617" s Li—1,Y, Tit1s - - ,In)

= af,, (@) + (1 -a)f; (),

which implies f, is convex on [a;,b;], that is, f is convex on n-coordinates.
For converse we give the following counter example:

Example 2.2. Let us consider a mapping f : [0, 1] — R defined as
flx1, .. xn) =21 -T2 Ty,
It is convex on n-coordinates as follows:
£ (o + (1 a)y)

:-Tl"'mi—l'(a$+(1—a)y)'$i+1"'$n

=z @it T Tisr )+ (L= Q) (@1 T Y Tig1 o Tn)

=af,, (2) + (1 -a)f;, (y).
But for x = (1,1,...,1,0),y = (0,1,1,...,1) € [0, 1]", we have

flax+ (1 -a)y) = fla,1,1,...,1 - )
=a(l —a)

and
afx)+(1—a)f(y)=a-0+(1—a)-0=0.
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This gives
flax+ (1 —a)y) > af(x)+ (1 —a)f(y) forall a € (0,1),
that is, f is not convex on [0, 1]™.

It is interesting to note that if f : A" — R is a convex mapping on n-
coordinates, then fZ : [a;,b;] — R is a convex function on [a;,b;] for each
t=1,2,...,n. Also if g; : [a;,b;] — R is a symmetric function about ‘“TH”,
then from Fejér-Hadamard’s inequality, we have

i i + b .
fcn<a+ ) /fzn:m (x;)dx;, i=1,2,...,n,

b;
Gi :/ gl(xl)dacz
This gives us

n n by
(4) ng]fn <akT+bk) < Z Gi/ I3 (xn) g (ar)day.
k=1 k=1 K Jax

Theorem 2.3. Let (z1,...,2,) € A™ and f : A™ — R be a convexr mapping
on n-coordinates. Also, let g; : la;,b;] — R be an integrable and symmetric
function about ‘”'H” foreachi=1,...,n. Then we have

= ph ap+1 + bt
Z eh / (f) gr(zr)dz

k=1

where

n

b karl
> Gka+1/ /a X)gr (k) gh+1(Trt1)dTpirdoy

1 k1

k=
1 n
352
k=1

—

[
N’
IA

1 k
G_k/ (ff:l(akﬂ) + ff:l(akﬂ)) gk (zk)dry |
ak
where

bk
Gk:/ gr(xg)dxy,

k
and with n + 1 — 1. These inequalities are sharp.

Proof. By applying the Fejér—-Hadamard’s inequality for convex function ff:l
on interval [ag41,br+1] we have

Gkp1 + b
©) £t (7“1 k+1) Grs1 < / N @hg 1) gt (Trg1 ) i1

2 k+1

< (ffjl(aw 1) + fa (bk+1)> Croir.

2
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Multiplying (6) by gx(zx) we have

a +5b br1
fart (%) gk (1) Grt1 < / FE (i) gr(@r) gy (Trpr ) g

k41

B+ (g .
(f M agsr) + fEF (bey )) o (1) Gl

2

Now by integrating on [ak, bx| we get

a +b
Gk+1/ fk—|r1 (%) gk (zg)dxy,

by pbrya
/ / (1) g8 (2r) g1 (Th1 )dog 11 dog
a

k+1

bk+1 k+1 + k+1 b
< Gk+1/ <fz" (i) £ 10 kH))gk(»’Ck)dzk-

k+1 2

As G > 0, Gk+1 > 0, then divide by GxGrt1 we get

1 a +5b
G_k fk+1 (%) gr(zp)dak

[ bk+1
< —— / / Y@rt1) 9k (k) ght1 (Thg1 ) dT g1 d,
GkaH o

1 o (A agg) + fE (brga)
— gk (zg)dxy,.
Ap41

<
— Gy 2

Taking summation from 1 to n we get (5).
If we consider f(z1,...,2n) = Z1---T,, then inequalities in (5) become
equality, which shows these are sharp. ([

Theorem 2.4. Let (z1,...,2,) € A™ and f : A™ — R be a convexr mapping
on n-coordinates. Also, let g; : la;,b;] — R be an integrable and symmetric
function about ‘”'H” foreachi=1,...,n. Then we have

(7) Z = / 5 () + S (ex)) i

(Fla)+ F(0) + = 3 (F5 (be) + FE (an))
k=1

<

|3
I\

where a = (a1,aa,...,a,) and b = (b1,ba,...,b,). The above inequality is
sharp.

Proof. As f : A" — R is a convex mapping on n-coordinates, therefore f;n
[a;,b;] — R is convex on [a;, b;] for each i = 1,2, 3,...,n. From Fejér inequality
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for each 1 = 1,2,3,...,n we have,

bi a ; b
(8) Gi»b/ f;n(‘ri)dwigi(lﬂi) < M

b o )
9) Giz/ fo (@s)dwigi(x;) < M

Adding (8) and (9) we get,
1 b )

(10) g [ Ui+ £, @) gimie,
1

1 . .
<3 (f(a) + f(b)) + B (fa, (b3) + £, (a2)) .
where ¢ = 1,2,...,n. Taking sum from 1 to n we get (7).

If we consider f(z1,...,2,) = Z1---Zp, then inequalities in (7) become
equality, which shows these are sharp. (|

A special case of inequalities (4), (5), and (7) is stated in the following,
which is main result of [12, Theorem 1].

Corollary 2.5. Let A% = [a,b] x [c,d] and f : A2 — R be a conver mapping
on 2-coordinates. Also, let g; : [a;,b;] — R be an integrable and symmetric
function about ‘“’T'H” for each i =1,2. Then (3) is valid.

Proof. By putting n = 2 in Theorem 2.3 and Theorem 2.4, and taking a1 = a,
b1 = b, as = ¢, and by = d, we get the required result. [l

Remark 2.6. Further if we put gi(z) = 1 and ga(x) = 1, then we get main
result of [8, Theorem 1].

3. Associated mappings

In this section we are interested to associate some mappings with the gen-
eralized Fejér—Hadamard inequality for a convex mapping on n-coordinates.
For n > 2, let a = (a1,az2,...,a,), b = (b1,b2,...,b,) and A; denotes
arithmetic means of numbers a; and b;, that is,
a; +b;
—5
Also for x = (z1,22,...,2,) € A" =[] [a;,b;] and t = (t1,¢2,...,t,) €
[0,1]™, we consider s; be a point on a segment between x; and A;, that is,

Ai = A(ai, bz) =

Ss; = t;x; + (1 — tl)Al
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For the mapping f : A™ — R defined in previous section, we can associate a
mapping H : [0;1]™ — R given by

b bk+1
d d
Z GkaH / /a $)grk (k) g1 (Thp1)drp i doy,

k+1

where s = (81, 82,. .., 8n).
Consider H} :[0,1] — R, defined by

Hi (t)=H(t1, . tici,ttipr, .o by).

We can rewrite ﬁgﬂ (t) as follows:

H} (t) = H(tr, .. tict by tivt, oo tn)
b pbrya
- stz (L= Ay, Sig1s e
ZGka-i-l/ /aHl (61 si-1 toi + JAi sie1 )

X gk(zk)ngrl Tht1)dxpr1dTy

b pbrya
= Z / / fz tl‘i + (]. — t)Ai)gk(xk)gk+1(1‘k+1)dl‘k+1dzk
GkaH a

k+1

b  pbry1
_ s dy,
Z GkaH/ /a D9k (x1) g1 (1 )dap 1 day

k+1

where = tz; + (1 —t)A;. We will use this notation throughout the paper. We
also need a following lemma given by Levin and Steckin in [17, p. 200] to get
desired results.

Lemma 3.1. Let f be convex on [a,b] and g be symmetric about (a+b)/2 and
nonincreasing function on [a, (a +b)/2]. Then
1

/f 2)d > — /f dz/()d.

Theorem 3.2. Let f: A™ — R be a convexr mapping on n-coordinates on A™.
Then the mapping H is convex on n-coordinates on [0,1]™. We also have

n
(11) H(t) > f(s1,- 581, Ak, Akst, - 5n)
k=1
and
(12)
= ty (1 —tp) [P [
H(t) < Z G+Clv' / f(81, 0y 81, Thy Tt 1, - - -, Sn)
et kGl+1 P

X gk (k) g1 (Tp+1)dT g1 d
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+ Z(l —ti)(1 —tpg1) f(515- s 81, Ak, Akg1, .-, Sn),
k=1

withn+1— 1.
Proof. Let u,v € [0,1] and «, 8 € [0,1] such that o + § = 1, then we have
HZ (au + Bv)
b pbrta
= Z / / f au—|—ﬁv)gk(xk)ng(mk+1)d:z:k+1dxk
Gka+1 o
Now
ozu/J-r\ﬂv = (au+ Bv)z; + (1 — au — pv)A
= afuz; + (1 —u)A;) + Blva; + (1 —v)Aj)
= au + [v.
This gives us
HZ (au + Bv)
b pbrta R
= Z a G / / fa, (@i + B0)gr (2x) ghr1 (Th11 ) dapr day,.
kGrt1 P

Since given that fI is convex, therefore we have
H { (au+ Bv)

b bk+1
= Z GkaH/ /a O‘fz +ﬂf ( )9k (Tk) g1 (g1 )dx g1 day

= oH! L (w) —l—ﬁHz (0).

Which implies H ! is convex, that is, H is convex on n-coordinates.
To prove 1nequahty (11), we consider

n b brt1 )
k=1 k k+1 Ap41
n bk+1 1
B Z G / Gr J, fsn( 54) 9k (k) g1 (Tr1 ) day | dTgyr.
k=1 k+1 Qi1 k

Since f is convex on the kth coordinate and GLR f;: gk (zx)dxr, = 1, we apply
Jensen’s inequality for integrals on kth coordinate to get

H(t)
" b1 b,
kg /ak+1 [ ;Cn (Gik /ak (Sz)gk(mk)d$k>‘| gk+1($k+1)d$k+1_
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Now it follows from Lemma 3.1, that

>

n b
1 kt1 ar + by
2 a / fr (7) Grt1(Tpy1)dapyr.
P e 2

Now using convexity of f on (k + 1)th coordinate. Again applying Jensen’s
inequality and Lemma 3.1 on (k + 1)th coordinate we get inequality in (11).

Now to prove inequality (12), we first use convexity of f on kth coordinate,
then on (k 4 1)th coordinate, we have

(13)_
H(
[ bk+1
< — e G / / FE (2e) g (@) grtr (Ths1 ) dapr day,
kGt arg
1—tg bi et ar + b
+ W/ / fskn 9 9k (Tk) g1 (P41 )dap 1 dy
EGri1 P
tetper [0 O
< G G+ / (8150081, Tk, T 15 Sk 25+ - - > Sn)
EGri1 PP
X g (k) g1 (k1) dz g1 day
te(l — tran O Gkt+1 + brt1
+% F(81,e s Simt, Ty — 2 spia o 50) gk (),
k an 2
topr (L —ty) [0
+ % f(s1yeiySic1y Ak, Tkt 1, Skt2, - - - Sn) gk (Tr ) dai
k+1 Ap+1
1—tp) (1 —tpq) [O6 [OF1
+ ( eNe + Sl,...,Sk717Ak7Ak+17Sk+2,...,Sn)
kGt PP

X gk(wk)gk+1($k+1)dwk+1 dxy.
Now by (4), we can have

(14)
2
k=

n by karl
E / / F(s1, s @y Tty -« 5 Sn) Gk (k) Gl 1 (Tt 1 ) g1 dci,
Gka+1 ap+1

b1
e / J(s1,0 ey Apy Thg1, - ooy 80) gk (Trg1 ) dTpg
k+1 Japyq

and from the first inequality in Theorem 2.3

(15)
nq b
S [ oo Ao o
k=1 Ak
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bk+1

k
< ; m/ak " F(s1, oo @y Tl 1y -« 5 S0) gk (T ) g1 (Tt 1 ) dT g1 dg
Now using the inequalities (14) and (15) in (13) we get (12). O

The particular case of above theorem is the following result, which is Theo-
rem 2.4 given in [12].

Corollary 3.3. Let f : A2 — R be a conver function on 2-coordinates. Then
the mapping H, defined as

R b pd
At =g [ [ (et a0 s 0= 955 ) @)

is convex on the coordinates on [0,1]2. Further if g1 is monincreasing on [a,
(a+b)/2] and g2 is nonincreasing on [c, (c + d)/2], then

~ a+b c+d
inf H(t,s) = H(0,0
(t,s)lél[O,l]Q (t,5) f( 2 7 2 ) (0,0)
and
swp At = g [ [ Henan @) duds = (1,1),
(t,s)€[0,1]2 1Y2 Ja Je
Proof. By putting n = 2 in Theorem 3.2, we get required result. O

Remark 3.4. Further if we take g1(2) = 1 and go2(xz) = 1, then we get Theorem
2 in [8].

Theorem 3.5. Let f : A™ — R be a convex mapping on A™. Then the
mapping H is convex on [0,1]™. Also the mapping h [0,1] — R, defined by
h(t) = H(t,...,t) is conver and one has the bounds

(16) ﬁ(t)ZZf(slv'-';SiflvAkvAkJrlv'--asn)
h=1
and
R b pbria
17 h(t) < _ ..., Sn
(17) (1) < ZGkaH/ /ak+1 (815 vy Skely Thy Th1y- - -5 5n)

X gk (Tk) gh+1 (Th1)dTpq 1 day,
Y (=12 f (515 Sk-1, Ak, Akg, o 8n).-

Proof. Let u,v € [0,1]" and «, 8 € [0,1] such that & + 8 = 1. Then

b1

b —
au—i—ﬁv ZGkaH/ /a f 04U1+5U1,---7aun+ﬁvn)

k+1

X g (Tk)gr+1(Th+1)drpr1dTs, .
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For each 1 =1,2,...,n, we have
au; + B = (au; + Bug)z; + (1 — au; — Bug) A;
= afuz; + (1 —ui)A;) + Bvizi + (1 —v;) A;)
= au; + [v;.
This gives
br bkﬂ R R R
H(au+ pv) = ZGkaH/ /a (atiy + B3, ..., Qlly + B0p)

k+1

X gk (k) git1 (k1) dT g1 day

b pbra
ZGka+1/ /a Ckf ula"'aun)+6f(vla"'avn))

k+1

IN

X gk (k) g1 (k1) dT g1 day;
H(u) + BH(V).

This shows that H is convex on [0,1]™. Similar to above, we can show that h

is convex on [0, 1] and using bounds of mapping H in Theorem 3.2 we can get
bounds of mapping h. O

The particular case of above theorem is the following result, which is Theo-
rem 2.6 in [12].

Corollary 3.6. Suppose that f : A2 = R is a convex mapping on 2-coordinates.
Let h : [0,1] — R be the mapping defined as h( ) = H(t,t), then N is convex
on coordinates on A. Also if g1 is nonincreasing on [a, (a + b)/2] and go is
nonincreasing on [c, (¢ + d)/2], then

~ a+b c+d ~
inf h(t) = = H(0,0
ut 70 = 1 (5250 ) = 0.0
and
1 b pd
Sup h9192 (t) = —/ / f(:c,y)gl(x)gg(y)dyd:z: = Hglgz(la 1)'
t€[0,1] GGz Jo Je
Proof. By putting n = 2 in Theorem (3.5), we get (3.6). O

Remark 3.7. Further if we take g1 () = 1 and g2(x) = 1, the we obtain Theorem
3 in [8].
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