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CODES BASED ON RESIDUATED LATTICES

TSAFACK SURDIVE ATAMEWOUE, YOUNG BAE JUN, CELESTIN LELE,
SELESTIN NDJEYA, AND SEOK-ZUN SONG

ABSTRACT. We define the notion of a residuated lattice valued function
on a set as Jun and Song have done in BC' K-algebras. We also investigate
related properties of residuated lattice valued function. We establish the
codes generated by residuated lattice valued function and conversely we
give residuated lattice valued function and residuated lattice obtained by
the giving binary block-code.

1. Introduction

Residuation is a fundamental concept of ordered structures. In this note, we
consider the consequences of adding a residuated monoid operation to lattice.
The residuated lattices have been studied in several brances of mathematics. In
computer science, a block code is a type of channel coding. It adds redundancy
to a message so that, at the receiver, one can decode with minimal errors,
provided that the information rate would not exceed the channel capacity. The
main characterization of a block code is that it is a fixed length channel code.
Typically, a block code takes k-digit information word, and transforms this into
n-digit codeword. Block coding is the primary type of channel coding used in
earlier mobile communication systems. A block code is a code which encodes
strings formed an alphabet set A into code words by encoding each letter of A
separately. One of the recent applications of BC K-algebras was given in the
coding theory. In coding theory, a block code is an error-correcting code which
encode data in blocks. In 2011, Jun and Song [3] studied codes based on BCK-
algebras. They constructed a finite binary block-code associated to a finite
BC K-algebra, and at the end of the paper they put the question if the converse
of this statement is also true. Flaut [2] prove that, in some circumstances,
the converse of the above statement is also true. Borumand Saeid et al. [4]
presented new connections between BC K-algebras and binary block codes.

In this paper, we first introduce the notion of residuated lattice valued func-
tions and investigate several properties. We establish block-codes by using
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the notion of residuated lattice valued functions. We show that every finite
residuated lattice determines a block-code.

2. Preliminaries

A residuated lattice, (in short RL) is an algebra (A, A, V,®, —,0,1) of type
(2,2,2,2,0,0), equipped with an order < satisfying the following conditions:
(I) (A, A,V,0,1) is a bounded lattice,
(I1) (A, ®,1) is a commutative ordered monoid,
(III) ® and — form an adjoint pair, i.e., c <a — bifand only if a®ec < b
for all a,b,c € A.

The relation between the pair of operations ® and — expressed by (III), is
a particular case of the law of residuation, or Galois correspondence (see [5])
and for every z,y € A, x > y=sup{z € A: 2 © z < y}.
Any residuated lattices A satisfies the following axioms for all z,y,z € A
()l —oz=z,c—ozc=1z—>1=1,
(ag) x <y if and only if x — y =1,
(as) v =y < (z = x) = (2 = y),
(a) 2 >y <(y—2) = (z—2),
(as)z<y=z—or<z—oyy—z<z—z

3. RL-valued functions

In what follows, let X and A denote a nonempty set and a residuated lattice,
respectively, unless otherwise specified.

Definition 3.1. A mapping f: X — A is called a residuated lattice valued
function (briefly, RL-function) on X.

Definition 3.2. A cut function of f,~for a € A, is defined to be a mapping
fa: X — {0,1}, such that (Vz € X) (fo(z) =1 a — f(z) =1).

Remark 3.3. (i) fa is the characteristic function of the following subset of X,
called a cut subset or an a-cut of f: X, :={zre€ X |a— f(z) =1}.
(i) Xo=X and Xy ={z € X | f(z) =1}.

Example 3.4. Let X = {z,y,z} and A = {0,a,b,¢,1} with 0 < a, b < ¢ <
1, but a,b are incomparable. Then A is a residuated lattice relative to the
following operations:

—10 a b ¢ 1 ®l0 a b ¢ 1

1 1 1 11 0(0 0 0 O O
al|lb 1 b 1 1 al0 a 0 a a
bla a 1 1 1 bl10 0 b b b
c|0 a b 1 1 c|0 a b ¢ c
110 a b ¢ 1 110 a b ¢ 1
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Consider an RL-function ]"’v on X as follows:
B a ifu=uwx,
f:X—>A u—< b ifu=y,
c ifu=z.

Then its cut subsets are
XO = Xa Xa = {.’L‘,Z}, Xb = {y,Z}, Xc = {Z}a Xl = @

Proposition 3.1. Every RL-function f: X — A on X is represented by the
supremum of the set {a € A| fo(x) =1}, that s,

(1) (va € X) (J(z) = supfa € A | fulw) = 1}).

Proof. For any = € X, let f(z) =r € A. Thenr — f(z) =r — r =1, and so
fr@) =1, 1e,r e {ae A| fo(x) =1}. Let a € A be such that fo(z) = 1.
Then 1 =a — f(z) =a — r, and thus a < r. Hence r = sup{a € A | fo(z) =
1}. Therefore f(z) = sup{a € A | fo(z) = 1}). O

Proposition 3.2. Iff: X — A is an RL-function on X, then
(2) (va € X) (J(z) = sup{a — fu(x) | a € A}),

Py o) =1
where a = fa(@) = { 0 otherwise.
Proof. For any x € X, let f(z) = r. Then r — f(z) = 1, and thus f,(z) = 1.
Hence r — fr(z) € {a — fo(z) | a € A}. Let a — fo(z) € A be such that
a € A. Then

meﬁu»%r={3::i%(ML o
Thus (a — fo(z)) =7 =1, and so (a — fo(z)) < r. Since
r=r fo(z) € {a fu(z) | a € A},
it follows that f(z) = r = sup{a — fo(z) | a € A}. O

Proposition 3.3. Let f: X — A be an RL-function on X. Then
Ma,be A)(a—b=1= X, C X,).

Proof. Let a,b € A be such that a = b= 1. Let © € X}. Then b — f(z) = 1,

and so b < f(z). It follows from (as) that a — b < a — f(x), and so that

a— flx)=1—=(a— f(z)) =(a—b) = (a = f(x) =1.
Therefore x € X,, which shows that X; C X,. [l
Proposition 3.4. Let f: X — A be an RL-function on X. Then
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(i) (Va,y € X) (J@) £ Fw) & Xpo) # Xj))-
(i) (Va € A) (Vz € X) (a @) =1 & Xz, C Xa).

Proof. (i) If f(z) # f(y) for all z,y € X, then f(z) — f(y) # 1 or f(y) —
f(x) # 1. Hence

Xj={z€X | J0) > Fm) =1} # {z€ X | fo) = F(2) = 1} = X5,

Conversely, let ,y € X be such that Xf(m) #* Xf(y)- Assume that f(z) =

fly). Ifze X)-;(I), then

L= f(z) = f(2) = f(y) = f(2)

and so z € Xf(y)' Thus i(f(””) §~Xf(y). Similarly, Xf(y) cX
contradiction. Therefore f(x) # f(y).

(i) Let a € A and x € X be such that a — f(z) = 1. Then X7, C X, by

Fa) This is a

Proposition 3.3. _
Conversely, let a € A and x € X be such that X)—;(I) CX, Ifa— f(x) #1,

then ¢ X,. The identity f(z) — f(z) = 1 implies z € X, Hence X7 is

not include in X,, which is a contradiction. Therefore a — f(z) = 1. O

Corollary 3.5. Let f: X — A be an RL-function on X. Then

(va,y € 4) (Fl@) > Flw) =1 & Xz, C Xp,) -
Proof. Tt is straightforward by Proposition 3.4(ii). O

For an RL-function f: X — A on X, consider the following sets:
Xa:={X,|ac A} and fa:={fa |a€ A}
Proposition 3.6. Let fv: X — A be an RL-function on X. Then
(VB C A) (Xsup{bleB} =({Xslbe B}) :
Proof. Note that there exists the supermum of B in A for any B C A. We have
r € Xgup{slpeny = sup{b | b€ B} — f(x =1
= (Vbe B)(b— f(z) =1)
= (Vb € B)(z € Xp)
=z e[ ){Xs|be B}
Thus Xupisipeny € (M Xp | b € B}. Also, we have

ze (X, |be B} = (Vbe B)(z € Xp)

= (Ybe B)(b— f(z) =1)
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= (Wb e B)(b< f(x)

= sup{b | b € B} < f(x)

= sup{b|be B} - f(z) =1
= 2 € Xsup{b|peB}-

Thus ({ X3 | b € B} € Xeupisjpeny- This completes the proof. O

Corollary 3.7. Let f: X — A be an RL-function on X. Then
(Va,bE A) (Xa NXy € XA).

Proof. Note that for any a,b € A, there exists sup{a, b} in A. By Proposition
3.6,

Xsup{a,b} = m{Xt | t e {a, b}} =X, NXp.
Since Xgup{a,py € Xa, it follows that X, N X € X 4. (I

Proposition 3.8. Let f: X — A be an RL-function on X. Then
UtXalae A} =X

Proof. Note that | J{X, |a € A} = XoU{X, | a € A\ {0}}. Since X, C X
for all a € A\ {0}, it follow that Xo U {X,la € A\ {0}} = X, that is,
UH{Xa|ae€ A} =X. O

Proposition 3.9. Let f~: X — A be an RL-function on X. Then
(Ve e X)({Xa |z e X} e Xa).

Proof. For any x € X, we know that x € X, implies a — f(x) =1. Let
B={ac Al fo(z) =1}.
Then B C A, and so
(WXa |2 € Xo} = WXa | fal@) = 1} = X, pacafu =y € Xa
by Proposition 3.6. O

Let f~: X — A be an RL-function on X and let ~ be a binary relation on
A defined by

(Va,be A) (a~be X, =Xp).
Remark 3.5. The binary relation ~ is an equivalence relation on A.

Consider the sets

f(X):={acA| f(z) =a for some z € X}

and [a) :={x € A|a— x =1} for a € A.
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Proposition 3.10. For an RL-function :fv: X — A on X, we have
(Va,b € A) (a ~b & a)n f(X)=[b)N f(X)) .
Proof. For any a,b € A, we have
a~be X, =X,
s veeX) (e fl@)=16b- fz)=1)

s{reX|flz)ela)}={reX|flx)eb)}

& [a) N f(X) = [b) N F(X).
This completes the proof. O

4. Codes generated by RL-functions

For any = € A, let / ~ denote the equivalence class containing x, that is,
z/ ~={ye Az ~y}

Lemma 4.1. Let~f: X — A be an RL-function on X. For every x € X, we

have f(x) = sup{f(x)/ ~}, that is, f(x) is the greatest element of the ~-class
to which it belongs.

Proof. We have
f(x) =supfa € A| fa(z) =1}

=sup{la€ A|a— f(z)=1}

=sup{ac Alac f(zx)/ ~}

= sup{f(z)/ ~}.

This completes the proof. O

Construction of the code: Let X = {1,2,...,n} and A be a finite residuated
lattice. Every RL-function f: X — A on X determines a binary block-code C'
of length n in the following way:

To every a/ ~, where a € A, there corresponds a codeword ¢, = ajas - - ay,
such that

a; =j < ﬁ(l) =7
for i € A and j € {0,1}. It is clear that C is a binary block-code of length
n. Let ¢, = aias---a, and ¢, = bibs---b, be two codewords belonging to

a binary block-code C. Define an order relation <. on the set of codewords
belonging to a binary block-code C' as follows:

Coa<cecp &b <aifori=1,2,...,n.
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Example 4.1. Let A be the residuate lattice with the universe {0, a,b,¢,d, 1}
such that 0 < a, b<c<1land 0 <b < d < 1, but a and b are incomparable,
and c and d are incomparable. The operations of implication and multiplication
are given by the tables below:

=10 a b ¢ d 1 10 a b ¢ d 1
0/1 1 1 1 1 1 0(0 0O 0 0 0 O
ald 1 d 1 d 1 al0 a 0 a 0 a
blc ¢ 1 1 11 b0 O 0 O b b
c|lb ¢ d 1 d 1 cl|0 a 0 a b c
dla a ¢ ¢ 1 1 d|lo 0 b b d d
110 a b ¢ d 1 110 a b ¢ d 1
Let f:A%Abe an RL-function on A given by
f— 00 a b c d 1
“\0 a b c d 1)
Then
fm 0 a b ¢ d 1
0/1 1 1 1 1 1
a0 1 0 1 0 1
b0 0 1 1 1 1
c|0 0O 0 1 0 1
d|0 0 0 0 1 1
10 00 0 0 1
Thus C' = {111111,010101,001111,000101, 000011, 000001 }.
1 000001
c 000101
d 000011
a 010101
b 001111
0 111111

Figure 1. Partial ordering <, Order relation <.

Example 4.2. Let A := {0,a,b,¢,d,e, f,g,1} beaset with0 <a <b<e<
Lo<e< f<g<lia<d<g,c<d<e, but{ac} {bd}, {d,f}, {b, f}
and {e, g}, respectively, are incomparable. We define operations ® and — on
A by the Cayley tables (see Table 1 and Table 2). Then A is a residuated
lattice (see [1]). For a set X = {x1,x2,x3, 4, T5, g, L7, 28, Tg }, consider an
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RL-function fvon X as follows:

if u =z,

1
g

if u =z,

if u = x3,

f
e

if u = T4,

if u =I5,

d
c
b

if u = xg,

if u = x7,

if u = xg,

a
0

if u = xg.

f: XA u

TABLE 1. Cayley table for the “©”-operation

O™ U % O

SRS B NS N

O S e

TABLE 2. Cayley table for the “—”-operation

N8

SR

L OO0 0

" OO 3O

"W O O
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Then
ry T2 T3 T4 X5 Te Ty T X9
1 g f e d ¢ b a 0
fbl1 1 1 1 1 1 1 1 1
fall 1 0 1 1 0 1 1 0
fLbl1 0 0 1 0 0 1 0 O
fl1 11 1 1 1 0 0 0
fl1 1 0 1 1 0 0 0 0
f£l1 0o 0o 1 0 0 0 0 0
ffrl1 1 1.0 0 0 0 0 0
b1 1 0 0 0 0 0 0 0
filt o 0o 0 0 0 0O 0 O
Hence
C = {111111111, 110110110, 100100100, 111111000, 110110000,
100100000, 111000000, 110000000, 100000000}
and

100000000

110000000 100100000

b 111000000 100100100

111111000 110110110

111111111
(S, <) (V, <e)
Figure 2. Partial ordering <, Order relation <.

Generally, we have the following theorem.

Theorem 4.2. Every finite residuated lattice A determines a block-code C' such
that (A, <) is isomorphic to (C, <.).

Proof. Let A = {a1,as,...,a,} be a finite residuated lattice in which aq; =0
and a, = 1 and let f : A — A be the identity RL-function on A. The
decomposition of f provides a family {fa | @ € A} which is the desired code
under the order <,. Let g : A — {f, | a € A} be a function defined by
gla) = f, for all a € A. By Lemma 4.1, every ~-class contains exactly one
element. Hence g is one-to-one. Let a,b € A besuchthata —b=1,ie.,a <b.
Then X3 C X, by Proposition 3.3, which means that fa < fb. Therefore g is
an isomorphism. O
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Definition 4.3. Let (A,<,0,1) be a finite partially ordered set, which is
bounded.
We define the following binary relation ”—” on A as follows:
z=1l—=zandze— (y—=z2)=y— (z — 2)
for all z,y,z € A.
We define the operation ®, such that (®,—) forms an adjoint pair, i.e.,
z<zx—yifandonly if x ® z < y.

Proposition 4.3 ([5]). With the above operations on A, the lattice (A, A, V,
©®, =, 0, 1) is a residuated lattice.

Let C be a binary block-code with n codewords of length n. We consider
the matrix Mo = (mij);jeq1,2,...n} € Mn({0,1}) with the rows consisting of
the codeword of C'. This matrix is called the matrix associated to the code C.

Proposition 4.4. With the above notations, if the codeword 11---1 is in C
—
n-times
and the matriz Mc is upper triangular with my; = 1 for all i € {1,2,...,n},
there are a set X with n elements, a residuated lattice A and an RL-function
f:X — A on X such that [ determines C.

Proof. We consider the lexicographic order, denote by <., on C. It is clear
that (C, <jer) is a totally ordered set. Let C' = {w1,wa,. .., w,}, with wy <je,

w2 <iex ** Zlex Wyn. This implies that w; = 11---1 and w, = 00---0 1.
n-times (n — 1)-times

On C, we define a partial order <. as in construction of the code by the
RL-function. Now, (C,<.) is a partially ordered set with wy <. w; <. wp,
1€ {1,2,...,n}. Weremark that w; correspond to 0 and w,, correspond to 1 in
A. Hence (C;<,,0,1) is a bounded lattice. We define on (C; <.,0,1) a binary
relation — and the operation ® as Definition 4.3. Then A = (C;<.,0,1,—,®)
is a residuated lattice and C' is isomorphic to A. We consider X = C and the
identity map f: X — A, w+— w, as an RL-function on X. The decomposition
of fprovides a family

Ca={fr: X=>{0,1}| fr(z)=1 & r— f(z) =1,Vz € X,r € A}.
This family is the binary block-code C' relative to the order relation <. (]
Proposition 4.5. Let A = (a;j)icf1,2,...n},je{1,2,..m} € Mnm({0,1}) be a
matriz with rows lexicographic ordered in the descending sense. Starting from
this matriz, we can find a matric B = (b; ;)i je{1.2,...qt € Mq({0,1}), ¢ =
n—+m, such that B is an upper triangular matriz, with b;; =1, Vi € {1,2,...,q}
and A becomes a submatriz of the matriz B.

Proof. We insert in the left side of the matrix A (from the right to the left) the
following n new columns of the form

00---01, 00---10, ..., 10---00.
—_— —— ——

n n n



CODES BASED ON RESIDUATED LATTICES 37

It results a new matrix L with n rows and n 4+ m columns. Now, we insert the
bottom of the matrix L the following m rows:

00---011---11,00---011---1, ..., 00---01.
——— ) ——
n m n+1 m—1 n+m—1
We obtained the desired matrix B. O

Proposition 4.6. With the above notations, we consider C a binary block-

code with n codewords of length m, n # m, or a block-code with n codewords

of length n such that the codeword 11---1 is not in C, or a block-code with n
-times

codewords of length n such that the 7;rLatm':L’ M¢ is not upper triangular. There

are a natural number ¢ > max{m,n}, a set X with m elements and an RL-

function f: X — Cy, where Cy denote the residuated lattice with q elements,
such that the obtained block-code Cc, contains the block-code C' as a subset.

Proof. Let C be a binary block-code, C' = {wy, w2, ..., wy,}, with codewords
of length m. We consider the codewords wy, ws, ..., w, lexicographic ordered,
W1 <ieg W2 <ieg -+ <iex Wn. Let M € M,, ,,({0,1}) be the associated matrix
with the rows wi,ws,...,w, in this order. Using Proposition 4.5, we can
extend the matrix M to a square matrix M’ € M, ({0,1}), p = m + n; such
that M’ = (m;j)i,je{l,Q,...,p} is an upper triangular matrix with m/, = 1, for
all i € {1,2,...,p}. If the first line of the matrix M’ is not 11---1 then we
—
p-times
insert the row 11---1 as a first row and the 100---0 as a first column. Let
— ——
p+1-times p-times
q = p+ 1, applying Proposition 4.4 for the matrix M’, we obtain a residuated
lattice Cy = {z1,22,...,24}, with 21 correspond to 0 and =z, correspond to 1,
and a binary block-code Cc,. Assuming that the initial column of the matrix
M have in the new matrix M’ positions ij,, %j,, ..., %;, € {1,2,...,¢}, let

A = {z;,,zj,,...,z;,} € Cq. The RL-function X = Cy is such that

flz;,) =xj,, i € {1,2,...,m}, determines the binary-block code Cy such that
C C Cg¢, as restriction of the RL-function f : C; — €, on X such that

Remark 4.4. Propositions 4.4, 4.5 and 4.6 generalized Theorems 3.2, 3.8 and
3.9 in [2] to residuated lattices, with the similar proofs.

The study of residuated lattice have been carried out from both logic and
algebraic standpoint. The filter theory plays an important role in studying
residuated lattice. From logic point of view various filters have natural in-
terpretation as various set of provable formulas. Filters are called deductive
systems by Turunen to emphasize the fact that they correspond to sets of
provable formulas and closed with respect to modus ponens.
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The following remark shows that certain block code which can be construct
with the residuated lattices is deductive system.

Remark 4.5. Let V be a binary block code with m codewords of length gq.
With the above notations, let A be the associated residuated lattice and W =

{0, w1,...,Wm+q} the associated binary block code which include the code
V' (where 1 = wy1q). We consider the code-words (0, w1, ws, ..., Wntq)
lexicographic ordered, 0 >jeq W1 Zjex W2 Ziex **° Zlew Wm+q- Let M €
Mintq+1({0,1}) be the associated matrix with the rows {0, w1, wa, ..., Wytq}

in this order. With the above notations, we have that the set

Fi={wmt1,...,Wmtq =1}
is a deductive system in the residuated lattice A.

Definition 4.6. Let (S, <) be a partially ordered set. For ¢ € S, we define a
mapping S, : S — {0, 1} such that (Vb € S) (S4(b) =1« ¢ <b).

A codeword v, = x1x2 - - - T, of a binary block code C'is determine as follow:
x; = j if and only if S, (i) = 7, for i € S and j € {0,1}.

Example 4.7. Let S = {0,a,b,¢,1}; (0 < a, b < ¢ < 1) (but a and b are
incomparable), be a set with a partial order S showed in left figure.

1 00001
c 00011

" b We obtain with 01011 00111

the above method

0 11111
(5,<) (V. <)

Figure 3. Partial ordering <, Order relation <,

S:10 a b ¢ 1
Soll 1 1 1 1
S,10 1 0 1 1
S, |0 0 1 1 1
S.10 0 0 1 1
S110 0 0 0 1

and thus the code obtained by the partially order set .S is
Vs ={11111,010111,00111,00011, 00001}.
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In the following, we will compute binary block-code based on Jun and Song’s
method for a residuated lattice. We show that there is a correspondence be-
tween the ordered relation on a residuated lattice and a partially ordered set.

Example 4.8. Let A = {0, a,b,c, 1} be a residuated lattice with the following
Cayley tables, where 0 < a, b < ¢ < 1 and a, b are incomparable.

=10 a b ¢ 1 ©l0 a b ¢ 1
Of(1 1 1 1 1 00 0O 0 0 O
alb 1 b 1 1 a0 a 0 a a
bla a 1 1 1 bl0 0 b b b
c|0 a b 11 c|0 a b c c
110 a b ¢ 1 110 a b ¢ 1
1 00001
c 00011
" b We obtain with 01011 00111
the above method
0 11111
(5.9) V=

Figure 4. Partial ordering <, Order relation <.

Letf:A%AbeanRL—functiononAgivenbyf(0 @ boc i)

0 a b ¢
Then
fx()abcl
fHll 11 11
fal01 0 11
frl0 01 1 1
f.10 0011
filo 00 01

Thus C4 = {11111,01011,00111,00011, 00001} is a code obtained by the resid-
uated lattice A.

Remark 4.9. On a finite lattice which is bounded, we can define a residuated
lattice. From the obtained block-codes by the aforesaid methods, it is obvious
that Cg = Cjy.
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