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A NOTE ON THE MODIFIED k-FIBONACCI-LIKE
SEQUENCE

YOUNGWOO KWON

ABSTRACT. The Fibonacci sequence is a sequence of numbers that has
been studied for hundreds of years. In this paper, we introduce the modi-
fied k-Fibonacci-like sequence and prove Binet’s formula for this sequence
and then use it to introduce and prove the Catalan, Cassini, and d’Ocagne
identities for the modified k-Fibonacci-like sequence. Also, the ordinary
generating function of this sequence is stated.

1. Introduction
The Fibonacci sequence {F,} is defined by the recurrence relation
(1) F,=F, 1+ F,_5 forn>2

with FO =0 and F1 =1.
Many authors have studied the Fibonacci sequence, some of whom intro-
duced new sequences related to it as well as proving many identities for them.
Falcén and Plaza [6] introduced the k-Fibonacci sequence and proved some
related identities. For any real number k, the k-Fibonacci sequence {Fy 1, }nen
is defined by the recurrence relation

(2) Fk,n = ka,n—l + Fk,n—Q for n > 2

with Fj, o =0 and Fj; = 1.

Edson and Yayenie [4] introduced the generalized Fibonacci sequence and
proved some related identities. For any two nonzero real numbers a and b, the
generalized Fibonacci sequence {¢,}22 is defined by the recurrence relation

aQn—1 + Gn—2, if nis even,
= >
®) n { bgn—-1 + Gn—2, if nis odd, (n = 2),

with go =0 and ¢; = 1.
Edson, Lewis and Yayenie [3] introduced the k-periodic Fibonacci sequence
and proved some related identities. For any k-tuple (z1,22,...,7%) € ZF, the
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k-periodic Fibonacci sequence {g¢, } is defined by the recurrence relation

T1Gn_1+ qn_2, if n=2 (mod k)
ToGn_1+ qn_2, if n =3 (mod k)

(4) =1 (n=>2)

Th—1Gqn-1 + Gn—2, if n =0 (mod k)
Thqn_1 + Qn_2, if n=1 (mod k)

with gg = 0 and ¢; = 1.

Some authors introduced various Fibonacci-like sequences:

Singh, Sikhwal and Bhatnagar [11] introduced the Fibonacci-like sequence
and proved several related identities. The Fibonacci-like sequence {5, } is de-
fined by the recurrence relation

(5) Sn =Sn-1+ Sn,Q for n Z 2

with So = 2 and S; = 2.

Badshah, Teeth and Dar [1] introduced a generalized Fibonacci-like sequence
and proved some related identities. Their generalized Fibonacci-like sequence
{M,} is defined by the recurrence relation

(6) Mn = Mn,1 + Mn,Q for n Z 2

with My = 2m and M; = 1+ m, m being a fixed positive integer.

Harne, Singh and Pal [7] introduced another generalized Fibonacci-like se-
quence and proved some related identities. Their generalized Fibonacci-like
sequence {D,,} is defined by the recurrence relation

(7) D,=D, 1+ D, 5 forn>2

with Dy = 2 and Dy = 1 + m, m being a fixed positive integer.

Finally, Panwar, Rathore and Chawla [9] introduced the k-Fibonacci-like
sequence and proved some related identities. For any positive real number k,
the k-Fibonacci-like sequence {Sk,} is defined by the recurrence relation

(8) Skn = kSkn—1+ Sgn—2 forn>2

with Sk70 =2 and Sk71 = 2k.

Furthermore, the above authors utilize Binet’s formula, a well-known tool for
proving various identities. Thus, when authors study a new sequence related
to the Fibonacci sequence, they always introduce Binet’s formula for each se-
quence. As you know, most of identities for each sequence is that the left-hand
side of equation is expressed using itself. For example, the Catalan identity of
the k-Fibonacci sequence is

2 n+l—r 2
Fk,nfrFk,nJrr - ka - (71) Fk,ra

where Fy, ,, is the k-Fibonacci sequence.
In this paper, we introduce the modified k-Fibonacci-like sequence and prove
Binet’s formula for the modified k-Fibonacci-like sequence. And then using it,
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we prove the Catalan, Cassini, and d’Ocagne identities for this sequence. More-
over, we introduce the special sums of the modified k-Fibonacci-like sequence
and prove them using Binet’s formula.

In Section 2, we will introduce the modified k-Fibonacci-like sequence and
related facts.

In Section 3, we will introduce and prove Binet’s formula of the modified
k-Fibonacci-like sequence.

In Section 4, we will introduce the Catalan, Cassini, and d’Ocagne identities
for the modified k-Fibonacci-like sequence. In these identities, we can find
that the left-hand side of equation is expressed using the k-Fibonacci sequence.
Moreover, we will prove them using Binet’s formula. We will also introduce
and prove the sums of the modified k-Fibonacci-like sequence.

In Section 5, we will find the generating function of the modified k-Fibonacci-
like sequence.

In Section 6, we will generalize the modified k-Fibonacci-like sequence for
Sko = Sk,1 = a, where a is an integer.

2. Preliminaries

In this section, we review basic definitions and introduce relevant facts.

Definition (The k-Fibonacci sequence [6]). For any positive real number k,
the k-Fibonacci sequence {Fy ,} is defined by the recurrence relation

Fyn =kFypn-1+ Frpp—o forn>2
with Fj, o =0 and Fj; = 1.
A few k-Fibonacci numbers are
Fro=k, Frza=k>+1, Fru=k +2k, Frs=k*+3k>+1, ....

Theorem 2.1 (Binet’s formula for the k-Fibonacci sequence [6]). The nth
k-Fibonacci number is given by

B a — ﬁn
(9) Fin = a—g

where «, B are the roots of the characteristic equation x> — kx —1 = 0, and
a>f.

Definition (The k-Lucas sequence [5]). For any positive real number k, the
k-Lucas sequence {Ly ,} is defined by the recurrence relation

Lk,n = kLk7n71 + Lk,n—? forn>2
with Lk70 =2 and Lk,l =k.
A few k-Lucas numbers are

Lio=k*+2, Lys=Fk +3k, Lya=Fk +4k*+2, ....
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Theorem 2.2 (Binet’s formula for the k-Lucas sequence [5]). The k-Lucas
numbers are given by the formula

(10) Li,=a"+ 8",

where a, 3 are the roots of the characteristic equation 2> — kx — 1 = 0, and
a>f.

Now, we will introduce the new sequence, called the modified k-Fibonacci-
like sequence. This sequence contains features both of the k-Fibonacci sequence
and the Fibonacci-like sequence.

Definition (The modified k-Fibonacci-like sequence). For any positive real
number k, the modified k-Fibonacci-like sequence {My, n} is defined by the
recurrence relation

Myp =kMygp—1+ My p—o forn>2
with My o =2 and My = 2.
The first few modified k-Fibonacci-like numbers are
My =2k + 2,
My, 3 = 2k* 4+ 2k + 2,
Mys = 2K + 2k + 4k + 2,
My 5 = 2k* 4+ 2% 4 6k + 4k + 2,
M6 = 2k° + 2k* + 8k® + 6k + 6k + 2.
Example 2.3 (Case k =1). We obtain
Mio=2,M71=2, and My, = My 1+ M;ip—o forn>2:
{M1n}neny = {2,2,4,6,10,16,. . .}.
This sequence is the Fibonacci-like sequence in [11].
Example 2.4 (Case k = 2). We obtain
Moo =2,My1 =2, and My, =2Ms 1+ My y—o forn>2:
{Ma.n}neny = {2,2,6,14,34,82,.. .}

Example 2.5 (Case k = 1). We obtain

1
Miyo=2,M, =2, and M :§M%7n71+M%7n72 forn>2:

1
PR

7 19 47
{M;n}nEN{2725375525§a"'}'
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3. Binet’s formula of the modified k-Fibonacci-like sequence

Binet’s formulae are well known in the study of sequences like Fibonacci
sequence [1, 2, 3,4, 6, 7, 8, 10, 11, 12]. In this section, we introduce and prove
Binet’s formula for the modified k-Fibonacci-like sequence. Binet’s formula
of the modified k-Fibonacci-like sequence allows us to express the modified
k-Fibonacci-like sequence in terms of the roots a and 8 of the characteristic
equation, 22 — kz — 1 = 0 (a > ). The roots of the characteristic equation
are a = LVQICZH and 8 = ’“77@“2*4. Note that f < 0 < a, a4+ 8 = k and
af = —1.

In this paper, Binet’s formula for the modified k-Fibonacci-like sequence is
the following:

Theorem 3.1 (Binet’s formula). The nth modified k-Fibonacci-like number
M., is given by

a™ — ﬂn anfl _ ﬂnfl
11 My, =2 .
- ; (a—6+ =g )
Proof. The general term of the modified k-Fibonacci-like sequence may be ex-
pressed in the form, My, ,, = C1a™ 4+ C38" for some coefficients C; and Cs.
(1) Mk70 =C1+0Cy = 2,
(2) Mk71 = Cla + Cgﬁ = 2.

Then
2—2 200 — 2
CIZ ﬁ) 02: a .
a—pf a—pf
Therefore,
2725 20 — 2 Ozn*ﬂn anfliﬂnfl
Mk,n: o™ + ﬂn2< =+ .
a—p3 a—_ a—p3 a—_ O
Note that
042752 Ozlfﬂl
Mo =2 =2k+2
k,2 <a—ﬁ + a—ﬁ) + 2,
3 _ ;3 2 _ 2
Myg—2(22 =0 g2 okt
a—pf a—pf
4 4 3 3
Mua=2 (=0 f TP opd ok 4 k42,
’ a—pf a—pf
Note that My, = 2(Fn + Fi.n—1), where Fy,, is the k-Fibonacci sequence.
o If k=1,

an—i—l o ﬂn—i—l

My, =2(F1, +Fin_1) =2F i1 =2
1, (Fin+ Fipn-1) 1,n4+1 a_p
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o If k=2,
MQ,n = 2(F2,n + F2,n—1)
=2F .+ Fon_1)+ Fan_1
=F 1 +Fo
= Loy, where Lo ,, is the 2-Lucas sequence.

Also, we can express the nth k-Fibonacci number F}, ,, as follows:

Theorem 3.2.

n—1
1 i
(12) Fin =5 Z Mjn—i(—1)".
=0
Proof. By the note of Binet’s formula,
M
Fk,n = b Fk,n—l-
2
Then, inductively and using the fact that Fj, o = 0, we have
Mk,n
Fk,n = 9 - Fk,nfl
Mk n Mk n—1
— — . Fyop
e (M= hia )
Mk n Mk n—1
= : . Fin—
5 9 + k-2
Mk n Mk n—1 Mk n—2
— i) _ i) ) F n—
2 TR < 2 Fon=3
1 n—1
=3 (Mkn — Mygp-1+Mipn-o2—Myps+---+ (1) Mk,1)
+ (=1)"Fyo
n—1
1
=52 Min-i(=1)
=0 O

4. Identities of the modified k-Fibonacci-like sequence

Many authors who study sequences like Fibonacci sequence have introduced
special identities, such as the Catalan, Cassini, and d’Ocagne identities [2, 4,
6, 10, 12]. They have then proved them using Binet’s formula for each identity.

In this section, we also introduce the Catalan, Cassini, and d’Ocagne iden-
tities for the modified k-Fibonacci-like sequence, and prove them using Binet’s
formula stated in the previous section. In addition, we introduce and prove the
sums of the modified k-Fibonacci-like sequence using Binet’s formula.
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4.1. The Catalan identity

Many authors have expressed the Catalan identity as the following;:

o F Fyuyr — F2 = (=1)""""F2 where F, is the Fibonacci sequence
[2].

o FrnrFrnir — F,fn = (—1)"*1*TF,€27T, where Fy ,, is the k-Fibonacci
sequence [2, 6].

o qEmIPLET g o GE €2 o GEpL—Er) (L1 yntir g2

where g, is the generalized Fibonacci sequence [4].

As we can see, the left-hand side of each equation is expressed using itself.
However, in the modified k-Fibonacci-like sequence, My, p—r My pyr — M ,3
is expressed using the k-Fibonacci sequence F .

N

Theorem 4.1 (the Catalan identity). For any two nonnegative integers n and
r with n > r, we have

(13) My n—r Mpnr — Mlgn = 4k(*1)n_TFk2,ra
where Fy, . is the k-Fibonacci sequence.
Proof. Note that o + 5 =k, af = —1. By Binet’s formula, we have

Mk,n—er,n—i-T - Mlin
22 1 1
— (a — ﬁ)2 [(anfr o ﬂnfr + a1 ﬂnfrf )

X(an—i-r _ Bn-i-r +an+r—1 _ Bn-l-r—l) _ (an _ Bn +an—1 _ ﬁn—l)Q}

22

= (T e = (1)) (0 ) (143)
(e - (143)]

22
— g [ () @ ) (14 3) (14 )

(@ —
s (1 g) = (@ e )2t (0 ) (14 )42 (14 3))]
= G T e ) (142) (14 )

:% () +(8) -2l 1+ 2+ 3+ 25)
A0 [ (344)
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T __ AT 2
= dk(=1)"" <aa_g )

=4k(-1)"""F},. 0

Remark 4.2. We can express the left-hand side using itself. Using Theorem
3.2,

r—1 2
(14) My e My pgr — M2, = k(—=1)"7" <Z Mkmi(l)l) .
1=0

4.2. The Cassini identity

The Cassini identity is a special case of the Catalan identity with r» = 1.
Many authors have expressed the Cassini identity as the following;:
o I, 1F,;1 — F? = (=1)", where F), is the Fibonacci sequence [2].
® Fyn_1Fint1 — F,?n = (—1)", where F} , is the k-Fibonacci sequence
(2, 6].
o gS(n=Dpt=En=Dg g1 —afMp1 =€ g2 = g(—1)", where g, is the
generalized Fibonacci sequence [4].
Similarly, the Cassini identity for the modified k-Fibonacci-like sequence is the
following:

Theorem 4.3 (the Cassini identity). For any nonnegative integer n, we have
(15) My 1M1 — M2, = 4k(—=1)""".
Proof. Taking r = 1 in the Catalan identity, we get

My 1My 1 — M7, = 4k(=1)""'F2, = 4k(-1)""",
since Fj, 1 = 1. O
4.3. The d’Ocagne identity

The d’Ocagne identity is similar to the Catalan identity. Many authors have
expressed the d’Ocagne identity as the following:

o I Fui1— Fp1 By = (—1)"F,,—,, where F,, is the Fibonacci sequence
[2].

® FimFrnt1—Fimt1Fin=(—1)"Fkm—n, where Fy, ,, is the k-Fibonacci
sequence [2, 6].

[ ]

GEmntm) e (mn-tn) £(mn+n) & (mn-+m)

dmdn+1 — a dm+14n

_ (71>naf(m—n)qmin,
where gy, is the generalized Fibonacci sequence [4].

Once more, the left-hand side of each equation is expressed using itself.
However, in the modified k-Fibonacci-like sequence, the d’Ocagne identity
is expressed using the k-Fibonacci sequence similar to the Catalan identity.
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Theorem 4.4 (the d’Ocagne identity). For any two nonnegative integers m
and n with m > n, we have

(16) Mpgm M1 — My 1 My = 4k(=1)"" Fom—n,
where Fy, ,, is the k-Fibonacci number.

Proof. We check each term on left-hand side using Binet’s formula, and then
we prove the theorem.

(i) First, we check My My nt1.

Mg Mp 41
B ﬁ(am —B" 4"t p (@ - g7 4" — BT
o (0 () () - (1)
22 5
- [ e ) - @ e (4 2) (1)

A (1 + %)1 .

(ii) Second, we check My pm+1 M p.

Migm+1 Mg
2
- (oﬁiﬂ)z(o‘m+1 — BT o™ — B (" — B 4 an Tt = g
22
T (a-p2 (et (1 d) =gt (145)) (an (14 2) = 8" (14 4))]
22 5
— i [ ) @ ) (1) (14 5)
+ﬂm+n+1 (1 4 %)2] .
Therefore,
Mk,ka,n—i-l - Mk,’m—i—le,n
2
= e e @) — @m0 (14 2) (14 3)
22(ap)”

= s [ g g — (@ g e ] (14 L+ 4 )
= ZEDL [amnt —agnm) 4 (37t o] (1 + )

= ey ot = = plam T — g (=£2)
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22 -1 n—1
@ e - B(a+ )
oo n_lam—n _ ﬁm—n
= 2K
= 4k(—1)"" Frmn. O

Remark 4.5. Similarly, we can express the left-hand side using itself. Using
Theorem 3.2,

m—n—1

A7) MpmMinir — MgmpaMin =2k Y Mymon—i(—1)"771,
=0

4.4. The sums of the modified k-Fibonacci-like sequence

Binet’s formula allows us to express the sum of the first n terms of the
modified k-Fibonacci-like sequence.

Theorem 4.6. The sum of first n terms of the modified k-Fibonacci-like se-
quence { My} is

4
(Mg pt1 + My n) — T

e

(18) Mg+ Mya+--+ My =Y M, =
i=1

Proof. Note that « + 8 =k, af=—1and (a —1)(f—1) = —k.
By Binet’s formula, we have

n 2 n
> Mii= g S g ral )
=1 =1
By summing up the geometric partial sums, we have

= 2 TJale®—1) BB"-1) a"—1 pr-1
;Mk,ia_ﬁ{ + -

a—1 B—1 a—1 B-1]

Then, using the above note, we have
n
> M
i=1
2

- (a—pB)a—-1)(B-1) [a(@™ =1)(B—1) = B(B" = 1)(a—1)

F@"=DE-1) = (" = (a—-1)]

— 2 an—i—l _ an-l—l —a a) — («a n+l _ pn+1 _ a
+@"f—a”=p+1) = (af" =" —a+1)]

_ 2 a an_ ny _ an—i—l_ n+1 a—

= e g LA ")~ ( BT + (a = B)

+af) ("t = ") = (a" = B") + (a - B)]
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= ﬁ [—(om - 8" — (anJrl _ ﬂnJrl) +(a—B) — (Ozn71 - ﬂnil)
—(@" = B") + (a = )]

- ﬁ [(anﬂ — B o — ) 4 (o = B + o - g
—2(a — )]

B 1 anJrl _ ﬂnJrl + o — ﬂn o — ﬂn + an71 B ﬂnfl

N E |:2 o — ﬂ +2 o — ﬂ —4
! 4

= E(Mk,nJrl + Mk,n) — E -

Note that from Theorem 4.6,

ZMk,i = ZMk,i + Mo =
i=0

i=1

4
(Mk,n-i-l + Mk,n) - E + 2.

il

Theorem 4.7. The sum of the first n terms with odd indices is

- 1 2
(19) Myp1+Mps+--+Mpon—1 = ZMk,ziq = E(Mk,an*Mk,znq)*E-
i=1

Proof. Note that (a? —1)(8? — 1) = —k2.
By Binet’s formula, we have

n n
2 2i—1 2i—1 2i—2 2i—2
ZMk,ziflfmZ(Oé - B +a - pr7?).
=1 i=1
By summing up the geometric partial sums, we have

. 2n __ on o on
ZMinfl = azﬁ [a(a 1) _ B(B 1) " « 1 g 1
=1

a2 —1 B2 -1 a2—-1 -1
Then, using the above note, we have

n
E M 251
i—1

— k2(;2_ ﬁ) [(a2n+152 o a2n+1 _ aﬂ? + a) o (a252n+1 o BQnJrl o 042ﬂ + ﬂ)
+(a2nﬁ2 a2 —52 + 1) _ (a2ﬁ2" _an a4 1)]

- ﬁ%m [(aB)? (a1 = 1) = (a1 = 31) 4 (aB) (e — )
+a = B) + (aB)*(a®72 = §2072) — (a2 — §2) + (a? — §%)]

_ kZ(;% 5 [(a2n—1 _ ﬁQn—l + a2 ﬁQn—Q)

7(a2n+1 o ﬂQnJrl +a2n o ﬂ?’n) 4 (042 o ﬂ?)]
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1 2

= E(Mk,QnJrl — Myon-1) — T 0

Theorem 4.8. The sum of the first n terms with even indices is

2 1
(20) Myo+ Mia+ -+ Mgop = ZMk,Qi = E(MM"H — My on) —
=1

ESl )

Proof. By Binet’s formula, we have

n n
2 2i 2i 2i—1 2i—1
ZMk,Qi—mZ(O& - B+« - B )
i=1 i=1
By summing up the geometric partial sums, we have

n 92 a2(a2n _ 1) 62(627} _ 1) CY(O(Qn _ 1) ﬁ(ﬁQn _ 1)
;Mk,% i [ - +

a? -1 B2 -1 a? -1 B2 -1

Then, using the note in Theorem 4.7, we have

ZMk,Qi
i=1

-2
Pl
_(a262n+2 _ ﬁ2n+2 _ a2ﬁ2 +ﬁ2) + (a2n+162 _ a2n+1 _ CYBQ +Oé)

*(042/82n+1 o 52n+1 o O[Qﬂ+/3)]

a2 H2E2 22 0252 4 az)

= ey 9202 — ) = (242 = g2 (o — )
+HaB)? (@t = 2Tl — (oM = B2 4 (a) (o — B) + (a — B)]
- ‘k2<a2— gy L@ = A aB = )
—(@® = B ot = B2 — (oF - 7))
= %(Mk,zmz — My,2n) — % O

Remark 4.9. Note that we can check

n n 2n
E My 2; + E My 2i-1 = E My, ;
i=1 i=1 i=1

using the above three theorems.

Theorem 4.10 (Sum involving binomial coefficients). For any integer n > 0,

n

n .
(21) Z <i>k1Mk,i = My on-

i=0
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Proof. By Binet’s formula, we have

— (n i 2 — (n i i i i— i—
;<i>kM’”a—ﬁz<i)k (o' — B+ o™t — g7ty

1=0
Then,
; (3 )ane= 25 ; (5) |k = eyt + 2y = 508
- 3 [Z) <7Z> (ke)” - Zj; (T;) (kB + :0 (”) (ka)’

By the binomial theorem, we have

i <n> KM= aiﬁ [(ka L) (kA1) é(ka Ly

. (3
=0

Since 22 = kx + 1, we have

n ' 9
3 (”) K My, =
i—o \ a—p
2
_ — ﬁ(QZn o ﬂ2n + 0427171 . ﬂanl)
= Mk,2n- O

|
="
Q
o
=
|
=
)
=
+
I~
&}
o
=
|

4.5. The limit of the quotient of two consecutive terms

In the modified k-Fibonacci-like sequence, the limit of the quotient of two
consecutive terms is equal to the positive root « of the corresponding charac-
teristic equation, 2 — kx — 1 = 0.

Theorem 4.11.

M
(22) lim b —
n—o0 Mk,n

Proof. By Binet’s formula, we have

) Mk,n-{-l ) an—i—l _ ﬁn—i—l + a — ﬁn
lim ——— = lim
n—oo Zwk,n n—oo " — ﬂ" + an—1 — ﬂnfl
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n
and taking into account that lim, .. (g) = 0 since |3| < a. Thus

1
. Mg 1+

lim =3 =

n— o0 Mkﬂl = + 22 O

5. The ordinary generating function of the modified
k-Fibonacci-like sequence

In this section, the ordinary generating function for the modified k-Fibona-
cci-like sequence is presented. The modified k-Fibonacci-like sequence can be
seen as the coefficients of the power series which is called the ordinary gener-
ating function of the modified k-Fibonacci-like sequence. Therefore, if My (z)
is the ordinary generating function, we can write

o0
My (z) = Z My x' = My o+ My 12 + My ox® + My 32 4+ + My p2™ + -+ - .

i=0
First, we can find the radius of convergence. By Theorem 4.11,
| My gzt
lim =a|z|
n—00 km;ﬂ"

Thus, the radius of convergence is é And then,
My(z) = My + My + 2> Myo + 2° My 3 + 2" My g + 2" My s+ -+,
kxMy(z) = kxMy o + kx> My, 1 + ka® My o + ka* My 3 + ka® My g + - - -,
w2 My, (z) = xQMk70 + xBMkJ + z4Mk72 + 1'5Mk13 + z6Mk14 4
Since My pyo — kMp 1 — My =0, My o = 2, and My ;1 = 2, we obtain
(1 —kx — 2*)My(x) = My + (My1 — kMg o)z + (Mg — kM1 — My o)x?
+ (My3 — kMyo — Mg 1)x® + -+
= Mo+ (Mi1 — kMyo)x
=24 (2 —2k)x.
Hence, the ordinary generating function of the modified k-Fibonacci-like se-
quence { My 152 is
(23) M) = 220

6. Conclusions

In this paper, we have introduced and studied the modified k-Fibonacci-
like sequence. Many identities, such as the Catalan, Cassini, and d’Ocagne
identities for the modified k-Fibonacci-like sequence, are stated and in their
proof we use Binet’s formula. In addition, we have introduced the sums of the
modified k-Fibonacci-like sequence and proved them. Moreover, we have found
the ordinary generating function for the modified k-Fibonacci-like sequence.
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Moreover, we can generalize the modified k-Fibonacci-like sequence for Ny, o
= Nj,1 = a, where a is an integer. In this case, the nth modified k-Fibonacci-
like number Ny ,, is given by

n n n—1 n—1
Nkyna<aa_§ Jra a—g )
The Catalan identity is
Nl?,n — Ningr Ngn—r = GQk(*l)nﬂFlﬁr-
The Cassini identity is
N = N1 Nin—1 = a®k(=1)""1.
The d’Ocagne identity is
NemNent1 — Nems1Nen = a2k(=1)"Fy yn.
The ordinary generating function is
a+ax(l—k)

N =
k 1—kax — a2
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