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DIFFERENTIAL SUBORDINATIONS AND
SUPERORDINATIONS FOR GENERALIZED
BESSEL FUNCTIONS

Hupa A. AL-KHARSANI, ARPAD BARICZ, AND KOTTAKKARAN S. NISAR

ABSTRACT. Differential subordination and superordination preserving
properties for univalent functions in the open unit disk with an operator
involving generalized Bessel functions are derived. Some particular cases
involving trigonometric functions of our main results are also pointed out.

1. Introduction and some preliminary results

It is known that the generalized hypergeometric functions play an important
role in geometric function theory, especially in the solution by de Branges of the
famous Bieberbach conjecture. Motivated by this, geometric properties (like
univalence, starlikeness, convexity) of different types of hypergeometric func-
tions were investigated by many authors. For example, Miller and Mocanu [10]
employed the method of differential subordinations [11] to investigate the lo-
cal univalence, starlikeness and convexity of certain hypergeometric functions.
Moreover, it is worth mentioning that, motivated by the results of Miller and
Mocanu, further results on hypergeometric functions were obtained by Pon-
nusamy and Vuorinen [15, 16]. Motivated by the above mentioned results some
similar developments were also made for the so-called generalized Bessel func-
tions [1, 2, 3, 4, 5, 6, 7, 8, 13]. In this paper we make a further contribution
to the subject by showing some differential subordination and superordination
results for an operator involving the generalized Bessel functions of the first
kind.

The generalized Bessel function of the first kind w = wy, 3  is defined as the
particular solution of the second-order linear homogeneous differential equation
4, 6

(1.1) 22" (2) 4+ bzw'(2) + (e — p* + (1 — b)p) w(z) =0,
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which is natural generalization of Bessel differential equation. This function
has the representation

(1.2) w(z) = wppe(z) = Y - ((1)ncn | (g)zwv

b+1
n>0 p+n+7

where b,p,c,z € C and ¢ # 0. The differential equation (1.1) permits the
study of Bessel, modified Bessel and spherical Bessel functions all together.
Solutions of (1.1) are referred to as the generalized Bessel function of order p.
The particular solution given by (1.2) is called the generalized Bessel function
of the first kind of order p. Although the series defined above is convergent
everywhere, the function w3 . is generally not univalent in the open unit disk
D= {z € C:|z| < 1}. It is worth mentioning that, in particular, when b = ¢ =
1, we reobtain the Bessel function of the first kind wp 1,1 = Jp, and for ¢ =
—1 and b = 1, the function wp 1,—1 becomes the modified Bessel function of
the first kind I,. Now, consider the function u, . : C — C, defined by the
transformation

b+1 _
Upp,c(2) = 2PT (p + T) ‘Z p/2wp,b,c(\/z)'

By using the well-known Pochhammer (or Appell ) symbol, defined in terms of
the Euler gamma function,

I'(a+n)
=TT

and (a)o = 1, we obtain for the function u, ;. the following representation

Uppe(2) = Z C(=c/m 2m

n>0 (p + b-g_l)n H’

=ala+1)---(a+n—-1)

where p + E’JFTl #0,—1,—2,.... This function is analytic on C and satisfies the
second order linear differential equation

42%u"(2) +2(2p + b+ 1) 20/ (2) + czu(z) = 0.

Now, let H = H(D) denote the class of analytic functions defined in D,
and for n € N and a € C let H[a,n] consist of functions f € H of the form
f(z) = a+ anz™ + anp12"t + - Let f and F be members of H. The
function f is said to be subordinate to F, or F' is said to be superordinate
to f, if there exists a function w analytic in D, with |w(z)| < |z| such that
f(z) = F(w(z)). In such a case, we write f < F or f(z) < F(z). If the function
F is univalent in D, then f < F if and only if f(0) = F(0) and f(D) C F(D)
(cf. [11]). Let ¢ : C* — C, and let h be univalent in D. The subordination
o(p(2),2zp'(2)) < h(z) is called a first-order differential subordination. Finally,
let A denote the class of functions

f(z)=z+ Z Ung12" T

n>1
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that are analytic and univalent in the open unit disk D, and consider the
following operator

BH,C(f)(Z) = Zup,b,c( ) =z+ Z Apn+1—F—~ —

n>1

0/4 n n+1

n!

where Kk = p+ HTl #0,—1,-2,.... We mention that for this operator the next
identity is valid

(1.3) 2(Bry2.e(f(2)) = (k4 1)Bry1.e(f(2)) = £Brya,e(f(2)).

In this paper some subordination and superordination preserving properties
for univalent functions in the open unit disk associated with the above oper-
ator will be derived. The paper is organized as follows: this section contains
the definitions and some preliminary results which will be used in the sequel.
Section 2 contains the main results together with their consequences, while Sec-
tion 3 is devoted for the proofs of the main results. We note that very recently
some other differential subordination and superordination results on the above
operator were obtained in [7].

The following definitions and lemmas will be used in our present investiga-
tion. For more details see [9, 11, 12].

Definition 1 ([11]). Let ¢ : C> — C, and let h be univalent in D. If p is
analytic in D and satisfies the differential subordination

(1.4) p(p(2), 2p'(2)) < h(2),

then p is called a solution of differential subordination (1.4). A univalent func-
tion ¢ is called a dominant of the solutions of differential subordination (1.4),
or more simply a dominant, if p < ¢ for all p satisfying (1.4). A dominant ¢

that satisfies ¢ < ¢ for all dominants ¢ of (1.4) is said to be the best dominant
of (1.4).

Definition 2 ([12]). Let ¢ : C> — C, and let h be analytic in D. If p and 2
©(p(2), zp'(z)) are univalent in D and satisfy the differential superordination

(1.5) h(z) < e(p(2), 2p' (),

then p is called a solution of differential superordination (1.5). An analytic
function q is called a subordinant of the solutions of differential superordination
(1.5), or more simply a subordinant, if ¢ < p for all p satisfying (1.5). A
univalent subordinant ¢ that satisfies ¢ < ¢ for all subordinants ¢ of (1.5) is
said to be the best subordinant (1.5).

Definition 3 ([11]). Denote by @ the class of functions f that are analytic
and injective on D\ E(f), where

B(f) = {g € oD lim f(2) = oo},

and f is such that f/(¢) # 0 for ¢ € D\ E(f).
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The following preliminary results which will be used in the sequel are some
known results on admissible functions.

Lemma 1 ([11]). Suppose that the function n: C*> — C satisfies the condition
Ren(is, t) <0,
for all real s and t < —m(1 + s%)/2, where m is a positive integer. If the
function p(z) =14 ppmz™ + - -+ is analytic in D and
Ren(p(z),zp'(2)) >0 forall zeD,
then Rep(z) > 0 for all z € D.
Lemma 2 ([14]). Let 8,y € C with 5 # 0, and let h € H(D) with h(0) = c. If
Re(Bh(z) +v) >0
for all z € D, then the solution of the differential equation
2q'(2)
q(z) + =———— =h(z
) Ba(z) + )
with ¢(0) = ¢ is analytic in D and satisfies
Re(Bq(z) +7) >0
for all z € D.
Lemma 3 ([11]). Let p € Q with p(0) = a, and let ¢(z) = a + apnz" + - - be
analytic in D with q(z) £ a and n > 1. If q is not subordinate to p, then there
exist zo = roe'? € D and (o € OD\E(p), for which q(roD) C p(D), and
q(20) = p(Co); 20q'(20) = mCop'(Go)  (m >n).

We will use also the concept Loewner subordination chain, which is defined
as follows.

Definition 4 ([12]). A function (z,t) — L(z,t) defined on D x [0,00) is a
subordination chain (or Loewner chain) if L(-,¢) is analytic and univalent in
D for all t € [0,00) and L(z,-) is continuously differentiable on [0, c0) for all
z €D, and L(z,s) < L(z,t) for 0 < s < t.

The next results are also useful in order to obtain the main results of this
paper.
Lemma 4 ([12]). Let ¢ € H[a, 1], p : C? — C, and set h(z) = ¢(q(2), 2¢'(2)).
If

L(z,t) = ¢(q(2), t2q'(2))
is a subordination chain and p € Hla,1] N Q, then
); %

]
h(z) < ¢(p(2), 2p'(2))

implies that
q(z) < p(2).
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Furthermore, if ©(q(2),2¢' (2)) = h(z) has a univalent solution q € Q, then q
s the best subordinant.

Lemma 5 ([12]). The function (z,t) — L(z,t) = a1(t)z + - - -, with a1(t) # 0
and tlim laq(t)] = oo, is a subordination chain if and only if
—00

20L(z,t)/0z
Re| =———F77>0 Il zeD, 0<t< o0
e<8L(z,t)/6t for all =z < 00
2. Main results and their consequences
Our first main result is the following theorem.

Theorem 1. Let f,g € A, A € [0,1), ¢ € C with ¢ # 0 and p,b € R be such
that k > —1. Let also

B(z) = (1— /\)Bn+1,;(g(z)) " )\Bn+2,2(9(2))

)

and suppose that

1
(2.6) Re (’Zg,(g) n 1> > —n forall zeD,

where

=N+ (D)= =N+ (k1)1
T = 41— N(r+1) '

Then the subordination condition

(1 _ )\) BK+17€(f(Z)) BK+2,c(f(Z))

+A +A

Bit1,6(9(2)) Bit2,.c(9(2))

<(1=2x

implies that

Bn+2,c(f(z)) =< BK+2,c(g(Z)) )

Moreover, the function z — Biy2.(9(2))/z is the best dominant.

Now, choosing A = 0 in the above theorem, we have the following result.

Corollary 1. Let ¢ € C with ¢ # 0, f,g € A and suppose that p,b € R
are such that Kk > —1. Consider also the function ¥ : D — C, defined by
U(2) = Bet1.c(9)(2)/ 2, and suppose that the condition

20" (2) 1+ (k+1)%2— /14 (k+1)*
Re(Gy 1) > 0t 1)
is satisfied for all z € D. Then
Bk+1,c(f)(2) ) Bk+1,c(g)(2)

z z

implies that
Bito,c(f)(2) - Bito,c(9)(2)
z z
Moreover the function z — Byt2..(9)(2)/z is the best dominant.
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Taking into account the above results, we have the following particular cases.
Choosing f(z) = i z

we obtain that for k > —1 the subordination

and g(z) = z+az? where |a| < % in the above corollary

(2) <1 acz
u o(z -
pHLD, 4(k+1)
implies that
(2) <1 acz
U ez T
pH2:b, 4(k+2)
or equivalently
ac ac
(2) =1 < |———| = e(2) =1 < |70—=5 |-
[upti,b,c(2) — 1] < ‘4(1%_‘_ 1)‘ [upt2,p,c(2) — 1 ‘4(&—1— 2)‘

It is important to note here that the above result is related to a recent open
problem from [1] concerning a subordination property of normalized Bessel

functions with different parameters. Now, choosing in the above inequalities
p= f%, b=c=1 (k= f;) and p = f%, b=c=1 (k= %), respectively, we

obtain for all z € D and |a| < § the following chain of implications

|a] sin/z |al siny/z _cosy/z |al
-l < == |—-1|<—=—=3 -3 -1 < =.
[cos vz 1] < 5 NE <% PNz 2 10

Here we used the relations

111(2) = \/?Z%Jé(\/z) = cos/z,

)= \/;”_i%(x/z) = Sir\lf\z/z

up(e) =33ty (vE) =3 (L 2,

u

and

Now we consider the dual of Theorem 1.

Theorem 2. Let f,g € A, p,b € R such that Kk > —1, ¢ € C with ¢ # 0 and
A €1[0,1). Let also

B(z) = (1— /\)Bn+1,¢;(g(z)) " /\Bn+2,2(9(2)).

Suppose that for all z € D we have

Re <Z§;iz)) + 1) > —Yam

and assume that

2o (1= n 2l @) )\ Bl ()
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is univalent in D, and z — Brya(f(2))/z € H[1,1] N Q. Then the superordina-
tion
(2.7)

Biyi,c Bita,e

implies that
Boals() _ Bua(f(2)
2 2 '
Moreover, the function z — By12(g(2))/z is the best dominant.

Combining Theorems 1 and 2 we get the following sandwich type result.

Corollary 2. Let f,g1,92 € A and suppose that p,b € R such that k > —1,
A €10,1), c € C with ¢ # 0. Consider the functions ®1,P5 : D — C, defined by

Bi(z) = (1 \) Bn+1,cz(gi (=) | )\Bﬁ+2,i9i (Z)), _12
and suppose that for i =1,2 and z € D we have
"
Re (1 + Z(;Z(ij)) > —Vak-
Moreover, assume that
s (1= ) Bn+1,¢;(f(z)) " )\Bn+2,¢;(f(z))
is univalent in D and z — Byeio (f(2))/z € H[1,1]N Q. Then
B (2) < (1— )\)Bn+1,¢;(f(z>> n )\Bmz,cz(f(z)) < y(2)

implies that

Biy2.c(91(2)) - Biyo.c(f(2)) ~ Bn+2,c(g2(z))_

Moreover, the function z — Buya(9(2))/z and z — Byxiac(g2(2))/z are the
best subordination and the best dominant, respectively.

Finally, let us consider the generalized Libera integral operator

(06 = [,

where 4 > —1 and f € A. The following theorem is a sandwich-type result
involving the generalized Libera integral operator F),(f).

Theorem 3. Let b,p,c € C with ¢ # 0, f,g1,92 € A and let w;i(z) =
By..c(9i(2))/z for i =1,2. Suppose that ;n > —1 and for z € D we have

2wl (2)
2 1 _
e (S +1) > e
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where
1+ (p+1)2— 1+ (p+ 1)*
e Ap+1) '
If z = By o(f(2))/z is univalent in D and z — By (F,(f))(z) € H[1,1]NQ,
then
wi(z) < 7B'€’C(Zf(z)) < wa(2)

implies that
By, o(Fu(91))(2) < B o(F(f))(2) ~ BH,C(FM(92))(Z)'

Moreover, the functions z — By o(F,.(91))(2)/z and z — By (Fu(92))(2)/z are
the best subordinant and the best dominant, respectively.

3. Proofs of the main results
In this section our aim is to present the proofs of the main results.

Proof of Theorem 1. Let us define the functions ¢, : D — C by

(3.8) 6(2) = M W(z) = M

We first show that (2.6) implies that for all z € D we have
ZQI)//(Z)

(3.9) Re ( o) + 1> > 0.

Differentiating both sides of the first equation in (3.8) and using (1.3) for g € A
we obtain

1 1
(3.10) K+ K+

- a0

Now, differentiating twice both sides of (3.10) yields the following

29"(z) 2q'(2) 2¢"(2)
v e IEN
We note that from (2.6) we obtain that for all z € D, A € [0,1) and x > —1
Re <h(z) + %) > Re (h(z) +7a,x) >0,

where we used the inequality

O(z) = 2¢/(2) +

1+ = h(z), where ¢(z) =1+

(k+1)!
(1=2)2+ /(1 =N+ (k+ 1)
=(1-N = /(0 =N*+ (s +1)* < 3(k+1)%

By using Lemma 2, we conclude that the differential equation
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has a solution g € H(D) such that ¢(0) = h(0) = 1. Now, let us consider the
expression

v
E(u,v) =u+ ——=7 + M
u+'1{7—)\

From (2.6) it follows that for all z € D we have

Re&(q(2), 24/(2)) > 0.
Now, to prove (3.9) we shall apply Lemma 1. Thus, we need to show that

Re&(is,t) < 0 for all real s and ¢ < 7#. But, this is true since for such s
and t we have

Reé(is, t) = ——2— + ( Mls+1)
15+T_i1’ 2((1—)\) K412+ /T— N m+1)4)
_ 241 k4l K+l
S 2 1— + 1—X\

Applying Lemma 1 we obtain that Reg(z) > 0 for all z € D, that is, indeed
(3.9) is valid for all z € D. In other words, the function ¢ is convex in I. Next
we prove that subordination condition of this theorem implies that 1 < ¢.
Without loss of generality, we can assume that ¢ is analytic and univalent
on D and ¢/(¢) # 0 for |¢| = 1. For this purpose, we consider the function
(z,t) — L(z,t) defined by

Lzt) = 6(2) + (14 t)i;)l\z '),

where z € D and ¢ > 0. We note that for K > —1, A € (0,1) and ¢ > 0 we have

OL(z,t 1—
S e (a0 2o

z z=0
which shows that the function (z,t) — L(z,t) = al(t)z + - satisfies the
condition aq(t) # 0 for all ¢ € [0,00). Moreover, for k > —1, A € (0,1) and
t > 0 we have

e (BH02) (oo 58) o

which by means of Lemma 5 shows that (z,t) — L(z, t) is a subordination chain.
We observe from the definition of a subordination chain that L(z,0) < L(z,t)
for t > 0 and hence L(s,t) € L(D,0) = ®(D) for ¢ € D and ¢ > 0. Now,
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suppose that v is not subordinate to ¢. Then by Lemma 3 there exist zg € D
and &y € JD such that

¥(z0) = ¢(&0), 209" (20) = (1 +1)&0¢' (o)

for ¢ > 0. Hence
1-X, , 1-A ,
L(&o,t) = ¢(&) + (1 + t),i n 1§o¢ (o) = ¥(20) + s 1201/1 (20)

_ (1 . )\) Bn-i-l,C(f(ZO)) + )\BK+2,C(f(ZO)) c (I)(D),

which is a contradiction. Therefore, the subordination condition of the theorem
must imply the subordination ¢ < ¢. Now, considering ¥ = ¢ we can see that
¢ is the best dominant. This completes the proof of this theorem. (I

Proof of Theorem 2. The first part of the proof is similar to that of the proof
of Theorem 1 and because of this we will use the same notation as in the above
proof. For this we define the functions ¢ and ¢ as in (3.8) and consider the
equation (3.10), that is,

This yields the relationship

2®"(2) 2q'(2)
L+ ——F =q(2) + ———77
?'(2) 9(2) + 5
and by using the same method as in the proof of Theorem 1, we prove that
Regq(z) > 0 for all z € D. That is, ¢ is convex and hence univalent in D. Next,
we prove that the superordination condition (2.7) implies that ¢ < . For this

consider the function (z,t) — L(z,t) defined by

L(z,) = 9(2) + 3126/ (2),

where z € D and 0 < t < oo. Proceeding as in the proof of Theorem 1 we
can prove that (z,t) — L(z,t) is a subordination chain. Therefore according
to Lemma 4 we conclude that superordination condition (2.7) must imply the
superordination ¢ < . Furthermore, since the differential equation (3.10) has
the univalent solution ¢, it is the best subordinant of the differential superor-
dination. (|

Proof of Theorem 3. Let us define the functions ¥, ¢1, ¢ : D — C by

o) = BueFuDIE) oy BreFulo))) -y

z z
respectively. From the definition of the integral operator F),(f) we get

1 1
.

Fu(f)(e) =2+ b o
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which implies that
2(Bre,o(Fu(f))(2)) = (0 + 1) Be,o(f)(2) = uBr.c(Fu(f))(2)

B p+1  (=c/4)m zntt
7'Z+Zan+1u+n+1 (K)n n!

n>1
Consequently, for ¢ = 1,2 we have
(1 + Dwiz) = (n+ 1)¢i(2) + 2 (2)

and for ¢ = 1,2 using the notation

297 (2)
a(z) =1+ 52
¢i(2)
after differentiation we get for ¢+ = 1,2
2wl(2) 2q/(2)
142 g+ R
wz(z> Qz(z)+ﬂ+1
The remaining part of the proof is similar to that of the proof of Theorem 1,
and thus we omit the details. O

Acknowledgements. The research of H. A. Al-kharsani, A. Baricz and K.
S. Nisar was supported by Deanship of Scientific Research in University of
Dammam, project ID#2014219.

References

[1] S. Andras and A. Baricz, Monotonicity property of generalized and normalized Bessel
functions of complex order, Complex Var. Elliptic Equ. 54 (2009), no. 7, 689-696.

2] A. Baricz, Applications of the admissible functions method for some differential equa-
tions, Pure Math. Appl. 13 (2002), no. 4, 433-440.

, Bessel transforms and Hardy space of generalized Bessel functions, Mathemat-

ica 48(71) (2006), no. 2, 127-136.

, Generalized Bessel functions of the first kind, Ph. D. Thesis, Babes-Bolyai

University, Cluj-Napoca, 2008.

, Geometric properties of generalized Bessel functions, Publ. Math. Debrecen 73

(2008), no. 1-2, 155-178.

, Generalized Bessel functions of the first kind, Lecture Notes in Mathematics,
Springer-Verlag, Berlin, 2010.

(7] A. Baricz, E. Deniz, M. CQaglar, and H. Orhan, Differential subordinations involving
generalized Bessel functions, Bull. Malays. Math. Sci. Soc. 38 (2015), no. 3, 1255-1280.

(8] A. Baricz and S. Ponnusamy, Starlikeness and convezity of generalized Bessel functions,
Integral Transforms Spec. Funct. 21 (2010), no. 9, 641-651.

[9] S. S. Miller and P. T. Mocanu, Univalent solutions of Briot-Bougquet differential equa-
tions, J. Differential Equations 56 (1985), no. 3, 297-309.

, Univalence of Gaussian and confluent hypergeometric functions, Proc. Amer.

Math. Soc. 110 (1990), no. 2, 333—342.

3]

[4]
[5]

[6]

(10]

[11] , Differential subordinations, vol. 225 of Monographs and textbooks in Pure and
Applied Mathematics, Marcel Dekker, New York, NY, USA, 2000.
[12] , Subordinants of differential superordinations, Complex Var. Theory Appl. 48

(2003), no. 10, 815-826.



138 H. A. AL-KHARSANI, A. BARICZ, AND K. S. NISAR

[13] S. R. Mondal and A. Swaminathan, Geometric properties of generalized Bessel functions,
Bull. Malays. Math. Sci. Soc. (2) 35 (2012), no. 1, 179-194.

[14] S. Ponnusamy and F. Ronning, Geometric properties for convolutions of hypergeometric
functions and functions with the derivative in a halfplane, Integral Transform. Spec.
Funct. 8 (1999), no. 1-2, 121-138.

[15] S. Ponnusamy, M. Vuorinen, Univalence and convezity properties for confluent hyper-
geometric functions, Complex Var. Theory Appl. 36 (1998), no. 1, 73-97.

, Univalence and convexity properties for Gaussian hypergeometric functions,

Rocky Mountain J. Math. 31 (2001), no. 1, 327-353.

(16]

Hupa A. AL-KHARSANI

DEPARTMENT OF MATHEMATICS

GIRLS COLLEGE, UNIVERSITY OF DAMMAM
838 DAMMAM, SAUDI ARABIA

E-mail address: halkharsani@uod.edu.sa

ArPAD BaRICZ

DEPARTMENT OF ECONOMICS
BABES-BoLYAT UNIVERSITY

400591 CLuJ-NAPOCA, ROMANIA
E-mail address: bariczocsi@yahoo.com

KOTTAKKARAN S. NISAR

DEPARTMENT OF MATHEMATICS

COLLEGE OF ARTS AND SCIENCE

PRINCE SATTAM BIN ABDULAZIZ UNIVERSITY
WADI AL-DAWASER, SAUDI ARABIA

E-mail address: ksnisar1@gmail.com



