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NOTES ON A QUESTION RAISED BY E. CALABI

YUNHEE EUH AND KOUEI SEKIGAWA

ABSTRACT. We show that any orthogonal almost complex structure on a
warped product Riemannian manifold of an oriented closed surface with
nonnegative Gaussian curvature and a round 4-sphere is never integrable.
This provides a partial answer to a question raised by E. Calabi.

1. Introduction

In our previous paper [3], we discussed the integrability of orthogonal almost
complex structures on the Riemannian products of even-dimensional round
spheres based on the result by Sutherland [7] and the curvature identity for
Hermitian manifolds by Gray [4] and showed that such an almost complex
structure is integrable if and only if it is a product of the canonical complex
structures on round 2-spheres. Concomitantly, we obtained the following result
([3], Corollary 3.3).

Theorem 1.1. Any orthogonal almost complex structure on a Riemannian
product of a round 2-sphere and a round 4-sphere is never integrable.

Theorem 1.1 gives a partial answer to the following question raised by Calabi
[2].

Question 1. Does the product manifold V2 x S* (V2 is any oriented closed
surface) admit an integrable almost complex structure or not?

In connection with Question 1, we may note that there exists a 2-sphere
bundle over a 4-sphere which admits an integrable almost complex structure.
In fact, a metric twistor bundle J(S%) over an oriented 4-sphere S* is a non-
trivial 2-sphere bundle over a 4-sphere and further J(S*) admits a Kéhler
structure (J, (, )) such that (7(S%), J, (,)) is holomorphically isometric to a 3-
dimensional complex projective space CP® with the Fubini-Study metric [5, 6].
In the present paper, we shall prove the following theorem.
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Theorem 1.2. Let V2 x ¢ S* be a warped product Riemannian manifold of an
oriented closed surface V2 with nonnegative Gaussian curvature and a round
4-sphere S*, where f is a positive-valued smooth function on V2. Then, any
orthogonal almost complex structure on V2 x 5 S* is never integrable.

Theorem 1.2 is a generalization of Theorem 1.1 and also gives a partial
answer to Calabi’s query.

2. Preliminaries

In this section, we prepare for several terminologies and basic formulas on a
warped product Riemannian manifold.

Let (B, (, )p) and (F,(, ) ) be Riemannian manifolds and f be a positive-
valued smooth function on B. By definition, a warped product Riemannian
manifold (M, (,)) = (B,(, )g) X5 (F,(, )p) (briefly, B x; F) is the product
manifold M = B X F equipped with the Riemannian metric {, ) given by (, ) =
(,)g+ f*(,)p. We denote by V, V& and V¥ the Levi-Civita connections of
(,), (,)p and (, ), respectively. Then, we see that the following relations
hold ([1], Lemma 7.3):

(2.1) VxY = V}Y,

(2.2) VoX = %XfU = % (grad®f,X) U,
(2.3) VxU = %XfU = % (grad®f,X) . U,
(2.4) VuV =VEV — f({U, V) grad® f

for X, Y € X(B) and U, V € X(F), where X(B) and X(F') denote the Lie
algebras of all smooth vector fields on B and F', respectively. We denote the
curvature tensors of (M, (,)), (B,{(,)z) and (F,{(,)r) by R, RP and RF
defined by

(25) R(Xv Y)Z = [va V?]Z - V[X,Y/]Za
(2.6) RP(X,Y)Z = [V§,V$]Z = Vix yZ,
(2.7) RE(U, V)W = [V, VUIW = Vi W

for X,Y,Z € X(B),U,V,W € X(F) and X, Y, Z € X(M). Then, from
(2.1)~(2.7), we have

(2.

2.8) R(X,Y)Z = RB(X,Y)Z,
(2.9) R(X,Y)U =0,

(2.10) R(X,U)Y = %HessB f(X,Y)U,
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(2.11) R(U, V)X =0,

R(U, V)W
(2.12) = RI(U V)W —| grad® fI,((V.W) p U = (U W) V),
= REUVIW = | grad® S (V. W)U = (U, W) V)

for X, Y, Z € X(B) and U, V, W € X(F) ([1], Lemma 7.4). From (2.8)~(2.12),
we have further

(2.13) R(X,Y,Z,7") = RE(X,Y, 2, 7'),
(2.14) R(X,Y,Z,U) =0,
(2.15) R(X,Y,U,V) =0,
(2.16) R(X.U.Y.V) = 5 (Hess” [)(X.Y) (U.V).
(2.17) R(U,V,W,X) =0,

R(U,V, W, W)

(2.18) = (RM(U,V)W,W")

1
- FlgmdBfIQB (VW) (U, W) — (U, W) (V,W))
for X,Y, Z, 7' € X(B) and U, V, W, W' € X(F).

3. Proof of Theorem 1.2

In this section, we shall show Theorem 1.2 by making use of the funda-
mental formulas prepared in § 2. In the sequel, we assume that (B, (, )gz) =
(V2 () )y2) and (F, (, ) p) = (S4(B), (, )s4(3)), Where (V2,(,)) is an oriented
closed surface with nonnegative Gaussian curvature o and (S*(8), (, ) si(g))
is a round 4-sphere of constant sectional curvature 8 and further (M, (, )) =
(V2,(, )p2) x5 (S4B), ( )s1(5)), Where f is a positive-valued smooth function
on V2. First, we recall the result due to Gray [4] which plays an essential role
in the proof of Theorem 1.2.

Lemma 3.1. Let M = (M, J,{(,)) be a Hermitian manifold. Then, we have
RX.Y.Z.W) + RUX. IV JZ.JW) — RUX.JY.Z.W)
CRUX.Y,JZW) — RUX, Y, Z,JW) — R(X, IV, JZ,WT)
CR(XLJY 2, W) — R(X.Y, 2, JW) =0

for X, Y, Z, W€ X(M).
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Now, it is known that M = V2 x S4(3) admits an almost complex structure
[2, 7]. Let J be an orthogonal almost complex structure on (M, (, )). We
may identify T(,, ,,)(V? x S*(3)) with T}, V2 & T}, S*(B) for each point p =
(p1,p2) € V2 x S4(3) in the natural way. Let {e;}1<i<¢ be a local orthonormal
frame field on (M, (, )) such that {e,e2} and {es, e4, €5, 6} are tangent to V2
and S%(83), respectively. We here set

(31) Jea :ZJabeb+ZJavev; Jeu = ZJubeb+ZJuvev
b v b v

for 1 <a,b,... <2and 3 <wu,v,... <6. Then, we may easily check that the
following equalities hold:

6
(3.2) Jij = —Jji, Z Jik ik = 0i5
k=1

for 1 < ,5 < 6. Then, from (2.8)~(2.12), taking account of (3.1) and (3.2),
we have

(33) R(61)€2361)€2) =—aQ,

(3.4)
R(Jel, J€2, Jel, J€2)

Z Jlaea + Z Jlueu7 Z J2b€b + Z J2vev;
Z chec + Z leew; Z JQd@d + Z J2zez

Z JlaJijchQdR(ea,€b,€c,€d + Z JlaJQbJICJQZR(eaaebaecaez)

a,b,c,d a,b,c,z

+ Y SadwdiwaaR(€as e, ewsa) + Y JiadoJrw2: R(€a, €, €w, €2)
a,b,w,d a,byw,z

+ E JiaJovJ1cJ2dR(€q, €v, €c, €4) + E JiadovJ1cJ2:R(€q, €0; €c, €2)
a,v,c,d a,v,c,z

+ E JiaJ2wJ1wJ2dR(€q, €y, €0y €4)+ E JradovJ1w 2 R(€a, €05 € €2)
a,v,w,d a,v,w,z

+ > JwdwicTaaR(eus ep,eciea) + Y JrudwJieezR(eu, ep, e €z

u,b,c,d u,b,c,z
+ E JruJ2pJ1wJ2a R(€u, €b, €w, €a) + E Jrud2o S 1w 22 R(ew, €y, €w, €2)
u,b,w,d u,b,w,z

+ > TwdawSicTaaR(eus €, eeiea) Y JrudaviedazRlew, ev, €c,€2)

u,v,c,d u,v,C,z
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+ Y JwdewJiwT2aR(eu, €4, €w, €a)

u,v,w,d

+ Z JluJ2vJ1wJ22R(em €y, Ew, €z>

UV, W, 2

Z JlaJQbJICJQdR(ea;ebaecaed)+ Z JlaJ2vJ10J2zR(eaan;ecaez)

a,b,c,d a,v,c,z

+ Y JiadawdrwaaR(ea €v,ewrea) + Y JrudapdicTozR(eu, en, e )

a,v,w,d u,b,c,z
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+ Y JwdawSiw TR (e, e, ewsea)+ Y TrudanTiw e R(eu, €y, €w, e2)

u,b,w,d u,v,Ww,z

1
aliy + = Z TradzoJ1edaHess"” f(ea,ec)8,

a,v,c,z

1
= " TadavdrwdaaHess"” f(earea)dvu

a,v,w,d

1
) Z JluJQlecJ2zH635V2f(eb;ec)éuz

+

u,b,c,z

S JudawrwaaHess"” f(eq eb)du

u,b,w,d

1
f

+ Z JluJ2vJ1wJ22( <RF(eu7 €v>€w; ez>

U,V,W, 2

1

F' grad® f|% (dpweu — Suwew, €5))
1
f

1
@ty + =I5 (1 — J5) Hess"” f(es,e2) + ;sz(l — J%)Hess"” f(er,e1)

1
+ _(ﬂ - |gradBf|2B) Z JluJQUleJ2z(6vw5uz - 5uw5vz>

(3.5)

f2

UV, W, 2

1 2 1 2
alJly + ?sz(l — J5)AY f — F(ﬂ —|grad”” f1%) (1 - J5)?,

R(Jey, Jea, e1,e2)
= R(Z Jlaea + Z Jlueu7 Z J2b€b + Z J2vev7 €1, 62)
a u b v

= Z Jla,JQbR(ea) €p, €1, 62) + Z JlaJQUR(eaa €v, €1, 62)

a,b a,v

+ Z JluJQbR(eua €p, €1, 62) + Z JluJQ’UR(eua €v, €1, 62)

b,u u,v
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(3.8)
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Z J1aJ26 (01002 — Ja10p2)
a,b

- O[J1227

R(Jela €2, ‘]615 62)

R(Z Jlaea + Z Jlueua €2, Z Jlbeb + Z Jl'ue'ua 62)
a u b v

> JiaJiR(€as €2 5,€2) + Y JraJruR(€a, €2, €0, €2)

a,b a,v

+ Z Jl’u,Jle(eua €2, €p, 62) + Z JluJI’UR(eua €2, €y, 62)

bu u,v
Z J1aJ16 (01001 — Ja10p1) + Z JiwJ1vR(ey, €2, €y, €2)
a,b u,v
> JiJrwR(e2, eu, €2, €0)

1 2
? Z Jl’u,leHeSSV f(€2) 62) <€u, e’U>

1 2
?(1 — J122)Hessv f(ea,ea),

R(Jey, ez, e1,Jes)
R(Z Jlaea + Z Jlueu7 €2, €1, Z J2beb + Z JQvev)
a u b v

Z JiaJanR(€aq, €2, €1, €p) + Z JiaJ2vR(€a, €2, €1, €4)

a,b a,v

+ Z JiuJowR(ey, e, €1, €p) + Z JiuJ2uR(ey, €2, €1, €y)

b,u u,v

Z J1HJ2UR(61L7 €2,€1, e’u)

1
f
0,

Z JlngvHessVZf(eg, €1)0uw

u,v

R(ela J627 €1, J€2)
R(ela Z J2aea + Z J2ueu; €1, Z J2b€b + Z J2vev)
a u b v

> JaadwR(e1,eare1,65) + Y JaaJanR(e1, €as e, €0)

a,b a,v
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+ Z JopJouR(e1, ey, €1, €) + Z JoudavR(e1, ey, €1, €0)

b,u u,v
1 2
= ?ZJZuJ2vH€55V f(elael)(suv
1 ) v
= ?(1 — Jiy)Hess" f(e1,e1).

Thus, from (3.3)~(3.8) and Lemma 3.1, we have
0= R(el,eg,el,eg) + R(Jel, Jeg, Jeq, J€2) — 2R(J€1, J€2,€1,€2)
— R(Jel,eg, J€1,€2) — 2R(J€1,€2,€1, J@g) — R(el, J€2,€1, J@g)

L (5~ lgrad”” £2.)(1 — J5)?

1
= *a*anQWL?JlQQ(l*JlQQ)AW R

1 )
+ 200, — ?(1 — J)AVf

2
= —a(l—2J5+ Jiy) — =(1 = J3)?AY' f

-

(1= J55)?

~—

1 2
- F(ﬂ — |grad”” f|%-

— (= P (ot AV 4 (5 - lgrad®” 13))
and hence,
1 2 1 2
(39 (- (at A+ 5 (8 lgrad” 1)) =0

Here, since V2 is compact, for any point p» € S*(f3), there exists a point p; € V2
such that the function f takes its minimum at p; and hence, gmdv2 f=0and
Av2f >0 at the point p;. Thus, from (3.9), we have

1 1 2 1

(3.10) a—f—?Asz—i—F(ﬁ—Lqde %) =a+?AV2f+F >0
along {p1} x S*(B). Thus, from (3.9) and (3.10), we see that JZ, = 1 holds
along {p1} x S*(B) with respect to any local orthonormal frame field {e;} such
that {e1,e2} and {e3, ey, e5,66} are tangent to V2 and S*(B), respectively.
This means that the subspace Tp,, V? of T(y, ,,)M for any p € S*(B) is J-
invariant, and hence the subspace Tp,,5*(83) of T(p, p,)M is also J-invariant for
any ps € S*(3). But this is impassible. This completes the proof of Theorem
1.2.

From the discussion in the present paper, the following question will also
naturally arise.

B

Question 2. Does there exist a warped product Riemannian manifold S x fV2
of a round 4-sphere S and an oriented closed surface V2 admitting a complex
structure?
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