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SOME SUBORDINATION PROPERTIES OF
THE LINEAR OPERATOR

TRAILOKYA PANIGRAHI

ABSTRACT. In this paper, subordination results of analytic function f €
Ay involving linear operator Kﬁ:g are obtained. By applying the differen-
tial subordination method, results are derived under some sufficient sub-
ordination conditions. On using some hypergeometric identities, corollar-
ies of the main results are derived. Furthermore, convolution preserving
properties for a class of multivalent analytic function associated with the
operator Kij? are investigated.

1. Introduction

Let A, denote the class of functions f(z) of the form
(1.1) f(2) :zp—I—Zakerzk“’ peN:={1,2,3,...})
k=1

that are analytic and p-valent in the open unit disk U = {z € C: |z| < 1}.
For functions f € A, given by (1.1) and g € A, given by

9(2) = 27+ 3 byt (2 € T),
k=1

the Hadamard product (or convolution) of f and g denoted by f * g is defined
as

(L2)  (f*9)(2) = 2"+ D arspbipz" = (9% f)(z) (2 €U).
k=1

Suppose that f and g are analytic in the unit disk U. We say that f is subor-
dinate to g (or g is superordinate to f), written as

f<ginU or f(z)=<g(z) (z€U),
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if there exists a Schwarz function w(z), which (by definition) is analytic in
U with w(0) = 0 and |w(z)| < 1 such that

f(z) = g(w(z)) (z€D).

It follows from the Schwarz lemma that

f(z) <9(2) (2 €U) = f(0) = g(0) and f(U) C g(U).

In particular, if the function ¢ is univalent in U, then the reverse implication
holds true (see [7, 8]).

For real parameters A, B (—1 < B < A < 1), the function %igi (z € 1),
maps conformally U onto a disk (whenever -1 < B< 1), symmetrical with
respect to the real axis having center at 1 32 and radius 4 = B2 where B # +1.
Furthermore the boundary circle of the disk intersects the real axis at the
pomt — and 1+B 4 provided B % +1.

Motlvated essentially by Khairnar and More [5], Salim [10] introduced the
integral operator K2, : A, — A, as follows:

()’ % pe—1 01 .
1.3 IC,‘f 2) = ¢ T'(6)=z fO t (log?) f(t)dt (6 >0; ¢c>—p)
(13)  Ke,pf(2) { o o

For f € A, given by (1.1), it can be easily deduced from (1.3) that

5
(1.4) IC5 —zp—i—Z(Ci;_ik) app?™ P (6 >0, ¢ > —p; 2z € ).

Define a function gbgyp(z) by

0o k §
(1.5) NOEEESY <M) M (530, ¢> —p).

k=1 ctp

Corresponding to the function gbf,yp(z) defined by (1.5), we consider the function
(bg:;{(z), the generalized multiplicative inverse of (bg,p(z) given by

4P
(1 —2) >

(1.6) ep(2) * 605 (2) = (A>-p; z€).
Note that, if A = —p + 1, then ¢277 () is the inverse of ¢2 ,(2) with respect to
the Hadamard product (or convolution) .

Using this function we define the following family of operator IC‘Z;ZA, tA, = A,

defined by

o0 5
(L) KEE) =0 () fe) = o+ Y () Brtheg, v
k=1

c+p+k (1)
A>-p, 60>0,feA,; zeU),
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where () is the Pochhammer symbol (or shifted factorial) given by

F()\+k){1 (k=0;\eC\{0})

(18) Me = —pry~ = AN+ (A +E—1) (k€ N; \ € C).

By specializing the parameters ¢, p,§ and A\ we obtain the following operators
studied earlier by various researchers:
° ICS:]; rtl = IC‘;p which is the generalized Komatu integral operator [5].

. ICS:? = P? which is the integral operator studied by Komatu [6] and
Raina and Bapna [9].

° IC‘ls’,;p = Ig which is the integral operator studied by Shams et al.
[11] and Ebadian et al. [3].

° IC;’? = L. which is the Bernardi-Libra-Livingston integral operator [1].

. IC?:? = 7° which is the integral operator studied by Ebadian and Na-
jafzadeh [2].

. ICS:]; P+l = j; ¢,1 Which is the generalized differential operator studied
by Swamy [14].

It can be easily verified from (1.7) that

I
(19) 2 (K3 f(2) = (c+p) Ko, f(2) — e K2, f(2)  (621).
The object of the present paper is to derive new subordination results and
convolution preserving properties of multivalent function involving IC‘Z;;.
2. Preliminaries
In order to derive our main results, we have to recall the following lemmas.

Lemma 2.1 ([4], also see ([8], p. 71)). Let the function h be analytic and
convex (univalent) in U with h(0) = 1. Suppose that the function ¢(z) given by

#(2)=1+crz+coz®+---
is analytic in U. If

(2.1) o)+ 225 <hs) e RO 20, 7 20),
then
(2.2) 3(2) < () = %/0 P h(bdt < h(z) (2 € U),

where ¥(z) is the best dominant of (2.2).

For real or complex numbers a, b, ¢ (¢ ¢ Z; ), the Gauss hypergeometric
function is defined by:
abz ala+1)b(b+1) 22

Flabez)=1+22
2Fi(a,bi¢;2) + c 1!jL clc+1) 2!
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We note that the above series converges absolutely for z € U and hence repre-
sents an analytic function in the unit disk U (see, for details, [15, Chapter 14]).
Each of the identities (asserted by Lemma 2.2 below) is fairly well known (see
[15, Chapter 14]).

Lemma 2.2 (see [15]). For real or complex parameters a, b, ¢ (¢ ¢ Zg ), we
have

i b1 —ay, _ P(O)L(c—b) .
(2.3) /O 71 — 1)1 — t2)%dt = TQR (a,b;c;2),
(2.4) oF1(a,b;¢2) = (1 — 2) % F) <a, c—b;c; sz) ,
(2.5) 2F1(1,152;2) = —2 tn(1 — 2)
and
(2.6)

cle=1)(z —1)2Fi(a,b;c—1;2) +clce—1— (2¢—a — b—1)z]2F1(a, b; ¢; 2)
+ (c—a)(c=b)z2F1(a,b;e+1;2) = 0.
From the identities (2.5) and (2.6), we can easily prove the following;:

Lemma 2.3. For any real number s # 0, we have

sz (14 s2)In(1 + s2)
2.7 (1,12 =
( ) 2 1(7 ) ,SZ+1) sz )
2.5) JF, <1,1;3; sz >2(1+sz) [1ln(1+sz)],
sz+1 sz sz
sz 3(1+ s2)
2. (1,14 = 2In(1 —s5z(2 —
( 9) 2 1<7 ) ,SZ+1> 2(82)3 [ Il( +SZ) S’Z( SZ)],

(210) o, <1,1;5; sz ) 2(1 + s2) {2(52)23sz+621n(1+sz)}

sz+1) (sz)3
With a view to stating a well-known result (Lemma 2.4 below), we denote
P(v) (0 <+ < 1) by the class of functions of the form

3 sz

(2.11) p(z) =1+piz+p2®+--- (2€U)
which is analytic in U and satisfies the condition
(2.12) R(p(z)) >7v (0<y<1;z€U).
The relation

peP(y) = plz) < %;27)2

together with Lindel6f’s principle of subordination gives the following well
known result.
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Lemma 2.4 (see [12]). Let the function p(z) given by (2.11) be in the class

P(vy). Then

(2.13) R(p(2)) 227_1+21(1+7_|Z|) (0<y<l;zel).
Lemma 2.5 (see [13]). If

(2.14) Yi(z) €P(y;) (0<v <Lj=1,2),

then

(2.15) (Y1 %92)(2) € P(ys) (73 =1-2(1—71)(1—12)).

The bound ~y3 is the best possible.

3. Main results
We state and prove our main results.

Theorem 3.1. Let a > 0, 6 > 2 and ¢ > —p. Suppose that

ICzifl.,/\ P IC572,/\ P ICzifl,/\ P 1 A
(1) Ler TCL Y (K JE) Koy TIB) )| kA
Kep f(2) Kep " f(2) Kep f(2) 1+ Bz
Then
Ko, A f(2) 14 Az
(3.2) —L - <g(z2) = (z € 1),
Kepf(2) 1+ Bz
where
0(:)=(14B2) 7 [oFy (118 g1 g ) p Aletmle (1 g, et g, e )]
and q(z) is the best dominant of (3.2). Furthermore,
]Cé—l,)\ P
(3.3 R {,;7” >
Kep f(2)
where
Proof. Suppose that
,C671,)\ (Z)
3.4 plz) = —L 7,
Y DG

Then p(z) is analytic in U with p(0) = 1. Taking logarithmic differentiation in
(3.4) yields

() 2(KM(R) 2 (K fR)
(3.5) p(z)  KSMMf(2) KE3Mf(z)
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By making use of the identity (1.9) in (3.5), we get
Kep? f(z) K& e =)
(3:6) P T Toox -
Kep " f(2) Kep f(2) (c—l—p) p(z)
From (3.4) and (3.6), we obtain
Kgfl,/\ P Kgfz/\ P Kgfl,/\ P
(3.7) ’(};/\7() 1+o| =5 () _ Y ) =p(2)+ < 2p(2).
Kep f(2) Kep " f(2) Kep f(2)
Thus from (3.1) and (3.7), we have

() < 14 Az
zp (2
c—l—pp 1+ Bz

Applying Lemma 2.1 gives

_C+p —(etp) z ctp_q 1+ At 1+ Az
(3.9) p(2) < q(z) = z At < m<1+Bz

(3.8) p(z) + (z €U).

« 1+ Bt

Now using the identities (2.3) and (2.4) of Lemma 2.2, we can rewrite the
function ¢(z) as

(3.10)
q(2)
c—l—p/1 c+_p_1(1+Asz)
= S « S E— dS
a Jo 1+ Bsz

:c—i—p/ <E (14 Bsz)"lds + +pA/
0

«

)~ tds

o ) S (1 )]

This completes the proof of the assertion (3.2) of Theorem 3.1.
To prove (3.3), it is sufficient to show

(3.11) ‘i‘nfl q(z) = q(-1).
Since for -1 < B < A < 1, H_BZ is convex (univalent) in U, we have for
2| <r <1,
14+ Az 1-—Ar
A2 > .
(3.12) §R<1+Bz)_1—Br
Upon setting
14 Asz
= — <s<1;
o5,2) = o (0S5 <T2€D),

and

(0%

dv(s) = P (c—i—p) ds,
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which is a positive measure on [0, 1], we get

4(z) = / 9(5, 2)dv(s)

so that

Rae) > [ (122 ) ans) =a-n) (A <r <),

153

Letting » — 1~ in the above inequality, we obtain the assertion (3.11). The

proof of Theorem 3.1 is thus completed.

O

Taking @« = p =1 and ¢ = 0 in Theorem 3.1 and using the identities (2.7)

and (2.8) of Lemma 2.3, we obtain the following results.

Corollary 3.2. Let § > 2 and suppose that

Ko@) [ KM e KM @) 1+ as
K1 f(2) Koa M f(z) KMf) | 1+ BE
Then
Ko7' f(2) 1+ Az
— 55— < q(z) < (z € 1),
K1 f(2) 1+ Bz
where
Q1(2)= %WL(l*%)% (B#O)
1+ 4z (B=0)
and q1(z) is the best dominant.
Furthermore,
{KSE*%)} ,
1
Ko f(2)
where

Letting p = ¢ = a@ = 1 in Theorem 3.1 and using the identities (2.8) and

(2.9) of Lemma 2.3, we get the following corollary.
Corollary 3.3. Let § > 2 and suppose that

K@ [ ke ke 14
K91 f(2) KT f(z) K9 f() | 1+ Bz
Then 5
’Cl,El’Af(Z) 1+ Az
W -<QQ(Z)-< 11 B> (ZE[U),
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where

A A In(1+Bz)—Bz

g2(2) = Eié(liﬁ) {%} (B #0)

1+24; (B=0)

and q2(z) is the best dominant.
Furthermore,
" {ic‘f,z”ﬂz)}
— s > p2,
’C1,1f(z)

where

S/

)55 0-5)m1-B)+B] (B#0)
27—z (B=0).

Putting a = % and ¢ = p =1 in Theorem 3.1 and using the identities (2.9)
and (2.10) of Lemma 2.3, we have:

Corollary 3.4. Let § > 2 and suppose that
K () l” 2 (lC’ff’Af(Z) K‘ff“f@)ﬂ L l+4:

K11/ (2) S\KIM ) K (R) L+ 5z
Then N
Ki:7f(2) 14 Az
— L 2 3(2) < z e U),
1) 3(2) T+ B ( )
where
Bz)?
() = 4+ B (1-4) [ln(lJrBz)—Ber% (B #£0)
1+ 34, (B=0)
and qs(z) is the best dominant.
Furthermore,
KOOI £,
%{ el
’C1,1f(z)
where

- %—%(17%)[111(17B)+B+B;} (B +0)
SR PR (B =0).

Taking B # 0 in Corollaries 3.2, 3.3 and 3.4 respectively, we obtain the
following results.

Corollary 3.5. Let § > 2. Then we have the following:

o [f
_ _ _ Bln(1-B
ICgﬂll’)‘f(z) ICSVIQ’Af(z) B /ngll’Af(Z)] 1+ B+111((11—B))Z
K1 f(2) Ko M f(z) K31 f(2) 1+ Bz
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which implies

KO-
m{%ﬂz)} >0 (zeU).
Ko1f(z)
o If
_ _ _ 2B[B+In(1-B
K32 [ P e KME)] L e
K9 f(2) KM () K0 f(2) 1+ Bz
which implies
KO-
m{%ﬂz)} >0 (zeU).
Kyif(z)

o If

LG [ 2 (K26 KL e)
KA 3 KO- - K0
1,1f(z) 1,1 f(z) 1,1f(z)

3B[In(1—B)+B+L£2]

B3+43[In(1—B)+B+22]
1+ Bz

1+ z

<

which implies
. {/C‘i,l“ﬂz)
K91 f(2)

Letting B = —1 in Corollary 3.5, we have:

}>0 (z € U).

Corollary 3.6. Let § > 2, then we have the following:

(i) If

Koa M) [0 Koa M) Koa ()] - 2m2—1
" Kot (z) KM () K (z) omz—z~ 00!

0,1 0,1 0,1
IC‘s*l’Af

%{I%T@E?} >0 (zel).
(ii) If
p{CLE L KPE) K ET | ame -8

K11/ () Kii ) Kiif(z) 4n2-2

" {K‘f;“f@)

K‘lsi‘f(z) }>0 (z € 1).
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(iii) If
IC5 AL () 5 IC5 22 £(2) /Cf;l’)‘f(z) -
%{ e |3\ re T ke >61n2—5 —0.19
5 1)\
{ K??f } e

Letting A=1—-2n (0 <np < 1)and B = —1 in Corollaries 3.2, 3.3 and 3.4
respectively, we have

Corollary 3.7. Let § > 2. Then we have the following:

(i) If
" {fcé,l“ﬂz) Koa™f(2) Ké,l“ﬂz)” .
Ko f(2) Ko M f(z) K31 f(2)
Ko f(z)
(ii) If
" {’C’f,ll’Af(Z) Kia" 1) /C‘f,l“f(z)]} y
K3 f(2) KT f(2) KPf(2)
K7 f(2)
(iii) If
KA f(2) 2 (K17 () KT (2)
%{ K9 f(2) 3 Kz K Gz) o
/c;‘l“f(z)}
R—""3>>2n—1)+3(1 - 2In2 —1).

. . DY
4. Convolution properties of Kc’p

In this section we investigate some new basic properties of the operator IC‘CS*/\
using the principle of differential subordination.
Theorem 4.1. Let > 0 and -1 < B; < A; <1 (j = 1,2). If each of the
functions f; € A, (j =1,2) satisfies

IC“ IC‘S.’L)‘ i(z 1+ A;
(41) (1 _/1/) f]( ) c,p f]( ) =< + _]Z
2P 2P 1+ Bjz

then

42 (1-p

(j=1,2,2€0),

KSAF Ki-LAR 1+(1-2
o (Z)+M op (Z)< + ( n)z (eD),

2P 2P 11—z
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where
(4.3) F(z) =K2p(fr* f2)(z) (2 €U),

and

- 4(141—31)(142—32) 1 C+p 1
I (== el o L (SR

The result is sharp when By = By = —1.

Proof. Suppose that each of the functions f; € A, (j = 1,2) satisfies the
condition (4.1). Set

Kopfiz) | KMMi(2)
@5) o) =0-prel e Tl
we observe that ¢; € P(y;) where v, = 1:2; ( = 1,2). Thus, by making use

of identity (1.9) in (4.5), we obtain

(1=1,22€0),

C+p _ctp # ctp i
@) KEMe) = SR [ mar (=1.2)
0
Using (4.3) and (4.6), a simple calculation shows that
(4.7) KOAF(2) = <Czpzp—“tp /0 tctp—lgb(t)dt)

where, for convenience,

KepF() | K" F(z)
+
zPb zPb

(1—n)

o(2)
(4.8) = Zp /Ozﬁ“wl * o) (1)dt.

Since
¢; € P(vi)  (1=1,2),
it follows from Lemma 2.5 that

(4.9) (P1x¢2)(2) € P(y3) (13=1-2(1—m)(1—"2))
and the bound s is the best possible. Hence applying Lemma 2.4 to (4.8) gives

+ bocin
R(o(2)) = 2 / ST AR (b # do(s2))ds
1 —_
> Cer/ sSH2-1 273—1+M ds
K Jo 1+ sz

(1 —B1)(1 - Ba) I
4(141—31)(142—32) 1 C+p 1
Sy e (1 )
(4.10) =n (ze€l).

_ _ 1 . <E
-1 4(A; — By)(As — By) (1 B C+P/ s ds)
0
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When By = B; = —1, we consider the functions f;(z) € A, which satisfy the
hypothesis (4.5) and are given by

ct+p z ctp 1 At
ki) = S [Le (S o =120 € 0)
' H 0 -

Then, it follows from (4.8) and Lemma 2.4 that
e 1+A)(1+A
¢(z)_c+p/ g2 (1_(1+A1)(1+A2)+( + A1)(1+ 2>)ds
rJo 1—s2
=1-(1+A)1+ Ay)

_ +
+(1+A1)(1+A2)(1—2) 1 2F1 (1,1,#"‘17221)

I

as z — —1.
This completes the proof of Theorem 4.1. O

Upon setting A; =1—-2n; (0<n; <1), Bj=-1(j=1,2),d =c=0and
A =0 in Theorem 4.1, we obtain the following results.

Corollary 4.2. If the functions f;j(z) € A, (j = 1,2) satisfy the following
inequality:

é}e[(l—u)% +u%} >n; (0<n;<1; j=1,2),
then
IR C TR 0] P
where

1 1 1
=1-4(1- 1-— 11—l (1L, —+1;= ).
P1 (1 —m)( 772)[ 5 2 1<,,M+a2)]
The result is the best possible.

Acknowledgement. The author thanks the reviewer for many useful sugges-
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