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LONG PATHS IN THE DISTANCE GRAPH OVER LARGE
SUBSETS OF VECTOR SPACES OVER FINITE FIELDS

MicHAEL BENNETT, JEREMY CHAPMAN, DAVID COVERT, DERRICK HART,
ALEX IOSEVICH, AND JONATHAN PAKIANATHAN

ABSTRACT. Let E C Fg, the d-dimensional vector space over the finite
field with g elements. Construct a graph, called the distance graph of F,
by letting the vertices be the elements of E and connect a pair of vertices
corresponding to vectors z,y € FE by an edge if ||z — y|| := (z1 — y1)2 +
<-4 (zq — yq)? = 1. We shall prove that the non-overlapping chains of
length k, with k£ in an appropriate range, are uniformly distributed in
the sense that the number of these chains equals the statistically correct
number, 1 - |E|k+1q_’c plus a much smaller remainder.

1. Introduction

The classical Euclidean distance graph can be described as follows. Let the
vertices of the graph be the points of the Euclidean plane. Connect two vertices
by an edge if the Euclidean distance between the corresponding vectors is equal
to 1. A very interesting open question, called the Hadwiger-Nelson problem,
is to find the exact value of the chromatic number of this graph, the minimal
number of colors required so that no two points of the same color are a distance
1 apart. It is known that the answer is at least four and at most seven.

In this paper, we continue the investigation of the corresponding distance
graph in Fg, the d-dimensional vector space over the finite field with ¢ elements.
Once again, the vertices of the graph are the points of Fg and two vertices x,y
are connected by an edge if ||z — y|| = 1, where

]| = 2% + 25 + - + 23,
The distance graph of Fg has been previously considered. For example, in [6]
the authors show that the distance graph of IFZ is asymptotically Ramanujan
for large ¢, meaning that the adjacency matrix of the distance graph of Fg

(which is a k-regular graph for some k depending on ¢) satisfies the property
that for every eigenvalue A with || # k, we have |A| < 2v/k — 1. For more
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details on this result and for other results on the distance graph of IFZ, see [1],
[3], [6] and [7].

In this paper we consider a much more complicated case when instead of
taking all points in Fg as the vertices of the distance graph, we merely consider
points in a subset of IFZ of a sufficiently large size. To see that this formulation
is meaningful, recall that the 5th listed author and Misha Rudnev proved in
[4] that if E C FZ, d > 2, and t # 0, then

B[

(1.1) {(z,y) e ExE: IISC*yII:t}I:E—JrR(t),

where
[R()] <297 |E]
Here and throughout, |S| denotes the number of elements in a (finite) set S.
In particular, if ¢t =1 and |E| > 4q%, then
2l
{(@y) € ExExlle—yll =1} =5 -

or, in other words, the number of edges in the distance graph of F is at least
1|2
4q
Using this fact and elementary counting, one can show under this size as-

sumption that the distance graph with vertices in F contains a chain of length
at least C |q£|. With a bit more work, we can even show that the number of
chains of length & is comparable to a constant multiple of |E |k+1q’k. We are
going to see below that something much stronger is true, namely that the k-
chains are uniformly distributed in the sense that the number of k-chains equals

the statistically correct number, 1 - |E|k+1q*k plus a much smaller remainder.

1.1. Main results

We know that if E is of sufficiently large cardinality, then the distance graph
of FE contains many edges, and an interesting question is whether the distance
graph of E C Fg must contain a long path. It turns out that the answer is
affirmative. More precisely, we have the following result.

Theorem 1.1. Let E C Fg, where d > 2 and |E| > %q%. Suppose that
ti #0,1<i<k, and let t = (t1,...,t). Define

Ce(®) = [{(z*, ..., 2" ) € Ex - x E:||a* =2 =t;, 1 <i <k}
Then

-
C ({) = e +Dk(£§ﬂ
where i
Dy (t — —
DuD)] < g ]
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In particular, since |E| > %q%, Cr (1) > 0.

Definition 1.2. A path of length & in a simple graph G is a sequence of vertices
V1,...,Vk+1 € G such that each pair v;, viy1, 1 < i < k is connected by an
edge. We say that a path of length k is non-overlapping if all the v;s in the
definition are distinct.

Corollary 1.3. With the notation above, suppose that |E| > %q%. Then
the distance graph of E contains a non-overlapping chain of length k of every

type.

Remark 1.4. As we noted in the introduction above, this conclusion can be
obtained by simpler methods, but Theorem 1.1 provides us with very precise
information about the distribution of k-chains.

In addition to studying paths in a distance graph, we study the following
closely related configuration. Given a set F C Fg, fix a point z € FE, and
count all of the vectors that are simultaneously some prescribed distance from
x (we call such configurations k-stars). We show that if E is of sufficiently large
cardinality, then we achieve the statistically correct number of k-stars. More
precisely, we prove the following.

Theorem 1.5. Let E C Fg,
define

vk (t)

= |{(m,x1,...,xk)€Ek+1 =2t =t o' =27 = i=], 1§i,j§kz}‘.

and suppose t; # 0,1 <i < k. Fort = (t1,...,t3),

If |E| > 12¢°%", then vp(t) > 0 for any k < ‘%L .
12q 2

If |E| > 12¢°%°, then vp(t) > 0 for any k < %.
1.2. Fourier analysis in IFZ

Let f: Fg — C and x a nontrivial additive character of ;. Then,
Fm)=q* > x(=m-2)f().
zE]Fg
We have the following Plancherel and inversion formulas:

Yo FmP =g @)

d d
melFyd z€F]

fx) =" Fm)x(m ).

meFd

The proofs are straightforward. See, for example, [4] and the references
contained therein.
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2. Proof of Theorem 1.1

We shall need the following functional version of the arithmetic analog of
Falconer’s result proved in [2].

Theorem 2.1. Let f,g : FI — RY. Let S; = {x € F¢ : ||z|| = t}, where
||z|| =23 4+ + 2% and t # 0. Then
1
> F@gw)Se(x —y) = =11, - llgll, + D(f.9),
q
z,y€rg

where

(2.1) ID(f,9)] < 24" || £l,]l9]l,-

To prove Theorem 2.1, we write

> F@)gw)Siz —y)

7y€1Fd
= Z F@)gla+y) > x(s(lyll — 1))

zye]Fd s€Fq

1 -
= =[Iflly Mgl +¢* > Fm)a(=m) > x(=st) Y x(sllyll —y-m)

q me]Fg s#£0 yE]Fd

1 _ ~
= Ul lglh + 0" Fomgom) 3o (<ot - ”g”) (Hy— J)-

mEIFZl s#0 y€eFR

The rightmost sum is a Gauss sum, which shows that the sum is equal to

8-l g Y Fomgeom Y (2) x (o= L),

merd s#£0

(2.2)

hQ|>—‘

where 14 is a unimodular complex number and (—) is the Legendre symbol (see
[5] for more details regarding the Gauss sum).
We need the following fact about Kloosterman/Salié sums. See, for example,

[5].
Lemma 2.2. If a #0 or b+# 0, then

) (2)dx (as +bs™))| < 243

s#0

Applying the lemma shows that (2.2) is equal to

||f||1 lglly +2u2g™ 5 > [F(m)g(—m)|

mE]Fd
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where |uz| < 1. We use Cauchy-Schwarz to see that the expression equals
1/2
1 3d—1 Y ~
— Il - Hglly + 2u2q > Yo Fm)Pla-ma)?
q a
ml,mZEIFq

Applying Plancherel to the sum over m; and the sum over ms completes the
proof of Theorem 2.1.

We shall prove Theorem 1.1 in the case t = (1,...,1) for the sake of ease
of exposition, but the reader can easily convince oneself that the argument
extends to the general case. Let C,, = Cy(1,...,1). The basic mechanism of
our proof is encapsulated in the following claim.

Lemma 2.3. With the notation above, we have
Cori1 = q 'C} + Raoky,
Cor = ¢~ ' CkCr1 + Ry,

where
d-1
|Rok41]| <2¢ % Co

d—1
|Rok| < 2q % /CorCop—2.

To prove the lemma, define

fi(x) = (E*5)(2)E(x),

and

where S = S1, and where
(frg)@)=> fly
ye]Fd
Further, let
fes1(z) = (fi * S)(2) E().

Unraveling the definition of Cogy1, we see that it equals
D @) fry)S@ —y),
T,y

which, by Theorem 2.1 is equal to

g <Z fm)) + Rop1,

where
d—1
|Roga] <2077 || fill3.
Similarly,

CQk—ka )fr-1(y)S(x —y)
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—1
=q E fr(x) - E fr—1(y) + Rog,
x Yy

where
[Rorl < 20 1ol fio o
By a direct calculation,
|kl = Ch
and
[1£ill5 = Cox.
Putting everything together we recover the conclusions of Lemma 2.3.

Lemma 2.4. With the notation above, we have

d+1 n
El+2q =
Cn < |E| (M)

d+1

To prove Lemma 2.4, we first put X = ‘EH#. We know that C; < |E|X

by (1.1). Now we induct on the chain length. Suppose it holds for C} when
k < n. From the previous lemma,

C? a—
Coy1 < ?k + Q(JTIC%

(| E|X*)?

< +2¢"7 |E| X% = |B|X 2k,

Recall we have shown in the previous lemma that Co, < ¢ 'CLCr_1 +
Qq% v/ C2;Car—o. Completing the square, we may then write

(v Cax, — q% VCo—2)? < ¢ 1CkCro1 + ¢ O —s.

Taking square roots yields v/Ca; < q% \/Cgkfz + \/qflC’kC’kfl + ¢ 10, _s.
Finally squaring both sides yields:

CrCh_
Cor, < % + 2 Cop_a + 2\/q2d72022k—2 + q472Co;,—2CrCr—1

|E|2X2k—1
<= = 4 2qd_1|E|X2k_2 + 2\/q2d—2|E|2X4k—4 + q1-2|E|3 X 43
q
E|2 X1 EX
— | | . +2qd71|E|X2k72 14+ 14+ | q|d

_ |E|2X2k—1
q

E 2X2k71 E
— | | + 2qd71|E|X2k72 2 + |d+|1
q qT

¢! + |E]2 + 2|Elg"F
qd+1

+2qd—1|E|X2k—2 1+\/
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_ |E|2X2k—1

+2¢T |B| X2 = |B| X2,
This completes the proof of Lemma 2.4.

We are now ready to complete the proof of Theorem 1.1. By the previous
lemma, we have

d+1 n
El+2q =
C, < |E| (M)
q

w2 (e (o)
=23 ()1 (20%)

d+1
2

_ BT 2

|E| = (n) w a1 i1
B (2q 2 ) .

i=1

. d+1
By assumption, ¢ 2 < |ElIn2

= 2n

dt1 n i—1
|E|"tY 2¢72 | B <n> <1n2)
Cp < + S
qr qr

‘ 2
=1

|E|" T 20 as |E" In2\"
qr In2 qn

n
[E"* 20 e |E]"
T el T
q q

SO

<

In2 [E™ 2n an B
-1 = — .
(e ) 7 Tmel g
For the lower bound, we use induction. We will first establish the inequality
for the odd indices. Note that (1.1) yields

2 2
012|E| 72q%@>|E| _ 2 %| |

Z a4 .
q q g In2 q
Next we deal with C3. Lemma 2.3 implies that
C? -1
(23) ‘CQn—i-l — 771 < 2q 2 an.
Hence,
1 _
C3 > 5012 - 2(]%02
1 E 2 —1 2 —1
= - (u - 2da|EI) —20°T Cy
q q
BIY 6 an|B]
> T
q> In2 q3
whenever

3 |E|3 43
Oy < | — —2) = +92¢ = |E|%
2_(1112 ) q? +2077 |B|
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Lemma 2.4 shows that we already have the inequality

d+1 \ 2
El+q= E?
|E|<||L> S(%_2>u+2 FEP,
q n

which holds for
|E|>q¢"F.

Since | E| is assumed to be in the range |E| > 25¢ 3", we have established the
lower bound for Cs.
For n > 2, suppose that for some k < 2n + 1, we have

|E|k+1 2% % |E|k

Cy > — .
k= Tgk 27 q*
Applying (2.3) yields
2 d—1
‘0271-‘,-1 - =< QqTCQn
q
This implies
(L — gt 20 |E|2n+1 dn ai B
Copyy > L 2T dn oo
_ |E|2n+2 (H2~1 |E|2n+1 An L Lo 8n %
gt 47 Tt \pp 4 |E|(1n2)2 [E[nz?
Observe that
8n ai1 a1 4n? <0
B[z’ 77 TE|(n2)

for n > 2 so that

C - |E|2n+2 B 4TL+2 % |E|2n+1
2nt+l = 2t n?2 PEES I

Since we have dealt separately with the case n = 1, it follows that the above
inequality holds for all n > 1. A nearly identical argument gives us the analog
for Cy,.
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3. Proof of Corollary 1.3

In analogy with fi, let gi(z) be the number of non-overlapping paths of
length k in E beginning at x. Then the total number of such paths is

Gr =Y gr(x)

Given a non-overlapping n-path (vg, v1,v2,...,v,), we must be able to find
at least —n+3 E(y)S(vo —y) choices of x so that the path (z,vo,v1,...,vs)
is also non-overlapping. There may be some values of ¢ for which S(v; —vg) =
1, which is why we must subtract n. Otherwise we may be including some
overlapping paths in the count.

We then have the following recursive inequality:

Gp+1 > Zgn(x) <—n+ZE ) = —-nG, —l—Zgn S(z—y).

By Theorem 2.1, we see that

1/2
S on (@) B@)S( — ) > % 9g"T B[ <Z<gn<x»2> |

x

We also know that
S (90(@))? < 3 (ful@))? = Con.

By Theorem 1.1, we have
|E|2n+1 4n % |E|2n

q2n In?2 q2n ’

CQn S

and by assumption, |E| > 1Mq . Thus

02 <9 |E|2n+1

q2n

Moreover
|E|n+1 2n d+1 |E|n

qr In2 ma2?” qn
We will induct on the chain length and assume that
|E|k+1 4k % |E|k

q* In2 gk -
Putting everything together, we get

Gn <Cp <

Gy

Y

GrlE|
q
|E|k+2 4k dii |E|k+1 |E|k+1 . Ak a1 |E| 2\/_ gl E| o

T In2 g+t e In2 qF g+t

|E|2k+2

d—1
— kG —2¢" 7 T
q

v

Gri1
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|E|F+2 a [B)F [ 4k k 4k2q
_ _ 5 = 2v2 | .
gkt 4 g~ \In2 + gz + |E|In2 +2v2

By assumption, |E| > 4k q ; SO

|E|k+2 a1 |E|k+1 4k 2%k
Gk+12w—q2 s —+E+2\/§ .

Lastly, since |E| < ¢, we have k < 1“2q n , giving us

|E|k+2 dat1 |E'|k+1 4k In2
Gk"l‘l Z qk+1 - q qk+1 E I + 2\/_
|E|k+2 4k + 4 % |E|k+1

qk+1 n?2 qk+1 :
4. Proof of Theorem 1.5

Suppose t = (ty,...,tx) is k-dimensional with all nonzero indices. Notice
that a k-star with edge-lengths given by ¢ can also be described by any permu-
tation of the indices of 7. Hence we assume without loss of generality that for
some value | < min{k,q — 1} the vector ¢ satisfies

tl :t2:"':ti1 :Sl;til—i-l :-":tiQ 232;---;ti171+1 :"':til = 5
for some pairwise distinct nonzero elements si,...,s;, and where i; = k. We
define

ha) = #{y € E: |lz -yl =1},

where the choice of 1 as the length is arbitrary. We may equivalently write
v) = E(y)S(z—
y

We begin by estimating
H, =#{z € E: h(z) > n}.

That is, H,, is the number of points of E from which an n-star with all edge
lengths 1 can be made. We use Cauchy-Schwarz to get
2

> B@h@) | <| > E@)(h)? > EBl)

z,h(z)>n z,h(z)>n xz,h(z)>n
< Hy ) B(x)(h(z))?
Notice that the sum on the right-hand side is
Y E@EE)S(x —y)S(x - 2).
T,Y,2

By Theorem 1.1, this is less than M
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For the left-hand side, we notice first that
> E(@h(z) =Y E(@)(h(z) —n) = —n|E|+ Y _ E(z)h(z).
z,h(z)>n T x
Using Theorem 1.1 again, we see that the left side is bounded below by
B2 —2¢"F |B|
q

n|E|

Solving for H,, gives
H, > |E| - 10q% — 2¢gn.

We now return to our vector #. We now know that there are at least Hi i,
points in E with (¢; — i;_1)-stars having all edge lengths s;. By pigeonholing,
there must be at least |E| — 2221 (|E] — H;;—,_,) points in E from which
emanate k-stars given by ¢. This quantity is larger than zero simply when

l

B> (1B~ Hij—i; ) -

j=1

Recall that | < min{k,q — 1}, ip = 0, and ¢; = k. Since

l
Z (|E| - Hij*ij—l) < Z (10‘1% +2q(i; — Z.J?l))

Jj=1 j=

—

d+1

= 101" + 2q(i; — ip) < min{k,q — 1}10¢“F + 24k,

it suffices to have |E| > min{k, ¢ — 1}10q% + 2¢k. The result follows.
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