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GLOBAL EXISTENCE AND BLOW-UP FOR A
DEGENERATE REACTION-DIFFUSION SYSTEM WITH
NONLINEAR LOCALIZED SOURCES AND NONLOCAL

BOUNDARY CONDITIONS

FE1 L1ANG

ABSTRACT. This paper deals with a degenerate parabolic system with
coupled nonlinear localized sources subject to weighted nonlocal Dirich-
let boundary conditions. We obtain the conditions for global and blow-up
solutions. It is interesting to observe that the weight functions for the
nonlocal Dirichlet boundary conditions play substantial roles in determin-
ing not only whether the solutions are global or blow-up, but also whether
the blowing up occurs for any positive initial data or just for large ones.
Moreover, we establish the precise blow-up rate.

1. Introduction

In this paper we study the following degenerate parabolic system with cou-
pled nonlinear localized sources subject to weighted nonlocal Dirichlet bound-
ary conditions:

(1.1)

up = Au™ + auP v? (xg, t), vy = Av™ + bvP2u?2(x,t), (x,t) € Q x (0,7T),

U = fQ f($, y)u(yat)dya v = fQ g($, y)v(y, t)dya (‘T’t) € 00 x (0’ T)a
u(z,0) = uo(z), v(z,0) = vo(x), x €,

where Q € RY is a bounded domain with smooth boundary 09, o € Q is a
fixed point. m,n > 1, a,b,q1,q2 > 0, p1,p2 > 0 which ensure that equations
in (1.1) are completely coupled with nonlinear localized reaction terms, while

Received February 26, 2014; Revised September 1, 2015.

2010 Mathematics Subject Classification. 34B10, 35K57, 35K65.

Key words and phrases. degenerate reaction-diffusion system, nonlocal boundary condi-
tions, blow-up, blow-up rate.

Supported in part by China NSF Grant No. 11501442, the China Postdoctoral Science
Foundation Grant No. 2013M540767, the Shanxi Provincial Postdoctoral Science Founda-
tion, the scientific research program funded by Shanxi Provincial education department No.
14JK1474, and the doctor scientific research start fund project of Xi An University of Science
and Technology Grant No. 2014QDJ042.

©2016 Korean Mathematical Society

27



28 FEI LIANG

the weight functions f(x,y), ¢g(z,y) in the boundary conditions are continu-
ous, nonnegative on 90 x Q, and [, f(z,y)dy, [, 9(z,y)dy > 0 on 9Q. The
initial values ug(z),vo(x) € C*+(Q) N C(Q) with 0 < a < 1 are nontrivial
nonnegative and satisfy the compatibility conditions.

In the past several decades, there have been many articles deal with prop-
erties of solutions to porous medium equations or degenerate parabolic system
with a localized source subject to homogeneous Dirichlet boundary condition
and to a system of heat equations with nonlinear boundary condition (see
[5, 9, 11, 13, 21, 25, 26] and references therein). However, there are some im-
portant phenomena formulated as parabolic equations which are coupled with
nonlocal boundary conditions in mathematical modelling such as thermoelas-
ticity theory (see [4, 6, 7]). In this case, the solution describes entropy per
volume of the material. The problem of nonlocal boundary conditions for lin-
ear parabolic equations of the form

ug — Au = 0, (z,t) € Q x (0,7),
(1.2) u(z,t) = fQ o(z, y)u(y, t)dy, (x,t) € 02 x (0,T),
u(z,0) = up(x), x € Q,

with uniformly elliptic operator

A=) aij(x)m +Zlbi(fﬂ)a$i +c(x)

7,j=1 1=

and c(x)) < 0 was studied by Friedman [15]. It was proved that the unique
solution of (1.2) tends to 0 monotonically and exponentially as ¢ — oo provided

/Iw(x,y)ldy§p<1, z € 90.
Q

As for more general discussions on the dynamics of parabolic problem with
nonlocal boundary conditions, one can see, e.g. [22] by Pao, where the following
problem:

ug — Lu = 0, (x,t) € QA x (0,T),
(1.3) Bu(z,t) = fQ K(z,y)u(y, t)dy, (x,t) € 02 x (0,T),
u(z,0) = up(x), x €,

was considered with

" 8%u - ou ou
Lu= Z aij(z)f Jr;bi(x)@_xi’ BUZO&OEJFU

and recently Pao [23] gave the numerical solutions for diffusion equations with
nonlocal boundary conditions.

In [13], Du Lili studied the following degenerate reaction-diffusion system
with coupled nonlinear localized sources subject to null Dirichlet boundary
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conditions:

(1.4)
up = Au™ 4+ uProB (29, t), ve = Av™ + vP2u?(20,t), (x,t) € 2 x (0,7,
u=0, v=0, (x,t) € 9 x (0,T),
u(z,0) = uo(z), v(z,0) = vo(z), x €.

They investigate the influence of localized sources and local terms on global
existence and blow-up for this system. Moreover, they establish the precise
blow-up rate estimates. In [27], Zheng et al. established global existence and
blow-up conditions for solutions to the following semilinear parabolic system
with weighted nonlocal Dirichlet boundary conditions:

(1.5)
up = Au~+u™ [ 0" (y, t)dy, vy = Av+ 0P [ul(y,t)dy, (x,t) € Qx(0,T),
u= [oe(x,y)uly t)dy, v= [, y)v(y,t)dy, (z,t) € 02x(0,T),
u(z,0) = up(x), v(x,0) =vo(x), x € €.

The global solutions and blow-up problems for the degenerate parabolic sys-
tem with local nonlinearities, localized nonlinearities and nonlinear boundary
conditions had also been studied extensively, see [1, 2, 3, 8, 10, 12, 14, 17, 18,
19, 20] and the references therein.

The present work is partially motivated by the above works, especially [13,
27]. We will get blow-up criteria for (1.1) with nonlocal Dirichlet boundary
conditions, quite different from situations with the null Dirichlet boundary
conditions [13]. We will show that the weigh functions f(z,y) and g(x,y) in
the nonlocal boundary conditions of (1.1) play substantial roles in determining
not only whether the solutions are global or blow-up, but also whether the
blowing up occurs for any positive initial data or just for large ones. Moreover,
we establish the precise blow-up rate estimates for all the blowup solutions.
Our main results read as follows.

Theorem 1.1. If m > p1, n > p2 and q1g2 < (m — p1)(n — p2), then the
nonnegative solution of (1.1) is global.

Theorem 1.2. Assume [, f(x,y)dy <1 and [, g(z,t)dy <1 for all x € 0.
If m < p1 orn < pa or qiqz > (m —p1)(n — p2), then the nonnegative solution
of (1.1) is global for small initial data.

Theorem 1.3. Assume q1g2 = (m — p1)(n — p2),
/ f(z,y)dy < 1 and /g(m,t)dy <1
Q Q

forallx € 0. If m — p1 = q1 and n — pa = g2, then the nonnegative solution
of (1.1) exists globally provided that a and b are small.
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To describe blow-up conditions for solutions and to estimate the blow-up
rate of the blow-up solution, we need the following assumptions on the initial
data ug(z) and wvg(x):

(H1) Auf(x) + aup (z)v? (x0) > 0, Avg(z) 4+ bvf?* (z)u®? (z9) > 0 for x € Q;

(H2 there exists a constant 6 > dp > 0 such that

Aul(x) + aul (z)v? (x0) — Sul* T (x) >0,
Avg () + bob? (x)u® (x0) — dvg*2t(z) >0,
where dg, k1, ko will be given in Section 4.

Theorem 1.4. If m < p1 orn < py or q1q2 > (m — p1)(n — pa), then the
solution of (1.1) blows up in finite time for large initial data.

Theorem 1.5. Assume p; > 1 (or p; > 1) and the condition (H1) holds. If
Jo flz,y)dy > 1 (or [, gz, t)dy > 1) for all x € 0K, then the solution of (1.1)
blows up in finite time for any positive initial data.

Theorem 1.6. Assume q1q2 > (1 —p1)(1 — p2) and the condition (H1) holds.
If fQ flz,y)dy > 1 and ng(z,t)dy > 1 for all x € 09, then the solution of

(1.1) blows up in finite time for any positive initial data.

Theorem 1.7. Assume that [, f(z,y)dy, [,9(z,t)dy < 1 for all x € 09,
g2 +1—p1,q1 +1—p2 >0 and assumptions (H1)—(H2) hold. If the solution
(u(z,t),v(z,t)) of (1.1) blows up in finite time T’, then there exist positive
constants C; (i = 1,2,3,4) such that

91 —p2tl q1—p2+1

C’l(T’ — 1) aae2-=rD0-r2) < maxu(z,t) < CQ(T’ — )" e =P -p2) |
zeQ
_ q2—p1+1 _ q2—p1+1
CS(T/ —t) me-0=pD0-r2) < maxv(x,t) < CQ(T/ — t) araz—(I—p(A—p2) |
z€Q

This paper is organized as follows. In Section 2 deals with the maximum
principle and comparison principle used for the model. In Section 3, we consider
the global existence and nonexistence of solution of problem (1.1). Section 4 is
devoted to the estimate of the blow-up rate.

2. Comparison principle and local existence

In this section, we give the comparison principle to the problem. Let Q1 =
QO x(0,T), Sy =00x(0,T), Qpr =Q x[0,T).

Definition 2.1. A pair of functions u,v € C**(Qr) N C(Qy) is called a sub-
solution of (1.1) if

uy < Au™ + auP v ® (o, t), v, < Av™ + buP?u® (20, t), (z,t) € Qr,
u(w,t) < [ f(@,y)uly, t)dy, v(z,t) < [o9(z,y)uly, t)dy, (z,t) € St,
w(z,0) < wug(x), v(z,0) <wvo(x), x € .

Similarly, a super-solution of (1.1) is defined by the opposite inequalities.
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Lemma 2.1. Suppose that u,v € C*>*(Qr) N C(Qr) satisfy

—dy(z, ) Au > c1(z, t)u + ca(x, t)v(xo, t), (z,t) € Qr,
dg(z OAv > cs(z, t)v + ca(z, t)u(xo, t), (x,t) € Qr,
> (Jo U1 (z, y)um (y, t)dy)™, (z,t) € S,
Z (Jo Y2l y)o (y,1)dy)", () € Sr,
( )2 o(x) >0, v(z,0) > vo(z) >0, x € Q,

where m,n > 1, di(z,t) > 0 in Qr, ¢; € C(Qr) and ca(x,t),ca(z,t) > 0

for (z,t) € Qr, ¥i(z,y) =0 on 0Q x Q, [, vi(z,y)dy > 0 on 0Q, i = 1,2,
j=1,2,3,4. Then u,v >0 on Q.

Proof. Let My = supg | c1(z,t) | and Mz = supg_ | cs(z,1) | Set w = e™u,
z = e " with v > max{M;, Ma}. Then

(2.1)
—dy(z, ) Aw + (v — c1(z, 8))w > co(z, t)2(z0, t), (x,t) € Qr,
—da(z, ) Az + (7 — c3(z, 1)z > calz, t)w(zo, t), (z,t) € Qr,
w > (fg 1/}1 € y u}m ya )dy) , 22 ( 2( Z"(ya )dy)nv ZL',t) € STa
u(x,0) > uo(x) >0, v(z,0) > v ()>0 z € Q.

It suffices to show that w,z > 0 on Q7. Since ug,vo > 0, there exists § > 0
such that w,z > 0 for (z,t) € Q x (0,5). Suppose for a contradiction that
t=sup{t € (0,T):w,z>0o0nQx[0,t)} <T. Then w,z > 0 on @y, and at
least one of w, z vanishes at (Z,%) for some Z € . Without loss of generality,
suppose w(T,t) = 0 = infé? w. If (T,t) € Qy, by virtue of the first inequality
of (2.1), we find that

—di(z, ) Aw > (c1(x,t) —y)w, (x,t) € Qf.

This leads us to conclude that w = 0 in @7 by the strong maximum principle,
a contradiction. If (Z,¢) € S;, this results in a contradiction also, that

0=w(,1) =e u®i) = / 1 (T, y)w(y, t)dy > 0
Q
due to [, ¥1(x,y)dy > 0 on Q. This proves w,z > 0, and in turn u,v > 0 on
Q. O
Lemma 2.2. Suppose that u,v € C*>*(Qr) N C(Qr) satisfy

—di(z, t)Au > e (z, t)u + co(z, t)v(xo,t), (2,t) € Qr,
dg(z t)Av > C3(:c v + ca(z, t)u(zo, t), (x,t) € Qr,

u( ( T,y um(y, )dy) ) (ZL',t) € STv
v(z, z (Ja wg z,y)v (y, t)dy)", (w,t) € Sr,
u(m,O) 2 u ( ) >0, v(z,0) > vo(x) >0, T €1,
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where m,n > 1, di(z,t) > 0 in Qr, ¢; € C(Qr) and ca(z,t),ca(z,t) > 0

for (z,t) € Qr, ¥i(z,y) =0 on 0Q x Q, [, vi(z,y)dy > 0 on 0Q, i = 1,2,
j=1,2,3,4. Then u,v >0 on Qr.

Proof. Let
u(z,t) = a(z)w(z, t), o(z,t)=p(x)z(x,t),
where a(z), (x) € C%(Q) satisfy

(2.2) alr) >0on Q; alr)=2"" 7,/)1(x,y)a#(y)dy < % on 01},
and
(2.3) B(x) >00nQ; Bz /ngy dy<%on89

A routine computation shows
(2.4)

we= o > (IS ey 200000, @ < o,
dy(z, t)Az > (dQ%’(;))M Feo+ C;;‘(%O) (r0.)  (5.1) € Qr.
w > 2" [ (s y)am (y)wn (y,t)dy) ", (x,t) € St,
2> 2771 fo (@, y)B7 ()27 (v, t)y) ", x,t) € S,
w(x,0) > up(z)/a(x) >0, z(z,0) > vo(x)/B(x) >0, x € .
Define
=gl PGy M= S v
26(20) cqa(xp)
M e b T T
Let
W=w+ee’, Z=z+eet
with

v = max{M; + N1, Ma + N3}, &> 0.
Using the inequality
(k1 + ko)™ < C(m) (k7" + k3Y), ki, ke >0,
0<m<1,C(m)=1, m>1, C(m)=2""1,
and (2.2), for (z,t) € ST we have
(2.5)

> 2m=Y( [y (z,y)am (y)wn (y, t)dy) ™ + et
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Snmlarly, from (2.3) we have

(2.6) e t) > ( /Q oz, y) B (4)F% (3, )dy)"

Combining (2.2), (2.5) and (2.6), we can get

d t)A - ~
di(z,t)Aw > (% +c)w+ %(;O)z(zo,t), (z,t) € Qr,
—_ da(z, t)AB ~ cgafzg) -
—d HAZ > t t
o(z, ) AZ > (1 5(951) +03)z+ B2) w(zo,t) (z,t) € Qr,
W > ( fo iz, y)a ?(y)@ﬁ(y,t)dy) ; (z,t) € S,
Z>(fgw2 yﬁz( ) ( )dy) ) xat)GSTa
w(x,0) =wo(x) +e >0, Z(x,0) = zo(z) +£ >0, z €.
By Lemma 2.1, we know that @,z > 0, i.e., w +ee?* > 0, z + e’ > 0 on Q.
It follows by € — 07 that w, 2 < 0 and hence u,v < 0. O

Using the scaling transformations (see Section 4):
U(z,7) =u(x,t), V(z,7) = (n/m)”/("fl)v”(:c,t), T =1tm,

on the basis of the above lemmas, we obtain the following comparison principle
for (1.1).

Theorem 2.3. Let (u,v) and (u,0) be a sub-solution and super-solution of
problem (1.1) on Qr, respectively. Then (u,?) > (u,v) on Qp.

Local in time existence of positive classical solutions of problem (1.1) be
obtained by using fixed point theorem [5, 14, 24]. Moreover, the uniqueness of
solutions holds if p1,q1,p2,q2 > 1. The proof is more or less standard, so it is
omitted here. In view of Lemmas 2.1-2.2, we have the following:

Lemma 2.4. Suppose that (ug,vo) satisfies (H1). Then the solution (u,v) of
(1.1) satisfies uz,vr > 0 in any compact subset of Q.
3. Global existence and blow-up

Compared with usual homogeneous Dirichlet boundary conditions, due to
the boundary functions f(z,y), g(z,y) being nonnegative, satisfying

/ f(z,y)dy > 0 and / g(x,y) >0
Q Q
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for all x € 012, the proof of the global existence or global nonexistence results
for the system (1.1) would be more difficult. Denote

A_(m—P —a@ _(h
—q@2 n—p2 )’ la J°

Lemma 3.1 (see [9]). If m > p1, n > pa and q1g2 < (m — p1)(n — pa), then
there exist two positive constants ly, lo, such that Al = (1,1)T. Moreover,
A(cl) > (0,0)T for any constant ¢ > 0.

For convenience, we will denote
I (u, v) = ug — Au™ — auP*v? (zo, t), Ha(u,v) = v — Av™ — boP2u?(x9, t).
Proof of Theorem 1.1. 1t is easy to prove that there exists a positive function
¢ € C*(Q) such that
ed(x) > max{A;(z), A2(x)}, forx € 0Q,

where

M) = ([ @™ [ o)+ o) + Dy =1, 2 €00
and

Az (7) = (/Q g7 (2, y)dy)" /Q(Eaﬁ(y) +o(y) +1)dy -1, =€,

0 <e<maxgl/(2|A¢|)is a constant and ¢ is the solution of the following
elliptic problem:
—Ap=1, z€Q; ¢(x)=0, xed.
Let C1 = max, g¢(z), Co = max, 5 @(z). We construct a super-solution
which exists global for any 7" > 0 as
(31)  w=ac(ep(@) + p(z) + D™, T = e’ (eh(x) + p(x) + 1),
where 0 < l1,1ls < 1 satisfy mly,nle < 1 and a, 8 > 0 are to be chosen later.
Clearly, (u,v) is bounded for any ¢ > 0 and ©w > «, ¥ > . The direct
computation gives
1, (7, 7) = al e (ep(z) + p(z) + )Y 4 ameh™ — ameh™ie Ap(x)
—aa 1 AP (e(z) + p(z) + 1)/ g(w0) + plo) + 1)
> Lamehmt — gapr guehinittalt(cCy 4 Oy + 1)pr/mta/n
Hg(ﬂ, 5) > %Bnebnt _ bﬁpzath €l2p2t+q2l1t(501 +Cy+ 1)132/714-112/7”.
If m > p1, n > p2 and g1g2 < (m — p1)(n — p2), by Lemma 3.1, there exist
positive constants l1, lo such that
mly > plll + qllg, nly > p2l2 + (pll, and mly, nly < 1.

Therefore, we can choose «, 8 sufficiently large that

n—p2+4q1

o >max {27 D a By (eCy +C2+1)

49192 —pP1pP2+Pintaim
mb ) ma}uo(z)},
TES
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m—py1+ —p1pa+pamtaon
8 > max {2 SEXH atg b m_p (601 Oyt 1)q1qz p1potpamtay , mal(vo(z)},
zeQ

where D = (m — p1)(n — p2) — q1¢2, then
T, (w,7) > 0, x(w,7) >0, and T > ug(x), T > vo(x).
Also, for (z,t) € ST, we have
u(z,t) = aelt(eg(x) + 1)/™

> aeht( /Q 7 () dy) "™ /Q (ed(y) + oly) + Ddy) /™
“t/ f(x,y)(€¢(y)+w(y)+1)1/mdy:/f(z,y)ﬂ(y,t)dy-
Q Q

Similarly, for (z,t) € S, we have

B, 1) > [ F (&, y)5(y, t)dy

Now, (@,v) defined by (3.1) is a positive super-solution of (1.1). By Theorem
2.3, we conclude (u,v) < (u,v), which implies (u,v) exists globally. O

Proof of Theorem 1.2. Case 1: Assume m < p;. Define

max{ max/ f(z,y)dy, max/ g(m,y)dy} =pe(0,1).
€9 Jo
Let w be the unique solution of the elliptic problem
—Aw=1 2z€Q; w(x)=CyH xe€d.

The Cy < w < Cy + M for some M > 0 independent of Cy. Let Cy be so large

such that
1+ Cy

1+Co+ M —
Due to m < p; and g2 > 0, it is easy to verify that for fixed positive constants
Co, M and K, there exists K7 > 0 small such that

> max{p™, p"}.

(3.2) K1 > ak," Ky (14 Co+ M) R+ 5 Ky > bE[" Kyt (14 Cot M) 5+
Set (z,t) = (K1 (1 + w(x))) "™, w(z, t) = (K2(1+w(z)))"". We have

71 a1
m n
_2 P2
m n

)
3

1L, (7, 7) >K1—aK171K (1+ Co+ M)
HQ(U ’U)>K2—bK K (1+00+M)
On the other hand, we have on the boundary that

(1) = (Ki(14 Co))™ > (Klpm(l +Co+ M))7™
/Q (K1(1+ Co + M))™ f(a,y)dy

> / [, y)u(y, t)dy, © € 09, t > 0.
Q
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Similarly,
B(a,t) > / 9z, y)o(y, )dy, € 09, > 0.
Q
By Theorem 2.3, (@, ) is a global super-solution of (1.1) provided the initial

data are so mall such that ug(z) < (K1 (14 w(z)) %, vo(z) < (K2(1+w(x)) g
for z € Q.

Case 2: Assume n < p3. The case can be treated by exchanging the roles of
u and v in the case 1.

Case 3: Assume ¢q1g2 > (m—p1)(n—p2). For the case, we only need to prove
the case of m > p; and n > py. We claim that (3.2) holds with sufficiently
small K7 and Ks. In fact, in the special case of m = p;, the first inequality in
(3.2) is trivial with small K5 independent of Kj, and then the second one in
(3.2) is true also provided K7 is small. The same argument admits n = py. If
m > p1, n > pa with qiga > (m —p1)(n—p2), then 0 < n—ps> < q1g2/(m —p1),
and hence

Ky~ > K (14 Co + M)FHR

a2

_ap A2 P2 | 92 P1 a1
(33) > bam™-r1 K;(mipl) (1+00+M)7+;+(;+7)m*p1

for K7 and Ko small enough. Clearly, (3.3) is equivalent to (3.2). Like for the
proof for the case 1, we know that the solution of (1.1) for small initial data

ug(z) < (K1(1+w(x)) %, vo(z) < (Ka(1+ w(z)) " for ¢ € Q. O

Proof of Theorem 1.3. Denote

po = maX{/Qf(fE,y)dy, /Qg(:c,y)dy} <1

€0
Let 1 (x) be the unique solution of the following elliptic problem:
(3.4) —AY(x) =¢e9, z€Q; Y(x)=po, €I,

where ¢ is a positive constant such that 0 < ¢ (z) <1 (as pg < 1, there exists
such gg). Set max, 5 ¢(r) = K. Let

wi(x,t) = L7 (x),  wa(a,t) = Ly (),
where L is a constant to be determined later. A series of computations yields
{Hl(wl,wg) = L™Meq — alP 0y op i (z9) > L™eg — alP A0 K+ 5
Iy (wy, wy) = L™Meq — bLP2H924p 5 4p i (z9) > L™eg — bLP> T2 K7+
We choose a < gg K ~PV/m—a1/n < g K—P2/n—a2/m  Then
I (wy,we) >0, TIp(wy,ws) > 0.
On the other hand, we have

wn (1) = Lo§ > I /Q flaain® = L [ fdy
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> L [ Sty = [ aunnidy, forecon, >0
Q Q
wo(x,t) > / g(z, y)wa(y, t)dy, for x € 9Q, t > 0.

Q

Here we used [, f(z,y)dy <1, [, g(x,y)dy <1 and 0 < ¢(x) < 1. Therefore,
(w1, ws) is an upper solution of (1.1). By Theorem 2.3, wy(z,t) > u(x,t),
wo(x,t) > v(z,t). Thus, (u,v) exists globally. O

Next prove the blow-up conclusions with or without large initial data (The-
orems 1.4-1.6).

Proof of Theorem 1.4. We consider the following well-known degenerate re-
action-diffusion system with nonlinear localized sources (see [27]):

(3.5)
w, = Au™ + auP v® (20,1), v, = Av" + boP2u® (20, 1), (2,1) € Q% (0,T),
u=0,v=0, (z,t) € 0 x (0,T),
w(z,0) = ug(x),v(x,0) = vo(x), z € Q.

Let (u,v) be the solution of the system. It is obviously that (u,v) is a sub-
solution of (1.1). It is known to all that the nonnegative solution of (3.5) blows
up in finite time for sufficiently large initial values provided m < p; or n < ps
or gig2 > (m — p1)(n — p2). By Theorem 2.3, the solution of (1.1) blows up in
finite time for sufficiently large initial values. O

Proof of Theorem 1.5. Since ug, vo > 0 for x € Q, [, f(z,y)dy, [, 9(x,y)dy >
0 for = € 012, and

w@:Aﬂmwmm,mW:AWWM@% v e o0,

by the compatibility conditions, we have ug,vo > 0 for z € JQ. Denote by €
the positive constant such that ug,vo > € for x € Q). By Lemma 2.4, we have
u,v > € for (x,t) € Q x [0,T). Furthermore, u(x,t) satisfies
up > Au™ + ae®uP (z,t), (z,t) € Q@ x (0,T),
u= [ f@yulyt)dy,  (2,t) €02 x(0,T),
u(z,0) = uo(x), x € .
Let u(z,t) = s(t) be the unique solution of the ODE problem
§'(t) = ae?r sP1(t),
5(0) = te.

Then u(z,t) blows up in finite time since p; > 1. Clearly,

u, = Au" + ae®uP, u(x,0) < ug(z).
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Furthermore, the assumption [, f(z,y)dy > 1 implies

u(, ) < u /Q Fla,y)dy = s(t) /Q fl,y)dy = /Q F(,y)uly, Dy, (z,¢) € Sr.

By Theorem 2.3, u(x,t) > u(z,t) as long as both u(x,t) and u(x,t) exist, and
thus u(z,t) blows up in finite time for any positive initial data. O

Proof of Theorem 1.6. We know from the proof of Theorem 1.5 that u,v > €
for (z,t) € 2 x[0,T). Let (u(z,t),v(x,t)) = (w(t), u(t)) be the unique solution
of the ODE problem

w'(t) = awPr (E)ut (t), /' (t) = buP2(tlw (1),
w(0) =1e, p(0) = Le
We know with g1¢1 > (1 — p1)(1 — p2) that (u(z,t),v(z,t)) blows up in finite

time (see [27]). Similarly the proof of Theorem 1.5, (u(z,t),v(z,t)) satisfies
uy = Au™ + auP'v? (2o, 1), v, = Av" + buP2u® (o, 1), (2,t) € 2 x (0,T),

u< fo f(@y)uly, t)dy, v < [o9(z,y)v(y,t)dy, (z,t) € 992 x (0,T),
u(z,0) <wug(x), v(z,0) < wvo(z), z €.

In view of Theorem 2.3, we have (u,v) > (u(z,t),v(z,t)) for their common
existence time. Thus u(x,t) blows up in finite time for any positive initial
data. O

4. Blow-up rate estimates

In this section, we will show the blow-up rate of solution to problem (1.1).
We also assume that the solution (U, V) blows up in finite time 7*. To ob-
tain the estimate, we first introduce some transformations. Let U(z,7) =
u™(z,t), V(z,7) = (n/m)”"=Dy*(z,t), 7 = tm, then (1.1) becomes the
following system not in divergence form:

Ur =U" (AU 4+ a,UP2 V% (zg,7)), z€Q, >0,

Ve =V"2(AV + b VPiU% (20, 7)), z€Q, >0,
(4.1) U= (/g f(ac,y)U# (y,T)dy)m, x€edN, >0,

V= (fﬂ g(z,y)V%(y,T)dy)n, redd, >0,

U(x,0) = Up(x), V(z,0) = W(z), ze€Q,
where 0 < 1 = (m—1)/m, 0 < ry = (m — 1)/n, p3 = p1/m, g3 = ¢@1/n,
ps = p2/n, @ = q2/m, a1 = a(m/n)0/ "=V by = b(m/n) P2/ (=D Ty (z) =
ul*(x), Vo(z) = (n/m)™=Dyg(z). By the conditions gz > p; — 1 and ¢; >
p2—1, we have gy —ps —7m1+1>0and g3 —ps —r2+1>0.

Under this transformation, the assumptions (H1)—(H2) become

(HY) AUy(z) + a1 U§? (x)V e (z9) > 0, AVp(x) + by VP* (2)U% (x9) > 0 for
r € Q;
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(H2') there exists a constant § > dg > 0 such that

AUy(z) + arUP* (2)VE (o) — U T () > 0,

AVy () + b VI (@)U (o) — dv5* T 7" () 2 0,
where dg, k1, k2 will be given later.
Denote M;(7) = max,q U(z,7), M2(7) = max, g V(x,7). We can obtain
the blow-up rate from the following lemmas.

Lemma 4.1. Assume that Up(x), Vo(z) satisfy (H1')—(H2'). If ga—ps—r1+1 >
0 and g3 — pys — 12 + 1 > 0, then there exists a positive constant Cs such that

(4.2)
MB—PamTFL () 4 B raTet (1) > Oy (T ) BT S0 )

Proof. From (4.1), we have (see [16], Theorem 4.5)
M{(7) < aaMP¥T I ME | My(1) < by MPI M2 ae. te (0,T).
Noticing that g4 —p3s —r1 +1 >0 and g3 — ps — r2 + 1 > 0, hence we have
(M= ) 4 Mg ()
< ((ga —ps — 71+ Day + (g3 — pa — r2 + 1)by ) M{* (1) MF (1)

93(94—p3—r1+1)+q4(93—pa—ro+1)

(43) < CG(MiM—Ps—Tl-i-l(T) +M§3—P4—T2+1(7_)) (aa—p3—-r1+1(a3 —pa—ra+1)

)

by virtue of Young’s inequality. Integrating (4.3) from 7 to T*, we draw the
conclusion. ]

Lemma 4.2. Assume that Ug(x), Vo(z) satisfy (H1')—(H2'),

/Qf(w,y)dy,/gg(w,t)dy <1

forallz € 0. If g4 —ps—r1+1>0 and g3 —ps —ro+1 >0, then
(4.4)
Up(z,7) = UMz, 1) >0, Vi(z,7) = VT2, 1) >0, (z,7) € Qx(0,T%),

where

 q3qa—(1—p3 —71)(1 —pg —12) _q3qa—(1 —p3 —711)(1 —ps —12)
kl_ 3 k2_
g3 —ps—r2+1 qa—p3—7m1+1

)

93(2k1 +1-7r1—-p3)

5, = arky (1 + k1 — p3) (1 + k1 *p3) (a3 Tha)br
r1(2k1 +1—r1 —p3)\ g3+ ke

)

94 (2ko+1—-r9—py)

_ bika(1+ ko — p4) (1 + ko —p4) (a4 Th1)ka
ro(2ka +1 =12 —pa)\ @+ ki

o> 50 = max{| 51 |7 | 52 |}

)
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Proof. Let Jy(x,7) = U, — UM+ Jy = V, —§V*2+1 A series of computations
yields
Jir — U ATy — (201U + a1psUm P37V % (2, 7)) Jy
— a1gaUM PV B (g, 7) J2 (20, 7)
= U YT 4 6k (ky + UMY | VU |2 40 82U 1L
+ a1qz0UT TPV BTR (g0 7Y — @1 5(1 + Ky — pa) UM TIPS (g 1)
> 82U g ggdUT TP B TR (0 )
—a10(1+k — pg,)Ulir”J”’3 VB (xg, ).
If 1 + k1 < p3, obviously we have
Jir = U ATy = (20mU* 4 aypsUT TP~ V9% (20, 7)) Jy
(4.5) —ay1qzU™ TPV B (g, 1) Ty (20, 7) > 0.

Otherwise, noticing that k1 /(2k; +1 —r1 — p3) +q3/(g3 + k2) = 1, by virtue of
Young’s inequality
2y +1—rq —pe ’ a3+kg
(gUkn) R 8 (qu (o, T)) w
q3+ke 0

k1
< _
- 2[€1+177’17p3

where 0 = (%)%/(QS*’Q). Thus, we have

Ukiyas (20,7)

Jir = U ATy — (20U + aips U™ P71V % (2, 7)) Jy
— arqsU VB (20, 7) Sy (20, 7)

02Ukt 4 gy ggoUT TPy astRe (zo,7)

—a10(1 + k1 — pg)U’“"‘”"‘pqu3 (o, T)

(4.6) > r16(0 — &)U+ > 0.

Y

Similarly, we also have
Jar = V2 ATy — (20roV7 + bypy V2P 1U% (20, 7)) Jo
(4.7) — by VPV AT (14 7)1 (20, 7) > 0.
Fix (z,t) € 92 x (0,T*), we have
Ji(z,7)=U; — sUk 1
= ([ sty i)

(m/ﬂf(x,y)u,,_(%'r)dy - 5(/Qf(x,y)U(y, T)dy)klerl).
Since UT(y’T) =i (ya T) + 5Uk1+1(y; 7—)5 we have

m [ sty )y = 5( [ Flputy rin) "
Q Q
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- / Fla,y)U " (y, 7)1 (y, 7)dy

kygm+1 kim+1
+5 /fxy  (y, m)dy — /fwy y,T)dy)" )
Noticing that 0 < F(z fQ z,y)dy < 1, x € 95, we can apply Jensen’s

inequality to the last mtegral in the above mequahty,

kim+1

Fay)U 5 (yr)dy — ( / F(, ) U (g, 7)dy) !
Q Q

)k1m+1

> @) [ e m@) " = ([ v e

Here we use mk1 +1 > 1 and 0 < F(z) < 1 in the last inequality. Hence for
(z,t) € 9Q x (0,T*), we have

m 1
(4.8) Ji(z, 1) > /f x,)Um (y, T dy /f x,y)U (y,T)Jl(y,T)dy.

Similarly, we also have

(49) Jofa,7) > / faVEwnd) " [ el ) (.

On the other hand, (H1")-(H2') imply that

(4.10) Ji(z,0) >0, Jo(x,0) > 0.

By (4.5)-(4.10), Lemma 2.2 implies that Ji,J; > 0 for (x,t) € Q x (0,T7*).

That is (4.4) holds. O
Integrating (4.4) from 7 to T, we conclude that

My (1) < Cr(T* — 1)~ (@s=Pa—r2+1)/(g3ga—(1=ps—r1)(1=pa—r2))
(4.11) - ’
My(T) < Cs(T* — 7—)—(Q4—Ps—7‘1+1)/(QStM—(1—103—7“1)(1—;04—7“2)),

where C7, Cg are positive constants independent of 7. It follows from Lemma
4.1 and (4.11), we have the following lemma.

Lemma 4.3. Assume that Uy(x), Vo(z) satisfy (H1')—(H2'),

/Qf(x7y)dy’/ﬂg($,t)dy <1

forallz € 9Q, g4 —ps—r1+1>0and g3 —ps —ro+1>0. If (U, V) blows

up in finite time T, then there exists a positive constant C}(i = 1,2,3,4) such

that

(4.12)

{C{ <max, o U(z,7)(T* — 7)~ (@ —pa=r2+1)/(g39a—(1=ps—r1)(1=pa=72)) < O
Cy < max, o V(z,7)(T* — 7)~(@a=ps=r+D)/(g3ga—(1=ps—r1)(1=pa=72)) < 4,
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According the transform and Lemma 4.3, we can obtain Theorem 1.7 imme-
diately.

Remark 4.1. From Theorem 1.7, we know that in the case of [, f(z,y)dy < 1
and fﬂg(x,t)dy <1 for all x € 99, the blow-up rate of degenerate parabolic
system with coupled nonlinear localized sources subject to weighted nonlocal
Dirichlet boundary conditions is the same as that of general degenerate para-
bolic system with nonlinear localized sources subject to null Dirichlet boundary
conditions.
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References

[1] J. R. Anderson, Local existence and uniqueness of solutions of degenerate parabolic
equations, Comm. Partial Differential Equations 16 (1991), no. 1, 105-143.

[2] J. R. Anderson and K. Deng, Global existence for degenerate parabolic equations with a
nonlocal forcing, Math. Methods Appl. Sci. 20 (1997), no. 13, 1069-1087.

[3] D. G. Aronson, M. G. Crandall, and L. A. Peletier, Stabilization of solutions of a
degenerate nonlinear diffusion problem, Nonlinear Anal. 6 (1982), no. 10, 1001-1022.

[4] D. E. Carlson, Linear Thermoelasticity, Encyclopedia, Vol. Via/2, Springer Berlin 1972.

[5] Y. P. Chen and C. H. Xie, Blow-up for a porous medium equation with a localized source,
Appl. Math. Comput. 159 (2004), no. 1, 79-93.

[6] W. A. Day, Extensions of property of heat equation to linear thermoelasticity and other
theories, Quart. Appl. Math. 40 (1982), 319-330.

, A decreasing property of solutions of parabolic equations with applications to
thermoelasticity, Quart. Appl. Math. 40 (1983), no. 4, 468-475.

[8] K. Deng and H. A. Levien, The role of critical exponents in blow-up theorems: The
sequel, J. Math. Anal. Appl. 243 (2000), no. 1, 85-126.

[9] W. B. Deng, Global ezistence and finite time blow up for a degenerate reaction-diffusion
system, Nonlinear Anal. 60 (2005), no. 5, 977-991.

[10] W. B. Deng, Y. X. Li, and C. H. Xie, Blow-up and global ezistence for a monlocal
degenerate parabolic system, J. Math. Anal. Appl. 277 (2003), no. 1, 199-217.

[11] J. I. Diaz and R. Kerser, On a nonlinear degenerate parabolic equation in infiltration
or evaporation through a porous medium, J. Differential Equations 69 (1987), no. 3,
368-403.

[12] E. Dibenedetto, Degenerate Parabolic Equations, Springer, New York, 1993.

[13] Lili. Du, Blow-up for a degenerate reaction-diffusion system with nonlinear localized
sources, J. Math. Anal. Appl. 324 (2006), no. 1, 304-320.

[14] Z. W. Duan, W. B. Deng, and C. H. Xie, Uniform blow-up profile for a degenerate
parabolic system with nonlocal source, Comput. Math. Appl. 47 (2004), no. 6-7, 977—
995.

[15] A. Friedman, Monotonic decay of solutions of parabolic equations with nonlocal boundary
conditions, Quart. Appl. Math. 44 (1986), no. 3, 401-407.

[16] A. Friedman and B. Mcleod, Blow-up of positive solutions of similinear heat equations,
Indiana Univ. Math. J. 34 (1985), no. 2, 425-447.

[17] H. A. Levien, The role of critical exponents in blow-up theorems, SIAM Rev 32 (1990),
262-288.

[18] H. A. Levien and P. E. Sacks, Some ezistence and nonezistence theorems for solutions
of degenerate parabolic equations, J. Differential Equations 52 (1984), 135-161.

7]



DEGENERATE REACTION-DIFFUSION SYSTEM 43

[19] F. C. Li and C. H. Xie, Global existence and blow-up for a monlinear porous medium
equation, Appl. Math. Lett. 16 (2003), 185-192.

, Ezistence and blow-up for a degenerate parabolic equation with nonlocal source,
Nonlinear Anal. 52 (2003), 523-534.

[21] H. L. Li and M. X. Wang, Blow-up behaviors for semilinear parabolic systems coupled
in equations and boundary conditions, J. Math. Anal. Appl. 304 (2005), no. 1, 96-114.

[22] C. V. Pao, Asymptotic behavior of solutions of reaction-diffusion equations with nonlocal
boundary conditions, J. Comput. Appl. Math. 88 (1998), no. 1, 225-238.

, Numerical solutions of reaction-diffusion equations with nonlocal boundary con-
ditions, J. Comput. Appl. Math. 136 (2001), no. 1-2, 227-243.

[24] P. Souplet, Blow-up in nonlocal reaction-diffusion equations, STAM J. Math. Anal. 29
(1998), no. 6, 1301-1334.

[25] M. X. Wang, Blow-up rates for semilinear parabolic systems with nonlinear boundary
conditions, Appl. Math. Lett. 16 (2003), no. 2, 169-175.

[26] L. Z. Zhao and S. N. Zheng, Critical exponent and asymptotic estimates of solutions to
parabolic systems with localized nonlinear sources, J. Math. Anal. Appl. 292 (2004), no.
2, 621-635.

[27] S. N. Zheng and L. H. Kong, Roles of weight functions in a nonlinear nonlocal parabolic
system, Nonlinear Anal. 68 (2008), no. 8, 2406-2416.

20]

(23]

DEPARTMENT OF MATHEMATICS

X1 AN UNIVERSITY OF SCIENCE AND TECHNOLOGY
X1 AN 710054, P. R. CHINA

E-mail address: fliangmath@126.com



