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Abstract 

 
Among numerous localization schemes proposed specifically for Wireless Sensor Network 
(WSN), the range-free localization algorithms based on the received signal strength 
indication (RSSI) have attracted considerable research interest for their simplicity and low 
cost. As a typical range-free algorithm, Approximate Point In Triangulation test (APIT) 
suffers from significant estimation errors due to its theoretical defects and RSSI inaccuracy. 
To address these problems, a novel localization method called FIAPIT, which is a 
combination of an improved APIT (IAPIT) and a fuzzy logic system, is proposed. The 
proposed IAPIT addresses the theoretical defects of APIT in near (it’s defined as a point 
adjacent to a sensor is closer to three vertexes of a triangle area where the sensor resides 
simultaneously) and far (the opposite case of the near case) cases partly. To compensate for 
negative effects of RSSI inaccuracy, a fuzzy system, whose logic inference is based on 
IAPIT, is applied. Finally, the sensor’s coordinates are estimated as the weighted average of 
centers of gravity (COGs) of triangles’ intersection areas. Each COG has a different weight 
inferred by FIAPIT. Numerical simulations were performed to compare four algorithms with 
varying system parameters. The results show that IAPIT corrects the defects of APIT when 
adjacent nodes are enough, and FIAPIT is better than others when RSSI is inaccuracy. 
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1. Introduction  

Recently, Wireless Sensor Network (WSN) that consists of many small devices deployed 
in a physical environment has been widely used in many areas [1], such as environmental 
monitoring [2], healthcare and medical research [3], national defense and military affairs [4], 
etc. Each of such devices forms a sensor node that has special capabilities, such as 
communicating with its neighbors (other sensor nodes are in the communacation range of the 
sensor), sensing and data storage and processing. Most of these applications require the 
knowledge on the position of every node in the WSN [5]. A few known sensor nodes are 
marked as anchor nodes and their corrdinates can be obtained by Global Position System 
(GPS). However, attaching a GPS receiver to each common sensor node is highly 
impractical due to its high power consumption, high price, and inaccessibility (GPS 
reception might be obstructed in special conditions) [6]. 

A number of localization algorithms have been proposed recently specifically for WSN 
[7], and are generally classified into the range-based and range-free schemes. The former 
depends on the distance or angle between nodes estimated by means: angle of arrival (AoA), 
time of arrival (ToA), time difference of arrival (TDoA), and received signal strength 
indicator (RSSI) [8]. The range-free approaches infer nodes’ locations by information, such 
as: radio connectivity among nodes, near-far information etc. Typical range-free methods are 
Centroid Location (CL) [9], DV-Hop [10], MDS-MAP [11], and APIT [7, 12]. The 
range-based techniques except RSSI provided by a common chip generally offer better 
accuracies than the range-free, due to the additional specific and expensive hardware. On the 
contrary, the range-free schemes, which is without any additional hardware, provide more 
economic and simpler locations and are used widely in the large scale WSN. 

Among numerous range-free methods, many researches are on improving the location 
accuracy of the CL or COG (the center of gravity) algorithm due to its simplicity. Many 
authors continue proposing methods that offer better accuracy by weight obtained with RSSI 
[13] or with the Link Quality Indicator (LQI) [14]. A proper weight improves the location 
accuracy obviously, however it’s hardly to provide an accurate weight. Some approaches 
have focused on inferring the most possible areas where sensor nodes reside to narrow down 
the whole area formed by all anchors, such as APIT and ROCRSSI [15]. Accuracies of these 
methods are strongly associated with correctness of the inferred areas. Thus, to improve the 
correctness in narrowing down areas is to improve location accuracies. Other approaches 
have studied on the specifications of the CL algorithm to determine the areas where it offers 
bigger errors [16].  

However, these area-based range-free schemes are not precise when RSSI is irregular due 
to influences of multipath interference, reflection, refraction, obstruction interference, etc. 
[17]. The reason is that the basic assumption of these schemes is not always correct with the 
irregular RSSI. The assumption is that the distance between a transmitter sensor node and a 
receiver sensor node increases monotonically with the signal power measured by the receiver 
decreasing. To compensate for negative effects of the irregular RSSI, these range-free 
schemes require a high anchor-to-node ratio which results in high cost. Hence, the further 
problem may be solved to maintain the robustness of these range-free algorithms. 

Some algorithms [18, 19] have been proposed to reduce influences of the environmental 
variation by estimating the path loss exponent of the signal propagation model in real time. 
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They are robust for adapting to varied environmental conditions. However, they are not 
applied in a large-scale network or a moving scenario due to their complexities of calculating 
and updating the exponent frequently. Some approaches [20, 21] have focused on 
establishing statistical RSSI fingerprints by off-line RSSI values. The statistical models are 
better than the conventional Log-D model [8] and improve location accuracies obviously. 
They don’t adapt to varied environments though, since: (1) the difference of the off-line 
RSSI and the on-line RSSI is significant due to the varied environments, and (2) the models 
need to be re-established in an unknown environment to maintain accuracies. Meanwhile, 
those aforementioned schemes are more suitable for the range-based than the range-free. 
Many range-free localization approaches [22, 23] explicitly deal with the RSSI inaccuracy 
by the fuzzy system due to its advantage in handling the uncertainty, noise and imprecision. 

In this paper, a range-free localization technique called FIAPIT, which is composed of an 
improved APIT (IAPIT) and a fuzzy system, is proposed. First, the original APIT is 
improved in the near and far cases partly to decrease errors of narrowing down areas. In the 
near case, the original APIT re-proved is always correct. In the far case, the InToOut error of 
the original APIT is decreased by a proper distance threshold. Second, to reduce negative 
influences of the irregular RSSI on test results of IAPIT, each triangle area (formed by 
anchors) where sensors may reside or not is provided with different weight by a fuzzy 
system instead of a definitive value 0 or 1 by IAPIT or the original APIT. And in the fuzzy 
system, IAPIT is the core component of the fuzzy inference. Finally, the coordinates of a 
sensor node are estimated as the average value of COGs of many intersection areas with 
large weights. In numerical simulations, location errors of four algorithms including WCL 
(Weighted Centroid Localization [13]), the original APIT, IAPIT and FIAPIT, are analyzed 
with varying system parameters. The results show that the InToOut error of the original APIT 
is reduced by IAPIT when the neighbor nodes are enough, and FIAPIT has a good ability to 
compensate for negative effects associated with the irregular RSSI and improves location 
accuracies further.  

The remainder of the paper is organized as follows: The original APIT is analyzed and 
then improved in the near and far cases partly in Section 2. In addition, the influence of 
irregular RSSI on the original APIT is also presented in Section 2. In order to reduce the 
influence of irregular RSSI on the original APIT or IAPIT, FIAPIT is proposed in Section 3. 
In Section 4, the location errors of aforementioned four algorithms are analyzed via 
numerical simulations with varying system parameters. Finally, Section 5 concludes the 
paper and recommends future work as using machine learning methods [24, 25] in location. 

2. The analysis of APIT 

2.1 The defect of APIT 
PIT [7] is used to assess the near/far case based on the monotonous RSSI to the distance in 
the scenario where there are moving sensor nodes. And APIT is proposed in the scenario 
where the target sensor node is static. The two scenarios of PIT are defined as follows: 

Perfect PIT Test Theory: If there exists a direction such that a point adjacent to M is 
further/closer to points A, B, and C simultaneously, then M is outside of ΔABC. Otherwise, M 
is inside ΔABC. 

Approximate PIT Test: If no neighbor of M is further from/closer to all three anchors A, 
B and C simultaneously, M assumes that it is inside triangle ΔABC. Otherwise, M assumes it 
resides outside this triangle. 
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The paper [7] points out that two errors, named the InToOut error and the OutToIn error, 
exist even though RSSI decreases monotonously, since APIT can only evaluate a finite 
number of directions (the number of neighbors). For example, the InToOut error may occur 
when the point three is selected as a neighbor node of the node M in Fig. 1 (a), and the 
OutToIn error may occur in the case that the point three does not exist in Fig. 1 (b). 

      
(a) the InToOut error        (b) the OutToIn error 

 

Fig. 1. The InToOut and the OutToIn error.  
 

Obviously, the OutToIn error in Fig. 1(b) can be decreased by increasing neighbors in 
many directions. However, the InToOut error can’t be prevented only like this. Since any 
neighbor node of the target sensor node is further from all anchors simultaneously when the 
distance between them is very far. The essence of the InToOut error is that the proposition I 
[7], which is the converse negative proposition of PIT, is not perfect.  

Proposition I: If M is inside triangle ΔABC, when M is shifted in any direction, the new 
position must be nearer to (further from) at least one anchor A, B or C. 

In the proof [7] of the Proposition I, the selected new position of M is also in the triangle. 
It’s not suitable for the case that the new position is out of the triangle. 

Thus, an extra condition of the original APIT is proposed in paper [26]. It’s that the 
selected neighbors should be also in ΔABC where the target node resides. However, the extra 
condition is not appropriate. Firstly, it’s hardly to judge whether a selected neighbor node 
whose position is also unknown is in or out of ΔABC. Secondly, according to the proof of 
the Proposition I, the neighbor node that is further from all anchors simultaneously is out of 
the triangle. 

To solve the aforementioned problems, the original APIT is analyzed in the near and far 
cases partly in the next subsection. In the near case, the original APIT re-proved is always 
correct. On the contrary, an appropriate distance threshold is given to judge whether the test 
result of the original APIT is suitable or not.  

2.2 IAPIT: an Improved APIT 

A. The near case that a neighbor node is closer to all anchor nodes in a triangle 
A new test theory proved in Appendix A is proposed and named Point out of 

Triangulation (POT) test, which is named APOT in the static scenario. By the APOT test, the 
target sensor node is out of the triangle surely. 

Perfect POT Test Theory: If there exists a direction such that a point to M is closer to 
points A, B, and C simultaneously, then M is outside of ΔABC. 

B. The far case that a neighbor node is further from all anchor nodes in a triangle 
In this case, the sensor node may be in or out of the triangle. Thus, the InToOut error 

cannot be reduced only by increasing neighbor nodes. As in Fig. 2, a selected neighbor node 
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N is further from the anchor nodes A, B, and C whatever the positon of the sensor node M is 
M1 or M2.  

Based on the distance between N and M, the real position of M can be decided. 
(1) If M is at M1, which means that M is out of the triangle, the distance between N and 

M can be very small even near to zero. 
 

 
Fig. 2. the far case 

 
 

(2) If M is at M2, the minimal distance between N and M is equal to the distance between 
M1 and M2. Here, the distance between M1 and M2 is assumed as twice as the 
minimal distance from M to each edge of the triangle. 

Therefore, the result whether M is in or out of the triangle can be decided by a proper 
distance threshold set as twice as the minimal distance from M to each edge. If a selected 
neighbor is further from all anchors and the distance between it and the sensor is smaller 
than the provided distance threshold, the sensor node is out of the triangle area. On the 
contrary, the test result by the original APIT is regarded as invalid. Obviously, the InToOut 
error can be decreased by the distance threshold so long as the neighbor nodes are enough. 

However, the distance threshold cannot be set accurately since the trilateration method 
[27] shown in Fig. 2 has no solution with irregular RSSI usually. To provide an 
approximately proper distance threshold with the irregular RSSI, the relationship between 
RSSI and the distance is analyzed at first. 

2.3 The influence of irregular RSSI on PIT 
Many off-line RSSI values measured by sensor nodes were collected and saved into the 
database to observe the relationship between RSSI and the distance.  

The test requires a heterogeneous WSN composed of two sets of nodes distributed across 
a planar localization space: a set of anchors served as reference points, and a set of common 
sensor nodes whose locations are unknown. Both anchors and sensor nodes are equipped 
with the same hardware, omni-directional antennas and RF transceivers with built-in RSSI 
circuitry.  

The statistic results of the collected RSSI are shown in Fig. 3. In Fig. 3, each point is the 
average value of six thousands RSSI collected at one same place, and the line is a fitting 
curve by the Log-D model. 
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Fig. 3. the relationship between RSSI and the distance. 

 
Based on Fig. 3, some conclusions can be proposed as follows: 
(1) RSSI received by a sensor node at one place may be same to the value measured at 

another place.  
(2) The larger is the distance, the smaller are both the RSSI value and the RSSI D-Value 

between a value measured at a place and the value at the adjacent place.  
(3) The larger is RSSI, the smaller is the difference between the average RSSI and the 

theory value at one place.  
Thus, two problems need to be solved to improve the location accuracy of IAPIT further, 

and they are shown as follows: 
(1) How to calculate the proper distance threshold with the irregular RSSI under the 

condition that the trilateration method has no solution as mentioned above. 
(2) It needs to prevent the InToOut error and the OutToIn error increasing with the 

irregular RSSI. 
To provide approximate solution to the first problem, the probable location of a sensor 

node is calculated by Formula 1. Based on the aforementioned conclusions, two anchors with 
the large RSSI are selected to calculate the sensor node’s coordinates. 
 

( ) ( )
( ) ( )

2 2 2
1 1 1

2 2 2
2 2 2

x x y y d
x x y y d

 − + − =


− + − =
                         (1) 

 
where (x, y) are the sensor’s Cartesian coordinates, (x1, y1) and (x2, y2) are the coordinates of 
the anchors, d1 and d2 are the distances between the sensor node and each anchor node, and 
their values can be calculated by the Log-D model. 

However, Formula 1 may also have no solution. To propose an approximate distance 
threshold of IAPIT by Formula 1, three cases are analyzed as follows. 

Case A: Formula 1 has only one solution 
The threshold is set equal to zero since the sensor node is near to the edge of the triangle. 

The result of IAPIT is that the sensor node is out of the triangle. In this case, the edge effect 
[7] cannot be avoided by the original APIT and IAPIT. 

Case B: Formula 1 has two solutions 
Firstly, calculating the distance of the two solutions. If it is smaller than a given value θ, 

the threshold and the IAPIT result are the same as Case A. The value of θ doesn’t affect the 
accuracy of IAPIT significantly with enough neighbors, however its proper value may 
reduce the computation complexity. If not, deciding which solution is in the triangle area 
secondly. If both of them are out of the triangle, the case is same as Case A. If there is one 
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solution in the triangle, the threshold is set equal to twice as the minimal distance from the 
solution to each edge of the triangle. In this case, the InToOut error can be reduced by IAPIT 
when neighbor nodes are many. 

Case C: Formula 1 has no solution 
The threshold is very large by definition. The current result that the sensor node is out of 

the triangle by IAPIT is regarded as invalid. In this case, though the threshold is very small, 
there is a neighbor node satisfied with the IAPIT’s condition whether the sensor node is in or 
out of the triangle. The scenario is shown in Fig. 4. 

The approximate proper distance threshold of IAPIT has been discussed above in the far 
case. Now, the key point is to make a proper decision whether a neighbor node of a sensor 
node is closer to or further from three anchor nodes simultaneously by the comparison of the 
irregular RSSI. 

 
Fig. 4. the case that Formula 1 has no solution 

 

3. FIAPIT system 
To solve the aforementioned second problem, an approach combined the fuzzy theory with 
IAPIT is proposed and named FIAPIT. The outputs of FIAPIT are weights of interaction 
areas of many triangle areas. They are range values belonged to [0, 1] but not certain values 
such as 0 or 1 by IAPIT or the original APIT.  

3.1 The structure of FIAPIT 
High level overview of FAPIT is illustrated in Fig. 5. FAPIT can be divided into three 
phases: (1) beacon exchange phase, (2) fuzzy interference phase, and (3) computation phase. 
The first step is to collect RSSI by sensor nodes from broadcast beacons of anchors and 
neighbors. The second phase is the core of FIAPIT, including fuzzification, fuzzy 
interference and defuzzification. IAPIT is the theoretical principle of the fuzzy interference. 
The defuzzification results are regarded as weights of intersection areas of triangles. At last, 
the coordinates of a sensor are computed by the grid SCAN algorithm [7]. However, the 
intersection area’s increment for an inside decision or its decrement for an outside decision is 
its weight inferred by FIAPIT in this paper not 1 or -1 in paper [7]. Thus, the coordinates of 
the sensor are the weighted average values of COGs of intersection areas with large weights 
instead of COG of the maximum overlapping intersection area in paper [7].  
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Fig. 5. high level view of FAPIT 
 

3.2 Beacon exchange 
To compute the coordinates of a sensor node by FIAPIT, the information that includes 
coordinates of anchors, RSSI for each anchor heard, RSSI measured by neighbors for each 
anchor and identifications of every node, are maintained as a table by the sensor node. After 
every sensor node received anchors’ broadcast beacons, they record RSSI and coordinates 
for each anchor node heard. And then they exchange the information with their neighbor 
nodes which are in the communication ranges of themselves. The information are recorded 
and combined to form an info table by each sensor at last. Based on the info table, the sensor 
node can execute FIAPIT and locate by itself. On the contrary, in a centralized localization 
manner, the table of each sensor node is maintained by a computer and FIAPIT is computed 
by the computer. In the case, the coordinates of anchors are not broadcast to sensors since 
they are recorded permanently by the computer. In the scenario of moving sensors, the 
historical RSSI of themselves are recorded and regarded as virtual neighbor nodes.  

3.3 Fuzzification 
K anchors with large RSSI are selected to calculate the coordinates of a sensor node based on 
the conclusions in section 2. Thus,  triangular areas formed by the selected anchors need 
to be tested by IAPIT. The larger is K, the more complex is the location algorithm. 

3.3.1 Membership function 
In the fuzzy system, three fuzzy sets of input variables are established. They are the far set 
(marked as L), the near set (H) and the static set (Z). In the original APIT or IAPIT, the Z set 
is equal to the constant value zero, and the H set represents the near case, and L represents 
the far case. In FIAPIT, the Z set belongs to the range [α, β], H belongs to [β, 90] and L 
belongs to [t, α]. Obviously, Z is equal to the intersection set of H and L and marked as 
Z=H∩Z. Usually, α is equal to the minus β (β>0) and their values are related to the degree of 
irregularity (DOI) [7]. The floor level t can be set equal to -90dBm. However, its value is set 
much larger than -90 in FIAPIT to weaken negative influences of very far neighbors and 
reduce the algorithm’s complexity. Meanwhile, t is much smaller than the RSSI D-Value 
between a sensor and its neighbor while the distance between them is smaller than the 
approximate distance threshold in Case B in the subsection 2.3. The membership functions 
of the three fuzzy sets are defined as follows, and shown in Fig. 6. 
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where parameter P is the fuzzification level involved to enable adaptation to various DOI. 
The value of [0,1]P∈  controls the width of the fuzzy set region. 

μZ(x)
μL(x) μH(x)

0 β(1-P) β(1+P)α(1-P)α(1+P)

1

0.5

α β  
 

Fig. 6. the membership function 
 

3.3.2 Fuzzy Inference Engine 
The fuzzy inference engine is the Mandani’s rules, with a maximum value defuzzification 
method and a singleton input fuzzificator. The fuzzy engine evaluates the antecedent of 
every rule by the intersection of the fuzzy inputs, and uses the multiplication function for the 
AND operator, and the maximum function for the OR operator.  

Based on the information maintained by each sensor, a RSSI D-Value between a sensor’s 
RSSI for an anchor heard and the value of its neighbor is fuzzificated as a fuzzy input. The 
membership degrees of all fuzzy inputs in one test are shown in Table 1. 
 

Table 1. the membership degrees of all neighbor nodes 
Anchor ID Neighbor node’s ID 

 N1 N2 … NF 
A1 μ11Z μ12H … μ1FH 
A2 μ21H ∞ … μ2FH 
… … … … … 
AK μK1L μK2L … μKFH 

 
In Table 1, K is the number of the selected anchors, F is the number of neighbors in the 

communication range of a sensor node, ∞ is an invalid value that represents the RSSI 
D-Value that is smaller than the floor level t of the L set or the case that a neighbor node 
can’t receive the anchor’s beacon.  

Based on Table 1, IAPIT is executed in each triangular area formed by any three anchors. 
The membership degree of each triangle is analyzed after the variables defined. 
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iD : the triangle area, and D = { iD ,| i=1, 2, … , 3
KC (K≥3)}. 

j
iD : each anchor of the triangle area iD , where j=1, 2, 3. 

,Dμ j l
i

: the membership degree of the RSSI D-Value, where l=1, 2, … , L, and L is the 

number of neighbor nodes except those whose membership degrees are ∞ in the triangle iD . 
μ iD : the membership degree of the triangle where the sensor node belongs. If it’s zero, it 

means the sensor node is out of the triangle; if it’s one, the sensor node is in. 
Λμ i : the membership degree of the intersection area formed by many triangle areas, Λi  

is the i-th intersection area, 3
Ki C≤ . 

To distinguish the near/far case, ,Dμ j l
i

 is set with the plus or minus sign. When 

( ),Dμ μ xj l
i

H= , it’s marked as plus. ( ),Dμ μ xj l
i

L= , it’s minus, and ( ),Dμ μ xj l
i

Z= , it’s zero. 

The membership degree μ iD  is inferred in three cases. 
Case A: S>0, where S is the number of the neighbors whose membership degrees 

including 1,Dμ l
i

, 2,Dμ l
i

, and 3,Dμ l
i

 are all larger than zero. 
The membership degree is calculated by APOT and the result is: 

,

3

D1 s S 1
μ min 1 μ j si i

D
j≤ ≤ =

 
 = −
 
 

∏                         (5) 

Case B: S=0, W>0, where W is the number of neighbors whose membership degrees are 
all smaller than zero. 

Here, a flag variable Dis is set to distinguish whether the test result by IAPIT is valid or 
not, and its value is set zero in default. When Dis is one, the test result that the sensor node is 
out of the triangle is invalid. In the far case, the membership degree of μ iD  is computed by 
IAPIT in three cases based on subsection 2.3. 

Case one: Formula 1 has no solution 
Dis is set equal to one. The current IAPIT test is interrupted and the next triangular area 

is to be tested by IAPIT. 
Case two: Formula 1 has only one solution 
In this case, the sensor node is out of the triangle by IAPIT. The membership degree is 

calculated by Formula 6. 

                  ,

3

D1 1
μ min 1 μ j wi i

D
w W j≤ ≤ =

 
 = −
 
 

∏                       (6) 

Case three: Formula 1 has two solutions, such as ,1Mi  and ,2Mi . 
In this case, the pseudo codes for IAPIT with the distance threshold are given as follows: 
//θ  is a given value mentioned in section 2.3 
If (

,1 ,2
d

i iM M θ− <  ) {μ iD  is the same as Case two.}  

Else if ( ,1Mi  is out && ,2Mi  is out) { μ iD  is the same as Case two.} 
Else { 

// assuming that ,1Mi  is in the triangle 
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// ,
,1

d j k
i iM D−  is the distance from ,1Mi  to edge ,j k

iD   

// formed by anchors j
iD  and k

iD  
//δ  is the approximate distance threshold  

,
,11 l 3

2min d j k
i iM Dδ
−≤ ≤

 =  
 

  

G=0; 
// L is the number of neighbor nodes without membership ∞  
For (index=0; index<L; index++) { 

// indexN  is the index-th neighbor node 
If (

,1
d

i indexM N δ− <  ) G++; } 

If (G>0) {  
 

,

3

D1 g G 1
μ min 1 μ j gi i

D
j≤ ≤ =

 
 = −
 
 

∏                     (7) 

} Else {Dis=1} 
} 

 
Case C: otherwise, the sensor node M is in the triangle area iD , and μ 1iD = . For 

example, S=0 and W=0, or Dis=1 etc. 
After all sub-areas in the assemblage D are tested by IAPIT, the membership degree of 

each intersection area Λμ i  can be calculated by Formula 8. 
 

Λ D
1

μ μ
IN

i i

Num

i=
= ∏                         (8) 

 

where INNum  is the number of the triangular areas sharing the same intersection area Λi . 

3.4 Defuzzification and Position 
The last step of FIAPIT is to estimate the sensor node’s coordinates by Formula 9. 
 

Λ Λ

Λ Λ

Λ Λ Λ1 1
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i i
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i i

x X
y Y

ω ω
ω ω
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=

∑ ∑
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                  (9) 

 

where ( Λ Λ,i iX Y ) calculated by the grid SCAN algorithm are the Cartesian coordinates of the 
intersection area’s COG; Λiω  is the weight of the intersection area Λi  and is equal to the 
defuzzfication result Λμ i  in number; ΛN  is the total number of intersection areas. When 
it’s far to outweigh three, three intersection areas with the large weights are selected to 
calculate the coordinates of the sensor node. 

A special situation should be considered is that ΛN  is zero. If the number of anchor 
nodes heard by the sensor node is larger than three, the position of the sensor node is COG of 
the area formed by anchor nodes. The coordinates of COG are calculated by WCL, and the 
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weight of each anchor node is calculated by Formula 10. Otherwise, the coordinates of the 
sensor node will be calculated at next time. 
 

, ,ω 1 g
i j i jd=                        (10) 

 

where ,ωi j  is the anchor’s weight, ,i jd  calculated by the Log-D model is the distance 
between the sensor node i and the anchor j, and g is a degree and set to one in this paper. 

4 Numerical simulation results 
To demonstrate the improvements of the original APIT, results of four algorithms, including 
WCL, the original APIT, IAPIT and FIAPIT, are compared and analyzed by Matlab. The 
numerical simulation scenario is established in NS2 (Network Simulator version 2), and 
RSSI is collected into a database. 

Sensors need to be located and anchors are distributed in a rectangular terrain with areas 
10R*10R in two manners. 

• Random: it distributes all sensor nodes and anchors randomly throughout the terrain. 
• Uniform: the terrain is partitioned into grids and sensor nodes and anchors are evenly 

divided amongst these grids (random distribution inside each grid). 
Some system parameters that are similar to the paper [7] and may have influences on the 

accuracies of the four algorithms are analyzed, include varying 1) placement, 2) Anchors 
Heard (AH), 3) target sensor Node Density (ND), 4) Anchor to Node Range ratio (ANR), 
and 5) radio propagation patterns. In addition, the location errors with varying the 
fuzzification level P, and the fuzzy set boundary α and β are analyzed in this paper.  

In most numerical simulations, the default system parameters are set to AH=16, ND=8, 
ANR=10, P=0.5 and β=-α=1. The parameter θ is set to 0.01R (R, the sensor node’s radio 
transmission range used for normalization only) and t is -10dBm. K is set equal to the 
number of the anchor nodes heard by the target sensor node, since the influence of DOI on 
RSSI is regardless of the distance between the sensor and the anchor. However, in reality, K 
is set smaller than the number of anchors heard as aforementioned, to weaken the influence 
of the small RSSI heard from very far anchors, and to reduce the computation complexity.  

The location estimation error is defined as the Euclidian distance between the real 
location of a sensor node and its estimated location. The average location error normalized 
by R as the metric is used to evaluate the accuracy of the location estimation. It is defined as 
the mean of location estimation errors collected over all determined sensor nodes. 

4.1 Radio propagation model 
The parameter DOI defined in [7] and [15] is the maximum signal straight variation per unit 
degree change in the direction of radio propagation. The large DOI represents the large 
variation of the radio irregularity. When it is 0, the radio model is a perfectly circle with no 
variation in the signal straight.  

Based on the DOI radio propagation model, the received signal strength can be calculated 
at any specific point within the radio range of a transmitter, and defined as C×K(θ)/d2. Here, 
it is modified as |C×K(θ)/d2| due to the minus K(θ). In the model, C is a constant, d is the 
distance between a sensor node and an anchor node, θ∈  [0, 360°), and K(θ) is the 
coefficient representing the difference in path loss in different directions. K(θ) is calculated 
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by Formula 11, where rand is a random number uniformly distributed in the range [-1, 1], 
s θ=    , and t θ=    .  
 

 
1 0

( ) ( 1)
( ) ( ) ( ( ) ( ))

K K rand DOI is positive integer
K t s K t K s otherwise

θ
θ θ θ

θ

== − + ×
+ − × −

          (11) 

 
Fig. 7 shows the examples of DOI=0.1 and DOI=0.2. In Fig. 7, every point of the green 

bold curves is the average value of RSSI, which is measured 10 times at one same place in 
an interval and filtered by Gaussian Filter. Obviously, the filtered RSSI is closer to the ideal 
value than the original value. However, it increases the network communication pressure to 
achieve the perfect RSSI by this way. 

 
(a) DOI=0.1      (b) DOI=0.2 

 

Fig. 7. Irregular radio patterns for different values of DOI 

4.2 The influence of Anchors Heard 
The average number of AH can be changed by varying anchor’s number or varying ANR. 
Thus, the location errors are analyzed in two cases. 

Case A: varying the anchor node’s number 
The quantity of anchors is varying in the Uniform placement and the Random placement 

to demonstrate influences of the anchors’ number and the placement on location errors. DOI 
is zero and other parameters are in default. The results are shown in Fig. 8. 

 

    
       (a) Uniform            (b) Random 

Fig. 8. errors under varying AH 
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The conclusions are proposed: (1) the errors of IAPIT are almost equal to the original 
APIT, and they are near to WCL when AH is larger than ten; (2) the errors of WCL are 
lowest and the performance of FIAPIT is worst; (3) the Uniform placement has better 
performance than the Random placement.  

Here, IAPIT is similar to the original APIT because: (1) the near/far case can be inferred 
accurately by them when DOI=0; (2) there are few neighbor nodes to satisfy the distance 
threshold in the far case. The reason that WCL has the highest accuracy is that the weights of 
WCL is proper due to the ideal RSSI. Since the near/far case is fuzzified by FIAPIT with the 
default parameters, many near/far cases are considered as the static cases so that the triangle 
areas cannot be narrowed down properly. However, it can achieve at high accuracy with 
proper fuzzy parameters and will be introduced next. 

Case B: varying Anchor to Node Range ratio 
The terrain is set larger than 20R*20R to observe the influences of ANR from 1 to 20. 

AH is set equal to 16 when ANR is small, DOI is 0.1 and other parameters are in default. The 
location errors under varying ANR are shown in Fig. 9. 

The analyses of Fig. 9 are shown as follows: (1) the accuracies of the four algorithms 
decrease with the increasing ANR which leads to anchor nodes decreasing; (2) the location 
errors of the original APIT are improved by IAPIT and FIAPIT when ANR is smaller than 3 
due to the InToOut error is decreased with enough anchors that are also neighbors of a sensor; 
(3) the errors of WCL are larger than the other algorithms when ANR is larger than 4 due to 
the few anchor nodes and the irregular RSSI; (4) WCL is better than others in the random 
placement since errors of test results by the original APIT or IAPIT are increasing when 
nodes placed randomly; (5) FIAPIT is better than other algorithms when DOI is 0.1. 

 

      
(a) Uniform          (b) Random 

 
Fig. 9. the location errors under varying ANR 

 
The conclusion (2) indicates that the edge effect is improved by IAPIT with the distance 

threshold. And, FIAPIT has the best performance on reducing the edge effect, because the 
intersection area which the sensor node resides in or closes to the edge of is with a proper 
weight not zero. The location accuracy is improved obviously by FIAPIT due to the proper 
weights. For example, when a sensor node and its neighbor are both in a triangle, however, 
the neighbor’s RSSI heard from three anchors are little larger than the sensor’s due to DOI. 
In this case, the test result is incorrect by the original APIT or IAPIT, however, it’s correct by 
FIAPIT with the membership functions. 
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 Base on Case A and Case B, the Uniform placement has the better accuracy than the 
Random, so the Uniform placement is used in the rest of the simulations. 

4.3 The influence of sensor Node Density 
The simulation results of all algorithms with varying ND are shown in Fig. 10. 

    
(a)DOI=0.1            (b)DOI=0.2 

Fig. 10. the location errors under varying ND 
 

Some conclusions are shown as follows: (1) the influence of ND on WCL is little, since 
WCL does not rely on neighbor nodes; (2) location errors of the other algorithms except 
WCL decrease obviously with ND increasing when ND is smaller than 18; (3) the location 
errors of the original APIT increase slightly when ND is larger than 18, however IAPIT and 
FIAPIT are on the contrary. 

Increasing ND reduces the OutToIn error of the algorithms except WCL. Thus, the 
location accuracy is improved obviously. However, when ND is very large, the errors of the 
original APIT increase due to the InToOut error of the edge effect. This edge effect is 
improved by IAPIT and FIAPIT with the proper distance threshold. Thus, the location errors 
continue to decrease but slightly. FIAPIT has the best performance on reducing the influence 
of DOI. 

4.4 The influence of DOI 
The range-free method is usually based on the assumption that RSSI is a decreasing function 
of the distance. However, the assumption is not always correct when DOI is large. Therefore, 
the stabilities of the four algorithms are analyzed by varying DOI. The results are shown in 
Fig. 11. 
 

  
(a)varying DOI    (b)varying ND and DOI        (c)varying ANR and DOI 

Fig. 11. location errors under varying DOI 
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In Fig. 11, the sub figure (a) shows the results of the four algorithms with default 
parameters, the parameters of (b) are the same as (a) except that ND is 18, and (c) is same to 
(a) except ANR=6.  

Analyses of Fig. 11 are concluded as: (1) the location errors increase with DOI increasing; 
(2) the original APIT, IAPIT and FIAPIT have the better anti-interference performance than 
WCL; (3) IAPIT is better than APIT when ND is large; (4) the errors don’t decrease by 
increasing anchor nodes when DOI is very large; (5) FIAPIT with fixed fuzzy parameters is 
worse than other algorithms when DOI is smaller than 0.1. However, its accuracy can be 
improved by varying parameters P, α and β. 

The larger is DOI, the more irregular is RSSI. Each anchor’s weight is very inaccurate 
due to the influence of the irregular RSSI. Thus, WCL has a bad performance on the location 
accuracy. While, increasing ND decreases location errors of IAPIT though DOI is large, 
because it reduces the OutToIn error and makes more neighbors satisfy the approximate 
inaccurate distance threshold to reduce the InToOut error. FIAPIT is better than IAPIT since 
the test errors by IAPIT are weakened by the fuzzification outputs. 

4.5 Location errors under varying P, α and β 
Based on the analyses of varying DOI, the fuzzification level should be set properly by 
varying parameters P, α or β, to adapt to the changeable DOI. In Fig. 6, the area of Z is only 
related to α and β. The larger is β or the smaller is α, the larger is the area. It means that the 
large RSSI D-Value in FIAPIT is considered as “zero” to reduce the influence of a sudden 
change of RSSI with a large DOI in coarse-grain. Varying P can also change the membership 
degree of each set in fine-grain when α and β are fixed. Thus, varying P, α and β properly 
can adapt to the different DOI. In simulations, DOI is set to 0.1, 0.3 and 0.5 to demonstrate 
the influences of different parameters on the location errors. The simulation results are 
shown in Fig. 12.  
 

   
(a) DOI=0.1        (b) DOI=0.3      (c) DOI=0.5 
Fig. 12. the location errors under varying P, α  and β  with different DOIs 

 
In Fig. 12, conclusions are proposed as follows: (1) when DOI is small, β or minus α 

increases and P decreases with DOI increasing; (2) the influences of varying α or β on 
location errors are larger than varying P, since the ranges of fuzzy sets are changed obviously 
by varying α or β; (3) the accuracy can be improved slightly by varying parameters when 
DOI is very large. 

Obviously, proper values of α, β and P set by the relationships between them and DOI 
decrease influences of the RSSI inaccuracy on location accuracies. To set proper values 
when DOI is unknown in reality is introduced. Firstly, α and β are discussed based on the 
conclusion (1) and (2). 
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In Fig. 6, when the RSSI D-Value of a sensor’s RSSI and its neighbor’s is β, the 
probability that the distance between the sensor and the anchor heard is equal to the distance 
between the sensor’s neighbor and the same anchor heard is 0.5. On the assumption that 
RSSI values measured by a sensor at the same place obey the Gauss Distribution, the 
probability that the RSSI value (μ+1.18σ) measured by the sensor at the same place belongs 
to the Gauss distribution is 0.5, where μ and σ are the mean and standard deviation of the 
Gauss Distribution. Thus, β (=-α) is set equal to 1.18σ in reality.  

Based on Fig. 12 and conclusion (1), P is decreasing with β increasing. The formula 
proposed based on the relationship between P and β is shown as Formula 12. 
 

{1 log10(1 ) 1 10
0.5P otherwise

β β− + + ≤=                   (12) 

 
The simulation results by varying DOI are shown in Fig. 13 to demonstrate the proper 

parameters’ values set dynamically by formulas. Other parameters are set as default. The 
results also include errors of varying P by Formula 12. 

 

  
Fig. 13. the location errors by varying P, α, β and DOI 

 
In Fig. 13, some conclusions are proposed as follows: (1) combined with Fig. 12, the 

value of P calculated by Formula 12 is nearer to the optimum value than the default, and it 
decreases with β increasing; (2) increasing β can improve location accuracies with DOI 
increasing; (3) FIAPIT with dynamic parameters is better than it with fixed parameters, and 
it’s obvious when DOI is small. 

When DOI is small, the variance of RSSI measured at the same place is small and the 
value β is small, but P is large. Thus, a few difference between RSSI measured by a sensor 
and the value measured by its neighbor is considered as near or far due to the accurate RSSI. 
For example, when DOI is zero, β and α are set to zero, and P is one. In the case, the test 
result of narrowing down areas by FIAPIT is same to the result by IAPIT. However, the 
localization accuracy of FIAPIT is better than IAPIT’s, since the coordinates are calculated 
with many intersection areas by FIAPIT not only one with the largest weight by IAPIT. 

When DOI is large, varying P can’t compensate for RSSI inaccuracy with a small fixed β. 
It’s obvious when the standard deviation of RSSI measured at the same place is larger than 
the small fixed β. By the formulas, the dynamic value of β is large and P is small. Thus, large 
RSSI D-Value is considered as static to reduce errors of narrowing down areas. 
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As shown in all simulations, IAPIT is better than APIT since the InToOut error is 
decreased especially when ND is larger than 18. To improve location accuracies, other 
parameters are set as: AH>10 and ANR is from 4 to 8. FIAPIT with dynamic parameters is 
better than IAPIT due to the compensation for RSSI inaccuracy. 

5. Conclusion 
This paper presents a novel range-free localization method, called FIAPIT, which is a 
combination of an improved APIT (IAPIT) and a fuzzy logic system. IAPIT improves the 
original APIT in the near and far cases partly. In the near case, the original APIT that is 
re-proved is always correct. On the contrary, IAPIT provides a proper distance threshold to 
decrease the InToOut error due to the edge effect of the original APIT. Fuzzy logic inference 
based on IAPIT, as a part of FIAPIT, helps to manage uncertainties associated with the 
irregular RSSI by the influence of DOI. The proper weights of intersection areas of triangles 
are given by the defuzzification results of FIAPT. Finally, the coordinates of a sensor node 
are computed by the weighted average of COGs of the intersection areas narrowed down by 
FIAPIT. Numerical simulations were performed and the results demonstrate that IAPIT is 
better than APIT when the Node Density is large enough. In addition, FIAPIT with dynamic 
parameters performs better than other range-free algorithms due to compensations for RSSI 
inaccuracy. To improve the location accuracy by other methods and to balance the location 
accuracy and the power consumption are the further works. 
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APPENDIX A  

Proof of Proposition POT 
POT is proved on the contrary side, and is divided into two cases. 
(1) The point M is at the any edge of the ΔABC 
(2) The point M is in the area ΔABC 
It’s obvious that the point can’t be closer to each vertex of the triangle simultaneously in 

the first scenario. 
Now, POT is proved in the second scenario. The situation is also divided into two explicit 

scenarios by what the selected new position of the node is in or out of the area ΔABC. 
To prove POT, the proposition II and proposition III are proposed as follows: 
proposition II: The maximum distance between a point in the triangle and each vertex of a 

triangle is smaller than the longest edge. 
Proof: Any point in the triangle is marked as M shown in Fig. 14. Thus, two of the three 

angles ∠AMB, ∠AMC and ∠BMC are larger than 90 degree at least, and supposed to 
∠AMC and ∠BMC. Thus, the edges of this two angles including AM, BM, CM are 
smaller than the edges AC and BC that are equal to or smaller than the longest edge. 

proposition III: Two circles, whose centers are the vertexes of the max length edge and 
radiuses are the distances between any point in the triangle and each center of the two 
circles, must intersect. Meanwhile, both of them have one intersection point with the max 
length edge at least. 

Proof: It’s proved that each of the two circles has an intersection point with the max 
length edge firstly. Base on the proposition II, the radiuses of two circles are both smaller 
than the max length edge, so the two circles must intersect with the edge. The scenario is 
shown in Fig. 14. The point M in the triangle is an intersection point of the two circles. 
Based on what is BM-CM<BC<BM+CM in ΔBCM, the two circles must intersect is proved. 

 
Fig. 14. the intersection of the two circles 

 
If the new position P is closer to the point B and C simultaneously, P must be in the 

intersection area of the two circles. Thus, whatever the new position P is in or out of ΔABC, 
P is farther from point A. It’s opposite to the condition that a new position is closer to the 
three vertexes of ΔABC than M simultaneously. POT is proved in the contrary. 
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