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NUMERICAL ANALYSIS OF LEGENDRE-GAUSS-RADAU
AND LEGENDRE-GAUSS COLLOCATION METHODS'

DAOYONG CHEN AND HONGJIONG TIAN*

ABSTRACT. In this paper, we provide numerical analysis of so-called Le-
gendre Gauss-Radau and Legendre-Gauss collocation methods for ordinary
differential equations. After recasting these collocation methods as Runge-
Kutta methods, we prove that the Legendre-Gauss collocation method is
equivalent to the well-known Gauss method, while the Legendre-Gauss-
Radau collocation method does not belong to the classes of Radau IA or
Radau ITA methods in the Runge-Kutta literature. Making use of the
well-established theory of Runge-Kutta methods, we study stability and
accuracy of the Legendre-Gauss-Radau collocation method. Numerical ex-
periments are conducted to confirm our theoretical results on the accuracy
and numerical stability of the Legendre-Gauss-Radau collocation method,
and compare Legendre-Gauss collocation method with the Gauss method.

AMS Mathematics Subject Classification : 65L05, 656M10, 656M20, 65R20.
Key words and phrases : Collocation method, Runge-Kutta method, dif-
ferential quadrature method, Legendre polynomial.

1. Introduction

Consider the initial value problem for ordinary differential equations (ODEs)

dut) = f(tu®), tel0,T],
{du(()) = . 1)

We assume that f € R is sufficiently differentiable on [0, 7] and satisfies a global
Lipschitz condition, i.e., there is a constant L > 0 such that

‘f(t7y)_f(trz)|gl’|y_z|’ Vy,zeR. (2)
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Under this assumption, Problem (1) has a unique solution y(¢) defined on ¢ €
[tﬂa T] .

The method of collocation for the solution of differential equations is given
in a general form by Collatz [7]. The principle is very simple: the solution of
the differential equation is represented as a linear combination of known func-
tions and the unknown coeflicients in this representation are found by satisfying
the associated conditions, and the differential equation at an appropriate set of
points in the range of interest. Usually, only polynomial forms of solution are
considered and the points are taken inside the range of interest. The collocation
method also gives a natural way of generating dense polynomial output.

The collocation methods for ODEs are equivalent to a sub-set of Runge-Kutta
methods, in the sense that the final values at the end of the step are algebraically
the same. The sub-set of implicit Runge-Kutta methods which are equivalent to
collocation methods appear to include most of those suggested for practical use.
They include methods based on the classical quadrature points such as Gauss-
Legendre, Radau where one end point is used, and Lobatto where both end points
are used [6, 12, 13, 15]. Wright [21] discussed the relationships between various
one-step methods for ODEs and gave a unified treatment of the stability prop-
erties of the methods. Butcher [5] has presented an investigation on the special
features of the Runge-Kutta collocation methods based on the zeros of various
orthogonal polynomials. Barrio [1] investigated the A-stability of the symmetric
Runge-Kutta methods based on collocation at the zeros or extrema of the ultra-
spherical (Gegenbauer) polynomials. Wang and Guo [20] and Guo and Wang [11]
proposed Legendre-Gauss-Radau collocation method (LGRCM) and Legendre-
Gauss collocation method (LGCM) for ODEs and proved that both methods
possess the spectral accuracy. The LGRCM and LGRCM also can be regarded
as a differential quadrature method in the time domain [2, 3, 4, 8, 9, 10, 17].
Recently, Kiligman, Hashim, Tavassoli Kajani and Maleki [14] proposed a ra-
tional second kind Chebyshev pseudo-spectral method for the solution of the
Thomas-Fermi equation over an infinite interval, which is a nonlinear singular
ordinary differential equation. Tavassoli Kajani, Maleki and Kiligman [19] con-
structed a multiple-step legendre-gauss collocation method for solving volterra’s
population growth model which is a nonlinear integro-differential equation. To-
hidi and Kiligman [18] proposed a collocation method based on the Bernoulli
operational matrix for solving nonlinear boundary value problems which arise
from the problems in calculus of variation.

The manuscript is organised as follows. In Section 2, the LGRCM is briefly
reviewed and recast as a Runge-Kutta method. By making use of the theory
of the Runge-Kutta methods, the accuracy, A-stability and algebraic stability
properties of the LGRCM are discussed as well. In Section 3, the LGCM is briefly
reviewed and is proved equivalent to the well-known Gauss method. Numerical
examples are then given in Section 4.
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2. Properties of LGRCM

Let P,,(0,T) be the set of polynomials of degree at most n on [0,7T]. It is
well-known that a collocation method for solving (1) is to seek a polynomial
uN (t) € Pn(0,T) such that

d
TNt = flteu™ (W), k=12 N, 3)
uN(0) = o,
where tr,k =1,2,--- | N, are collocation points.

2.1. Brief review. Recently, Wang and Guo [20] proposed to seek a collocation
solution u™ (t) € Px(0,T) such that

{jﬁ%) SO EV S "
ﬂN(?O) = Uop,

where the nodes %, = 0,1,--- , N, are the zeros of Ly (t) + L1 (t) on [0,7T].
Here L;(t) is the shifted Legendre polynomial of degree I on [0,7] defined by

e (=nrd £\ B

where P;(t) is the standard Legendre polynomial of degree I on [—1,1]. The
set {L;(t)}2, is a complete L?(0, T')-orthogonal system and thus the collocation
solution can expanded as

N
aN(t) =Y (), 0<t<T. (5)
=0

For any ¢ € Pan(0,T), it follows from the property of the standard Legendre-

Gauss-Radau quadrature that fOT o(t)dt = Zévzo ©;6(t;) with the corresponding
SR g,
Ly = b2
Multiplying (5) by L;(t), { =0,1,--- , N, and integrating it over the interval
(0,T), one has

Christoffel numbers &y = (NL)Z, Wi =

N
. 20+1 R —~ ~
up = T Zw]uN(tj)Ll(tJ), 1=0,1, N (6)
7=0
and hence
N
d _n o~ 1 e 1
&’U,N( k) = aijN(tj)‘FTUkUO, k:]_727 7]\/'7 (7)
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where
5 N (5]
&kj = TLAU] 2(21 + 1)Ll(tj) Z (QZ —4m — I)Ll_gm_l(tk),
=1 m=0
g N (4]
M= 500y 2+ L) Y (2 —4m — 1)Lz (B, (®)
=1 m=0
N 1
& = o > (2 + 1) Li(h),

and [z] is the integer part of x.

Denote
UN = @), 0N E),....a N (Ex)7,
FUN) = (ft,a™(t)), f(t2,aN (t2)), ..., ftx,a™ (tn)))7,

a11 Q12 -+ OQN

- Q21 Qg -+  OQan

./4 = . . . . )
ani1 QN2 '+ QNN

~ DU ~ \T

n = (771)772a"'777N)7

6 = (517627"‘7§N)

Then (7) can be written as the following form

AUN = TFON) = upiy (9)
and @™ (T) can be evaluated by
aN(T) = &uo + ETUN. (10)

The numerical scheme (9)-(10) was proposed by Wang and Guo [20] and called
Legendre-Gauss-Radau collocation method.

2.2. LGRCM as a Runge-Kutta Method. We shall rewrite LGRCM (9)-
(10) as a Runge-Kutta method. Taking f(t,u(t)) = t*~! for any fixed k, 1 <
k < N, we have

d _ 4k—1
{dtu(t) — kel a
u(0) = wpg.
and p
7AN A p— /\k:_l ) = 1 2 . N
{ dtij’N(/t\l) tz bl 7 » < I I (12)
u™(to) = wup.

Define EN(t) = aN(t) — u(t). Note that @™ (t),u(t) € Py(0,T), EN(t) €
~nr o d ~r ~ ~
Py (0,T), EN(ty) = 0 and aEN(ti) =0, i=1,2,---,N. Thus, EN(t) =0,
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which implies a7V (t) = u(t) = ug + T t € [0,T)]. Integrating (11) with respect

to t from ¢t =0 to t; and from ¢ = 0 to T yields

~ ~
av (&) = ut;) = o fu,  i=12- N, (13)
Tk
aN(T) = u(T) = 5 tuo i=12 N (14)
Set €= £[t1,ta, - ,tn]T, = [th - )T, e=[1,1,--- )T e RV,
Substituting (13) and f(¢,u(t)) = t*~! into (9) and (10) gives
LT knk—1 Ta
A A —T%" 7" + (Ae + N)up = 0, k=1,2,--- N (15)
and
1 = §+&78, (16)
1 = &', k=1,2,---,N. (17)
Similarly, we may obtain
Ae = —7. (18)
It follows from (15) that
NG
A= Al (19)

Since the nodes 2\1,?27 e ,Z\N are distinct, A is nonsingular. Multiplying (9) by

A1 we have

UN = upe + TA'F(UN). (20)
Denote
Uy a™(T),
Y, N{t), i=12--- N,
a;1 a2 ain
-~ ~ a1 Qo asN
R ] ,
R \anv1 anz - ann
b = éITAE(blaan ) N)Ta
¢ = Fhbe T =@ o)
Using (15) and (17), we can rewrite LGRCM (9)-(10) as
N
v, = uO+TZaijf(6jT7}/})7 i=1,2,---, N,
=1
5 (21)
U = w+TY bif(@&T,Y),
i=1

which is an N-stage Runge-Kutta method (ﬁ, BT,E) with step size T'.



662 D. Chen and H. Tian

Remark 2.1. We make some remarks on LGRCM(9)-(10)

(a) To our knowledge, Runge-Kutta method (21) corresponding to LGRCM
(9)-(10) does not belong to the classes of Radau IA or Radau IIA meth-
ods in the Runge-Kutta literature.

(b) From (19), (17) and b =ET A, the coefficients A, 77 and € of LGRCM(9)-
(10) are independent of T

(¢) Comparing to Runge-Kutta method (21), the advantage of LGRCM(9)-
(10) is that its coefficients A, 7j and £ are explicitly given in (8).

2.3. Convergence. From (19) and b= g“ffl, it follows that ?5\1,?)\2, e ,/b\N
satisfy B(IV), and a;5,7,7 = 1,2,..., N, satisfy C(N), where

N
~ 1
B(N) : bl ==, k=1,2,---,N,
(N) ;:1 ¢ ’ ;
ol 1
C(N): ;ﬂaiﬁ?*:ﬁ?, i=1,2,---,N, k=1,2,---,N.

This implies that Runge-Kutta method (21) corresponding to LGRCM (9)-(10)
is a collocation method and thus it is of order at least N. In order to obtain its
exact order, we need the following result.

Lemma 2.1 ([13]). Let t1, 12, ,tn be real and distinct and 31,32, e ,BN be
determined by Condition B(N). Then Condition B(2N — k) holds if and only if
M(t) = (t —t1)(t —t3) - - (t — L) is orthogonal to all polynomials of degree less
than or equal to N — k — 1.

Theorem 2.2. The Runge-Kutta method (21) corresponding to LGRCM (9)-
(10) is of order N.

Proof. Note that the collocation methods with different ¢;(i = 1,2,--- , N) are of
order at least V. Since the collocation points ?17%\2, e ,?N are zeros of M
According to the property that the set of L;(t) is a complete L?(0, T') -orthogonal
system, % can not be expanded by the polynomials Ly, Ly_1, -+ ,Lny_k
with & > N. It follows from Lemma 2.1 that Condition B(k) only holds for
k < N, which implies that Runge-Kutta method (21) corresponding to LGRCM
(9)-(10) has order N. O

2.4. Stability properties. We discuss the A-stability and algebraic-stability
of Runge-Kutta method (21) corresponding to LGRCM (9)-(10).

The N-stage Runge-Kutta method (21) applied to v = Au yields uy =
R(AT)ug with R(z) = 1+ zb7(Iy — 2A)'e, where Iy is the N-by-N iden-
tity matrix. R(z) is called the stability function of Runge-Kutta method (21).
The stability function also satisfies

det(Iy + z(€bT — A))

R(z) det(Iy — 24)
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Runge-Kutta method (21) is called A-stable if |R(z)| < 1 for all (z) < 0.

We express the stability function as the ratio of two polynomials
N(z)
D(z)
and define the E-polynomial as E(y) = D(iy)D(—iy) — N (iy)N(—iy).
Lemma 2.3 ([6]). A Runge-Kutta method with stability function R(z) = N(z)/D(z)
is A-stable if and only if
(a) all poles of R(z) (that is, all zeros of D) are in the positive half plane, and
(b) E(y) > 0 for all real y.
Theorem 2.4. Runge-Kutta method (21) corresponding to LGRCM (9)-(10) is
A-stable for N =1 and N = 2.
Proof. For N =1, N(z) = 1+ 2z and D(z) = 1 — 2z. The zero of D(z) is
z=3 E(y) = %yz > 0 for any real y. It follows from Lemma 2.3 that the
1-stage Runge-Kutta method (21) is A-stable. O

For N =2, N(z) = 14 22 + 552% and D(z) = 1 — 22 + 5;2%. The zeros of
D(z) are z1 =2+ %\/61 and 29 = 2 — %\/61 which lie in the positive half plane.
Meanwhile, E(y) = z5y* > 0 for any real y. It follows from Lemma 2.3 that the
2-stage Runge-Kutta method (21) is A-stable.

It is difficult to get the expression of R(z) and check whether R(z) has no poles
in the positive half plane by direct calculation of det(Iy — zA) and det(Iy +
2(@bT — A)) for N > 3. To overcome these difficulties, we use the explicit
expression of R(z) for the collocation methods given by Ngrsett [16] and follow
the formulation of the Routh-Hurwitz algorithm in Wright [21].

Lemma 2.5 ([16, 21]). The stability function of the collocation method based
on the points ¢1,--- ,Cn 18 given by

MWL)+ MWV 1)z 4+ M(1)2N

R(z) =

B = 3 0) + MO0 (0)s + -+ M(0)eN
N
where M (t) = Cn H(t —¢;) and Cn is a constant.
i=1

According to the construction, M (t) = w and L% (t) = Ly (tT).
Lemma 2.6 ([21]). The zeros of the polynomial p(z) = anz™ +an_12V 14+

ag lie in the negative half plane if and only if all the coefficients af, o}, -+, ad’
have the same sign, where
0o _ C_ N
a; = an-2j, Jj=0,1,--- 7[7};\[
1 _ C_ -1
a; = aN-2j-1, j_oala"'7[ 2 ]7
i—2
i -2« i—1 o N—i—1
aj - aj-&-li%ajq—lv ]*0717 7[T]7

' i—2 . o
Un_iy2 = NY(N-ipje0 N —iis even.
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In order to apply the RH algorithm [21] and to reorganize the coefficients, we
apply the map z — f%. As a result, an alternative form of the stability function
that we shall use is
CMWI(1)N - MO (02N (C) VM (D)
= M) — MD(0)eF T+ (C1)V M)
and the condition (a) in Lemma 2.3 is transformed into that R*(z) has no poles
in the positive half plane.

R*(2)

Theorem 2.7. Runge-Kutta method (21) corresponding to LGRCM (9)-(10) is
not A-stable for N = 3,4,5.

Proof. For N = 3, we obtain by Lemma 2.5

420 4 180z + 3022 4 223 R (2) — 42023 — 18022 + 30z — 2
420 — 240z + 6022 — 823" ()= 1203 + 24022 + 602 + 8
Following the RH algorithm and using the expression of the coefficients of the
polynomial denominator of R*(z), we obtain a = 420, af = 240, a2 = 46,03 =
8. All these terms have positive sign. Hence, R*(z) has no poles in positive half
plane. After some calculation, we obtain E(y) = —420y*+60y° which is negative
for some real y. It follows from Lemma 2.3 that the 3-stage Runge-Kutta method
(21) corresponding to LGRCM (9)-(10) is not A-stable.
For N = 4, we obtain by Lemma 2.5 the stability function

6048 4 2688z + 50427 + 4827 + 22*
" 6048 — 3360z + 84022 — 12023 + 1024

R(z)

R(z)

and
60482 — 26882% 4 50422 — 482 4 2
604824 4 336023 + 84022 + 1202 4 10°
Following the RH algorithm and using the expression of the coefficients of
the polynomial denominator of R*(z), we may verify that R*(z) has no poles
in positive half plane. However, after some calculation, we obtain E(y) =
—2688y5 + 96y® which is negative for some real y. It follows from Lemma 2.3
that the 4-stage Runge-Kutta method (21) corresponding to LGRCM (9)-(10)
is not A-stable.

For N = 5, we obtain by Lemma 2.5 the stability function

() = 110880 + 50400z + 1008022 + 112023 4 702* + 22°
"~ 110880 — 60480z + 1512022 — 224023 + 21024 — 1225

R*(2)

and
R*(2) = 1108802z° — 504002% + 1008023 — 112022 + 70z — 2
11088025 + 604802% + 1512023 + 224022 + 2102 + 12°
Following the RH algorithm and using the expression of the coefficients of the
polynomial denominator of R*(z), we can verify that R*(z) has no poles in
positive half plane. However, after some calculation, we obtain E(y) = 140y —
10080y2 4 73920y° which is negative for some real y. It follows from Lemma 2.3




Numerical analysis of Legendre-Gauss-Radau and Legendre-Gauss collocation methods 665

that the 5-stage Runge-Kutta method (21) corresponding to LGRCM (9)-(10)
is not A-stable. O

Conjecture. From the above result, we may conjecture that Runge-Kutta method
(21) corresponding to LGRCM (9)-(10) is not A-stable for N > 3.

We introduce the concept of algebraic stability of Runge-Kutta methods and
quote a sufficient and necessary condition for the algebraic-stability of collocation
methods. A Runge-Kutta method (A\,BT,E) is algebraically-stable if b; > 0, for
1=1,2,...,N, and if the matrix M, given by

M = diag(by, ba, -+ ,bw) A + AT diag(by, ba, -+ ,bw) — B0,

is positive semi-definite.

Lemma 2.8 ([6]). An N-stage algebraically stable collocation Runge-Kutta method
must be of order at least 2N — 1.

Theorem 2.9. The Runge-Kutta method (21) corresponding to LGRCM (9)-
(10) is algebraically-stable for N =1 and not algebraically stable for N > 1.

Proof. The algebraic-stability for N = 1 follows from Definition 2.4, and the
algebraic-stability for N > 1 follows from Lemma 2.8 and Theorem 2.2. O
3. Equivalence of LGCM and Gauss Method

In this section, we verify the equivalence of LGCM and Gauss Method.

3.1. Brief review. Different from the LGRCM, Guo and Wang [11] proposed
to expand the collocation solution @ (t) as u'¥ (t) = El]io Ly (t) and the col-
location points denoted by %VJ are taken as the zeros of the shifted Legendre
orthogonal polynomial Ly (t) on [0, T].

Denote
~ N N N~ T
uN = (N(tl) uN (ta),. .., a" (tn)) ", ;
FUY) = (f(tr,u (tl)) (tz,NN(tz)) L fEn, N ()
o1 a2 S N
~ Qo1 Qo2 cr OoN
A = )
anNi QNN 0 ONN
~ ~ - ~ \T
n = (02, 0N) ",
- - _\T
5 = (513627"'35N) 5
where
5 N-1 ['El]
Grj = T > o @+1 —4m — 1) Ly_am_1(t)
=1 m= O
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N—1 (%]
- B ~
+ SOV L+ 1) Li(E) > (2N = 4m — 1)Ly —am -1 (k)
1=0 m=0
[ N
e = (DN > (2N —4m — 1)Ly _om-1 (),
m=0
~ 1. N=
&= ok ) (14 (D)Y@ ) Li(h),
=0
_ 1

The numerical scheme LGCM proposed by Guo and Wang [11] is

AUN = TFON) - uoi, (22)
aN(T) = (=1)Nug+ETTN, (23)

3.2. Equivalence. We now rewrite the LGCM (22)-(23) as a Runge-Kutta

method. Denote ¢ = £ (t1,%2, - ,tn)T, & = #(t’f,t’;,m AT, e = (1,1, ,1)T €
RY. Analogous to the previous analysis in Section 2, we obtain

~cF
A = &l k=1,2,--- N, (24)
& = 1, k=1,2,---,N. (25)
Denote
U1 aN(T),
}/i aN(E)v 7::1727"'7N7
ayy a2 - GIN
~ ~ a1 Qg2 - OG2N
A = Al= ,
N __\an1 an2 -+ anN
b = gTA = (b17b27"' 7bN)T7
~ 1 ~ ~ ~ S -
c = T(tlatQa"'7tN)TE(015027"'7CN)T-

The LGCM (22)-(23) can be rewritten as an N-stage Runge-Kutta method with
step size T'

N
w+ TY @y f(GT.Y)), i=1,2,--- N,

& (26)
~ uO—I—TZbif(EiT,Yi).

i=1

=
|

g
=
I
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In order to assert that LGCM (22)-(23) is equivalent to the Gauss method, we
need the following result to prove its corresponding Runge-Kutta method (26)
is of order 2N.

Lemma 3.1 ([6]). An N-stage Runge-Kutta method (26) has order 2N if and
only if its coefficients satisfy

(a) the nodes t1,to, -+ ,ty are the zeros of Ln(t),
(b) b1,ba,--- by satisfy B(N),
(¢) @ij,i,j=1,2,...,N, satisfy C(N).

Theorem 3.2. LGCM (22)-(23) is equivalent to the Gauss method.

Proof. According to the construction of LGCM(22)-(23), the nodes t1,ta, - ,ty
are the zeros of Ly (t) and thus (a) holds. From (24) and the invertibility of A,
C(N) is satisfied and thus (c) holds. Finally, it follows from (25) that B(N) is
satisfied and hence (b) holds as well. It follows from Lemma 3.1 that LGCM(22)-
(23) is equivalent to the Gauss method. O

We may obtain the following corollary from the equivalence result.

Corollary 3.3. LGCM (22)-(23) is A-stable and algebraically-stable.

4. Numerical experiments

We conduct some numerical experiments to illustrate the accuracy and sta-
bility of the LGRCM, and compare the LGCM with the Gauss method.

Example 4.1. Consider the following initial value problem [20]

dyut) = 5sinu(t)+ 107 cos(107t)
—sin((t+1)% +sin10mt) + 3(t + 1)z, >0,
u(0) = 1.

[N

The exact solution is u(t) = (t 4+ 1)2 + sin 107,

In Figure 1, we have plotted the values of A of LGRCM with various N and
step size T', where A = —log;, [u™ (t) —u(t)| denotes the number of correct digits
of the numerical solution at the end point ¢ = 1. We observe a close agreement
between theoretical and numerical convergence order.

Example 4.2. The A-stability of LGRCM is tested by the following initial value
problem

- 100
d
u(t) = 10 u(t)
t ~100 -

w = ()
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FiGURE 1. Global errors of LGRCM with N =1,2,3.

The numerical solutions generated by the LGRCM with step size T = %
for different N are plotted in Figure 2. The numerical solution produced by
LGRCM with N = 2 tends to zero. However, the numerical solutions produced
by LGRCM with N = 3,4 do not tend to zero, which indicates they are not

A-stable.

F1GURE 2. Numerical solutions by LGRCM with N = 2,3,4.

Example 4.3. Consider the following initial value problem [11]

{ dy(ty = ehsinul®) _ et sin((t+1)3 +55in26) | 3(t+1)2 +10cos2t, t>0,
u(0) = 1.

The exact solution u(t) = (£ 4 1)% + 5sin 2t oscillates and grows to infinity as
t — oo.

The one-step errors log,o EN = log,q [u(T) — @™ (T)| of the LGCM and the
Gauss method with various N, T are plotted in Figure 4. We observe that both
methods perform extremely well and similar despite the influence of roundoff
errors, which confirms our theoretical result.
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FIGURE 3. Global errors of LGCM and Gauss method with
various V.
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