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DEGREE OF VERTICES IN VAGUE GRAPHS'

R.A. BORZOOEI* AND HOSSEIN RASHMANLOU

ABSTRACT. A vague graph is a generalized structure of a fuzzy graph that
gives more precision, flexibility and compatibility to a system when com-
pared with systems that are designed using fuzzy graphs. In this paper, we
define two new operation on vague graphs namely normal product and ten-
sor product and study about the degree of a vertex in vague graphs which
are obtained from two given vague graphs G and G2 using the opera-
tions cartesian product, composition, tensor product and normal product.
These operations are highly utilized by computer science, geometry, alge-
bra, number theory and operation research. In addition to the existing
operations these properties will also be helpful to study large vague graph
as a combination of small, vague graphs and to derive its properties from
those of the smaller ones.

AMS Mathematics Subject Classification : 05C99.
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1. Introduction

Graphs and hypergraphs have been applied in a large number of problems
including cancer detection, robotics, human cardiac functions, networking and
designing. It was Zadeh [25] who introduced fuzzy sets and fuzzy logic into
mathematics to deal with problems of uncertainty. As most of the phenomena
around us involve much of ambiguity and vagueness, fuzzy logic and fuzzy math-
ematics have to play a crucial role in modeling real time systems with some level
of uncertainty. The most important feature of a fuzzy set is that a fuzzy set A is
a class of objects that satisfy a certain (or several) property. Gau and Buehrer
[5] proposed the concept of vague set in 1993, by replacing the value of an ele-
ment in a set with a subinterval of [0, 1]. Namely, a true-membership function
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ty(z) and a false membership function f,(z) are used to describe the bound-
aries of the membership degree. The initial definition given by Kaufmann [6] of
a fuzzy graph was based on the fuzzy relation proposed by Zadeh [26]. Later
Rosenfeld [15] introduced the fuzzy analogue of several basic graph-theoretic
concepts. Mordeson and Nair [7] defined the concept of complement of fuzzy
graph and studied some operations on fuzzy graphs. Akram et al. [2, 3, 4]
introduced vague hypergraphs, certain types of vague graphs and regularity in
vague intersection graphs and vague line graphs . Ramakrishna [9] introduced
the concept of vague graphs and studied some of their properties. Pal and
Rashmanlou [8] studied irregular interval-valued fuzzy graphs. Also, they de-
fined antipodal interval-valued fuzzy graphs [10], balanced interval-valued fuzzy
graphs [11], some properties of highly irregular interval-valued fuzzy graphs [12]
and a study on bipolar fuzzy graphs [14]. Rashmanlou and Yang Bae Jun in-
vestigated complete interval-valued fuzzy graphs [13]. Samanta and Pal defined
fuzzy tolerance graphs [16], fuzzy threshold graphs [17], fuzzy planar graphs
[18], fuzzy k-competition graphs and p-competition fuzzy graphs [19], irregular
bipolar fuzzy graphs [20], fuzzy coloring of fuzzy graphs [21]. In this paper, we
defined two new operation on vague graphs namely normal product and tensor
product and studied about the degree of a vertex in vague graphs which are
obtained from two given vague graphs Gy and G using the operations cartesian
product, composition, tensor product and normal product. For further details,
reader may look into [1, 22, 23, 24].

2. Preliminaries

By a graph G* = (V, E), we mean a non-trivial, finite, connected and undi-
rected graph without loops or multiple edges. Formally, given a graph G* =
(V,E), two vertices z,y € V are said to be neighbors, or adjacent nodes, if
xy € E. A fuzzy subset 1 on a set X isamap p: X — [0,1]. A fuzzy binary re-
lation on X is a fuzzy subset pon X x X. A fuzzy graph G is a pair of functions
G = (o, 1) where o is a fuzzy subset of a non-empty set V and p: VxV — [0, 1]
is a symmetric fuzzy relation on o, i.e. p(uv) < o(u) A o(v). The degree of a
vertex u in fuzzy graph G is defined by dg(u) = >_, ., p(wv) = 32, c g u(uv).
The order of a fuzzy graph G is defined by O(G) = ) oy o(u).

The main objective of this paper is to study of vague graph and this graph is
based on the vague set defined below.

Definition 2.1 ([5]). A vague set on an ordinary finite non-empty set X is a pair
(ta,fa), where t4 : X — [0,1], fa : X — [0,1] are true and false membership
functions, respectively such that 0 < t4(z)+ fa(z) <1, for all z € X. Note that
ta(x) is considered as the lower bound for degree of membership of  in A and
fa(x) is the lower bound for negative of membership of x in A. So, the degree of
membership of z in the vague set A is characterized by interval [t 4 (z), 1— fa(z)].
Let X and Y be ordinary finite non-empty sets. We call a vague relation to be
a vague subset of X x Y, that is an expression R defined by
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R= {<(£L’,y), tR(x7y)7 fR(:va» | T e Xa ye Y}
where tg : X xY — [0,1], fr : X xY — [0,1], which satisfies the condition
0 <tgr(x,y)+ fr(z,y) <1, for all (z,y) e X xY.

Definition 2.2 ([9]). Let G* = (V, E) be a crisp graph. A pair G = (4, B)
is called a vague graph on a crisp graph G* = (V, E), where A = (t4, f4) is a
vague set on V and B = (tp, fp) is a vague set on E C V x V such that

tp(zy) < min(ta(x),ta(y)) and fp(ry) > max(fa(z), fa(y))

for each edge zy € E.
If G is a vague graph, then the order of G is defined and denoted as

0(G) = (Z ta(u), Y fA(U)>

ueV ueV

and the size of G is

S@=\{ 3 tsw), Y fsluw)

uFvu,veV uFvu,veEV

The open degree of a vertex u in a vague graph G = (A, B) is defined as d(u) =
(d'(u),d’ (u)) where d'(u) =3 uzv tp(w) and df (u) =Y wrzo fp(uv). If all
ev

u,v u,veV
the vertices have the same open neighborhood degree n, then G is called an

n-regular vague graph.

Definition 2.3. Let G; = (A1, B1) and Gy = (A4s, By) be two vague graphs of
G} = (V4, Eq) and G5 = (Va, E3) respectively.

(1) The cartesian product G; X G5 of G; and G is defined as pair (47 X Ag, By X
Bs) such that

(tAl X tA2)(U1,’U,2) = min(tAl (u1)7tA2 (U‘?))
(fa, X fa,)(ur,uz) = max(fa, (u1), fa,(uz2))

(i) (tp, X tB,)((u,u2)(u,v2)) = min(ta, (u),tp, (u202))
(fB1 % [B,)((u, u2)(u,v2)) = max(fa, (u), {5, (u202))
for all u € V; and ugvs € Es,

(i (tp, X tp,)((u1,2)(v1,2)) = min(tp, (u1v1),t4,(2))
(B x fB,)((u1, 2)(v1,2)) = max(fp, (w1v1), fa,(2))

for all z € V5 and ujvy € Ej.

for all (u1,u2) € Vi x Vo

(4)

(2) The composition G; o Gy of G and G4 is defined as pair (A; o A, By 0 Bs)
such that
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(ta, ota,)(ur,ug) = min(ta, (u1),ta, (u2))

(fa, © fa,)(u1, uz) = max(fa, (u1), fa,(u2))

(t, otp,)((u,us)(u,vy)) = min(ta, (u),ts, (usvs))

{(J’B1 o fB,)((u, uz)(u, v9)) = max(fa, (u), [, (u202))
for all u € V7 and ugvy € Eo,

for all (u1,us) € V1 x Vi

(t, otp,)((u1,2)(v1,2)) = min(tp, (u1v1),14,(2))
(fB1 o fBz)((ula Z)(Ulv Z)) - max(fBl (ulvl)a fa, (Z))

for all z € V5 and uiv, € Eq,

(iid)

(fB, © fB,)((ur,uz)(v1,v2)) = max(fa,(u2), fa,(v2), fB, (u1v1))

for all (u1,ug)(vi,v2) € E° — E,

where E° = EU {(u1,u2)(v1,v2) | urv1 € B, ug # va}.

(iv {(tBl © 15,) (u, u2) 01, 2) = min(Lay (), L4, (v2). £, (1101)

3. Degree of vertices in vague graphs

Operation in fuzzy graph is a great tool to consider large fuzzy graph as
a combination of small fuzzy graphs and to derive its properties from those
of the smaller ones. Also, they are conveniently used in many combinatorial
applications. In various situations they present a suitable construction means.
For example in partition theory we deal with complex objects. A typical such
object is a fuzzy graph and a fuzzy hypergraph with large chromatic number
that we do not know how to compute exactly the chromatic number of these
graphs. In such cases, these operations have the main role in solving problems.
Hence, in this section, at first we define two new operations on vague graphs
namely normal product and tensor product. Then we study about the degree
of a vertex in vague graphs which are obtained from two given vague graphs G,
and G2 using the operations cartesian product, composition, tensor product and
normal product.

Definition 3.1. The normal product of two vague graphs G; = (A;, B;) on
G; = (Vi, E;), i = 1,2 is defined as a vague graph (A; e Ay, B; @ By) on G =
(V,E) where V. = V] x Vo and E = {((u,u2)(u,v2)) | u € Vi,usve € E3} U
{((u1,2)(v1, 2)) | urv1 € By, z € Va}U{((u1, uz)(v1,v2)) | urvy € E1,ugvs € Eg}
such that:

(4) {
o]

ta, ®ta,)(ur,u2) = min(ta, (u1),ta,(us2))
fay @ fa)(ur,uz) = max(fa, (u1), fa,(u2))
te, ®tp,)((u,u2)(u,v2)) = min(ta, (u), tB, (u2v2))
[y ® f85)((u, u2)(u, v2)) = max(fa, (u), [, (u2v2))

for all u € V1 and ugvs € Fo,

for all (u1,us) € Vi x Vs,

~ o~ o~
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(fBy ® [B,)((u1,2)(v1,2)) = max(fp, (u1v1), fa,(2))

for all z € V5 and uiv, € Eq,

(i) {(tal ®15,)((u1,2)(v1,2)) = min(tp, (urv1),t4,(2))

(, ) (tBl .th)((ulaUQ)(vla'UQ)) = min(tBl (U1U1)7t32 (U‘?v?))
N (fay @ fma) ((u, uz) (01, v2)) = max(fz, (wivn), fa, (uzv2))
for all uyv; € E7 and usvy € Es.

Definition 3.2. The tensor product of two vague graphs G; = (A;, B;) on G; =
(Vi, E;), i = 1,2, is defined as a vague graph (A; ® Az, B1 ® Bs) on G = (V, E)
where V.= Vi x Vo and E = {(u1,us), (v1,v2) | u1v1 € E1, ugvy € Es} such
that

(ta, ®ta,)(ur,u2) = min(ta, (u1), ta, (u2))
i for all (u1,us) € V1 x Vs,
( {(fAl © Faa)ur,w2) = max(fa, (ur), Fay () " PN (11r2) € VX V2
(i) (tp, ®tp,)((u1,u2)(v1,v2)) = min(tp, (u1v1), B, (uzv2))
1
(fBl oY fB2)((u1a UQ)(Ulv UQ)) = ma‘X(fBl (U1U1)7 fBz (UQUQ))
for all ujv1 € F7 and usvy € Es.
Now, we derive degree of a vertex in the cartesian product. By the definition
of cartesian product for any vertex (uq,us) € Vi x Va,
dtGlez(uleLQ) - Z (tBl X th)((ulaUQ)(vlva))
(u1,u2)(v1,v2)€EE

= > ta(w) Mg, (uvs)

u1=v1,u2v2 €Ky

+ Z tAZ('LLQ) /\tBl(ulvl)

U =v2,u1v1 €L}

dl e (i) = > (fy % fp) (w1, ua) (v1,v2))

(u1,u2)(vi,v2)EE

= Z fa,(u1) V fB,(ugv2)

u1=v1,u2v2€ K2

+ > fa,(u2) V B, (u1v1).

Uz =vg,u101 €y
Theorem 3.3. Let G1 = (A1, B1) and G2 = (As, Bs) be two vague graphs. If
ta, >tp,, fa, < fB, and ta, > tp,, fa, < fB, then
dG, %G, (u1,u2) = dg, (u1) + dg, (u2).
Proof. From the definition of a vertex in the cartesian product we have

dgyxa, (U u) = > ta,(u1) Atp, (usvn)

u1=v1,u2v2E€Eo
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(uy,up) (ug,v3)
1,(0.3,0.5) ,(0.3,0.5) (0.3,0.5) (0.2,0.6) (0.3,0.6)
(0.3,0.6) (0.2,0.6) (0.3,0.6) (0.3,0.6)
v,(0.4,0.5) v,(0.3,0.6) (0.3,0.5) (0.2,0.6) (0.3,0.6)

(vyup) (vy,v5)
Gy Gz 6% G,

FIGURE 1. Cartesian product of G; and Gs

+ Y ta(ua) Atp (wv)

up=v2,u1v1 €E;

=Y tnlmw)+ Y t(an)

uzv2 € Ea uiv1 €E

= dg, (1) + dg, (uz).
Also we have

délxcg(ulaw) = Z fa,(w) V fp,(uz2v2)

u1=v1,u2v2€Fy

+ Y fa(ua) Ve (won)

uz=vz,u1v1 €L

D frlusva)+ Y fm(wv)

u2v2 € Ko uiv1 €E

= dél (ur) + dQQ (ug).

Hence, dG1 X Gy (ul, UQ) = dG1 (ul) + dG2 (’LLQ) O

Example 3.4. Consider the vague graphs G1, G5 and G; x G as follows.
Since ta, > tp,, fa, < By, ta, > tp, and fa, < fp,. By Theorem 3.3, we
have

dtGlevQ (Ul,UQ) = dtGl (ul) + dtGZ (Ug) =0.340.2=0.5,
dl o, (ur,uz) = df (ur) +df (u2) = 0.6 +0.6 = 1.2.
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SO7 dGl X Ga (u1, Ug) = (0.5, 1.2).
dg, e, (U1, v2) = d, (u1) + dg, (v2) = 0.3+ 0.2 = 0.5,
Al o, (u1,v2) = df, (ur) + df, (v2) = 0.6 + 0.6 = 1.2.
Hence, dg, xa, (u1,v2) = (0.5,1.2).
Similarly, we can find the degrees of all the vertices in G; x G2. This can be
verified in the Figure 1.

Now we calculate the degree of a vertex in composition. By the definition of
composition for any vertex (uy,us) € Vi x V3 we have

A, o, (U1, u2) = > (tp, otp,)((u1,uz)(v1,v2))

(u1,uz)(vi,v2)€EE

- Z tAl (ul) A th (Ugvg)

u1=v1,u2v2€E2

+ ) tay(ue) Ata, (wn)

u2=v2,u1v1 €E1

+ Y tay(va) Atay(ug) Alp, (urv)

uz#v2,u1v1 €L

e, (uruz) = > (fy 0 f5)((ua, uz) (v1,v2))

(u1,u2)(vi,v2)€EE

= Z fa, (u1) V B, (uava)

u1=v1,u2v2€F2

+ Y fa(u)V f (mw)

U2 =v2,u1v1 €L,

+ > fauw) V fay(ue) V fa, (wvn).

uz#v2,u1v1 €L

Theorem 3.5. Let G; = (A1,B1) and Go = (Ag, By) be two vague graphs.

If ta, > tp,, fa, < fB,, ta, > tp, and fa, < fB,, then dGlOGQ(Ul,UQ) =
[Valde, (u1) + da, (ug) for all (uy,usz) € Vi X Va.

Proof.

dGroc, (U, u2) = Y ta, (un) Atp, (ugvs)

u1=v1,u2v2 € E2

+ ) tay(ug) Atp, (wvn)

u2=v2,u1v1 €L

+ Z tAZ('UQ) /\tAZ(UQ) /\tBl(Ul'Ul)

uz#v2,u1v1 €Ky

= Z tp,(ugve) + Z tp, (u1v1)

ugva €EEo Uz =v2,u1v1 €E1
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(g, 1) (uy,v;)
1, (0.3,0.6) u,(0.2,0.4) (0.2,0.6) (0.2,0.7) (0.3,0.6)
(0.2,0.7) (0.2,0.7) (0.2,0.7) ©.2.07) (0.2,0.7)
,(0.2,0.5) v,(0.3,0.5) (0.205  (02079)  (g305)
(vy,1) (v, v2)
Gy G, G, 0 G,

F1GURE 2. Composition of G7 and Go

+ > tp,(ww) (Sinceta, > tp, and ta, > tp,)

u2#v2,u1v1 €Ky

= dg, (us) + [Va| Y g, (wvn)

u1v1 €E
= diy, (u2) + |Vald, (ur).
Similarly we can show that
0G0, (1, u2) = d;, (u2) + |Valdgy, (wn).
Hence, dg,oq, (U1, u2) = da, (u2) + |Valdag, (u1). O
Example 3.6. Consider the vague graphs G1, G and G1 o G as follows.

Here, ta, > tp,, fa, < fB,, ta, > tp, and fa, < fp,. By Theorem 3.5, we
have

di oq, (U1, u2) = dg, (u2) + [Va|dg, (u1) = 0.2+ 2(0.2) = 0.6,

df o, (ui,uz) = df_(uz) + |Valdf, (u1) = 0.7+ 2(0.7) = 2.1.
Therefore, da,oq, (U1, u2) = (0.6,2.1).

dg,oq, (U1, v2) = d, (v2) + |Va|dg, (u1) = 0.2+ 2(0.2) = 0.6,

déloGz (u1,v9) = déz (v2) + |V2|dé1 (u1) = 0.7+ 2(0.7) = 2.1.

So, dg,0G,(u1,v2) = (0.6,2.1).
In the same way, we can find the degree of all the vertices in G; o Go. This
can be verified in the Figure 2.
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(uq,u;) (uy,v,)
1,(0.2,0.3) u,(0.3,0.3) (0209 (0209
(0.2,0.5) (0.2,0.4)
v,(0.3,0.4) ,(0.2,0.4) (0.3,0.4) (0.2,0.4)
(vy,u3) (vy, 12)
Gy G, 6,96,

FiGURE 3. Tensor product of G; and G»

Degree of a vertex in the tensor product is as follows.
By definition of tensor product for any (u1,us) € V4 x Vo we have

déh@Gg (Ul,u2) = Z(t31 ®th)((u17u2)(v1a UQ)) = Z tB1 (ulvl)/\th (u2v2)

urv1€E1
Al e, (w,us) = Y (F3,0F5,) (1) (v1,02) = D f, (wrva)V fis, (uava).
uiv1€Ey
Theorem 3.7. Let G = (A1, B1) and G = (As, Bs) be two vague graphs. If
tp, > tp, and fp, < fp, then dg,gc,(u1,u2) = dg, (u1). Also, if tp, > tp, and
fBl < fBz then dG1®®G2 (U17U2) = dG2 (Ug)

Proof. Let tp, > tp,, fB, < fB, then we have

diiea, (U, u2) = Y tp, (wv1) Atp, (ugv) = Y tp, (urvr) = diy, (ua),
u1v1 €E;

Ay oo, (W uz) = D" fp, (wav1) V fa, (uav2) = Y i, (uav1) = df, (w).
u1v1 €Ey

Hence, d¢, o, (U1, u2) = dg, (u1). Similarly if tg, > tp, and fp, < fB,, then
dG1®G2 (u17u2) = dG2 (u2) O
Example 3.8. In this example we obtain the degree of vertices of G; ® G5 by
Theorem 3.7.

Consider the vague graphs G; and G in Figure 3. Here tp, > tp,, fB, < fB,-
By Theorem 3.7 we have

s, o, (U1, uz) = diy, (u1) = 0.2, df o (ur,u2) = df (u1) = 0.5,
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dtGl@Gz (v1,v2) = dtGl (v1) = 0.2, dél®c2 (v1,v2) = dél (v1) = 0.5.

So, da,ea, (u1,u2) = (0.2,0.5) and dg,eaG,(v1,v2) = (0.2,0.5). Similarly, we
can find the degree of all the vertices in G; ® G2. This can be verified in the
Figure 3.

Finally, we derive the degree of a vertex in normal product. By the definition
of normal product for any (ui,us) € Vi x Vo we have

b 0, (U1, u2) = 3 (tp, o tp,)((u1,v1)(us, v2))
((u1,v1)(u2,v2))€EE

= > ta,(w) Atp,(ugvo)

u1=v1,uzv2€F2

+ Z tAz (UQ) A tBl (ulvl)

U2 =v2,u1v1 €E1

+ Z th(’LLQ'UQ) Ntp, (ulvl),

u2v2€ Ea,u1v1 €E1

Al oc, (w1, u) = Z (fB, ® [B,)((u1,v1)(uz2,v2))

((u1,v1)(u2,v2))€EE

= Z fa,(u1) V fB,(ugv2)

u1=v1,u2v2€F2

+ Y Sa(u)V f (mw)

U2 =v2,u1v1 €E1

+ > [B,(ugv2) V fB, (urv1).

u2v2€ E2,u1v1 €E1

Theorem 3.9. Let G1 = (A1, B1) and Gy = (As, Bs) be two vague graphs. If
ta, > tB,, fa, < By, ta, 2 By, fa, < fBy, te, < tg, and fp, > fp, then
dGl.GQ (U1, u2) = |‘/2|dG1 (ul) + dGQ (UQ)

Proof.

dhpc, () = DT (e, @ 1m,)((un,00) (2, v2))
((u1,v1)(uz,v2))EE

- Z ta, (u1) Atp,(ugve)

U1 =v1,u2v2€E2

+ Y tay(ue) Ate, (win)

u2=v2,u1v1 €E1

+ Z tB2(U2U2) /\IfB1 (ulvl)

u2v2€Ea,u1v1 €E1

Y otp(uava)+ Y tp, (wav)

ugva €EEo Uz =v2,u1v1 €EL
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(711,11;3) (1:1,1:2)

1, (0.3,0.4) u,(0.2,0.4) (0.2,0.4) (0.2,0.6) (0.3,0.5)
(0.2,0.7) (0.2,0.6) (0.2,0.7) ©2,07) (0.2,0.7)
v,(0.4,0.6) v,(0.3,0.5) (0.2,0.6) (0.2,0.6) (03,0.6)

(vy,up) (vy,v2)
61 G2 Gy ¢G>

FIGURE 4. Normal product of G; and G»

+ Yt (wmw), (Since ta, > tp,, ta, > tp,, tp, <tp,)
u1v1 €E;

= dg, (u2) + |Va|dg, (u1).
In the same way we can show that
0,0, (11, 02) = Ay, (u2) + |Valdgy, ().

Hence, dg,eq, (u1,u2) = |Valda, (u1) + da, (u2)- U

Example 3.10. In this example we obtain the degree of vertices of G; ¢ G5 by
Theorem 3.9.

Consider the vague graphs G; and Gg in Figure 4. Here t4, > tp,, fa, < fB,,
ta, >tey, fa, < fBy, te, <tp, and fp, > fp,. So, by Theorem 3.9 we have

dtGloGg (Ul,UQ) = dth (’UQ) + |‘/2|dtGl (’Uq) =0.2+ 2(02) = 0.6,

Al oo, (u,u2) = df (u2) + |Valdl, (u1) = 0.6 +2(0.7) = 2.
Therefore, dg, ec, (U1, uz2) = (0.6, 2).

dé}'lon (ul,vg) = dtG2 (’Ug) + |‘/2|dtGl (Ul) =0.2+ 2(0.2) = 0.6,

Al o, (ui,v2) = df (v2) +[Valdl, (1) = 0.6 +2(0.7) = 2.

SO7 dG]'Gz (ul, 112) = (0.6, 2).
Similarly, we can find the degree of all the vertices in (G; @ G2. This can be
verified in the Figure 4.
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4. Conclusion

Graph theory has several interesting applications in system analysis, opera-
tions research, computer applications, and economics. Since most of the time
the aspects of graph problems are uncertain, it is nice to deal with these as-
pects via the methods of fuzzy systems. It is known that fuzzy graph theory
has numerous applications in modern science and engineering, neural networks,
expert systems, medical diagnosis, town planning and control theory. In this
paper, we have found the degree of vertices in G; X Ga, G1 0 Gy, G; ® G4 and
(G1 ® G5 in terms of the degree of vertices in G; and G5 under some conditions
and illustrated them through examples. This will be helpful when the graphs are
very large and it can help us in studying various properties of cartesian product,
composition, tensor product and normal product of two vague graphs.
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