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ABSTRACT. In this paper the concepts of pairwise fuzzy regular Volterra
spaces and pairwise fuzzy weakly regular Volterra spaces are introduced.
Several characterizations of pairwise fuzzy regular Volterra spaces and pair-
wise fuzzy weakly regular Volterra spaces are investigated.
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1. Introduction

The usual notion of set topology was generalized with the introduction of
fuzzy topology by C.L.Chang [4] in 1968, based on the concept of fuzzy sets
invented by L.A.Zadeh [20] in 1965. The paper of Chang paved the way for
the subsequent tremendous growth of the numerous fuzzy topological concepts.
Since then much attention has been paid to generalize the basic concepts of
general topology in fuzzy setting and thus a modern theory of fuzzy topology
has been developed. Today fuzzy topology has been firmly established as one
of the basic disciplines of fuzzy mathematics. In 1989, A.Kandil [9] introduced
the concept of fuzzy bitopological spaces. The concepts of Volterra spaces have
been studied extensively in classical topology in [5], [6], [7] and [8]. In 1992,
G.Balasubramanian [2] introduced the concept of fuzzy Gs-set in fuzzy topolog-
ical spaces. The concept of Volterra spaces in fuzzy setting was introduced and
studied by G.Thangaraj and S.Soundararajan in [18]. The concept of pairwise
Volterra spaces in fuzzy setting was introduced in [12] and studied by the authors
in [13] and [14]. In this paper, the concepts of pairwise fuzzy regular Gs-set and
pairwise fuzzy regular F,-set are introduced and studied. By means of pairwise
fuzzy regular Ggs-set, the concept of pairwise fuzzy regular Volterra spaces and
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pairwise fuzzy weakly regular Volterra spaces are introduced and several charac-
terizations of pairwise fuzzy regular Volterra spaces and pairwise fuzzy weakly
regular Volterra spaces are studied.

2. Preliminaries

Now we introduce some basic notions and results used in the sequel. In this
work by (X,T) or simply by X, we will denote a fuzzy topological space due to
Chang (1968). By a fuzzy bitopological space (Kandil, 1989) we mean an ordered
triple (X, Ty, T3), where Ty and Ty are fuzzy topologies on the non-empty set X.

Definition 2.1. A fuzzy set A in a set X is a function from X to [0, 1], that is,
A X — [0,1].
Definition 2.2. Let A and p be fuzzy sets in X. Then for all z € X
(). A=p & Ax) = p(x)
(ii). A<p o Axz) < plx)
(iii). ¥ = AV p < Y(x) = max{\(z), p(z)}
(iv). d=AAp < 6(x) =min{\(z), ulx)}
(V). n=X° &nz)=1-Ax).
For a family {)\;/i € I} of fuzzy sets in (X,T), the union ¢ = V;\; and
intersection § = A;\; are defined respectively as
(vi). ¥(z) = sup;{\i(z) / 2 € X}
(vii). 6(z) = infi{\i(z) / ©z € X}.

Definition 2.3. The closure and interior of a fuzzy set A in a fuzzy topological
space (X, T) are defined as

(i). int(A) =V{p/p <A peT}

(i)). dA\) =AN{p/A<p,1—pneT}.

Lemma 2.4 ([1]). For a fuzzy set X of a fuzzy topological space X,

(1). T —int(A) =c(1—-N)
(i). 1—cl(\) = int(1 — ).

Definition 2.5 ([2]). Let (X,T) be a fuzzy topological space and A be a fuzzy
set in X. Then A is called a fuzzy Gs-set if A = A2, \; for each \; € T.

Definition 2.6 ([2]). Let (X, T) be a fuzzy topological space and A be a fuzzy
set in X. Then A is called a fuzzy Fi-set if A = V2, \; for each 1 —\; € T

Lemma 2.7 ([1]). For a family A = {A\s} of fuzzy sets of a fuzzy space X,
V(cd(Xa)) < c(V (Aa)). In case A is a finite set, V(cl(Aa)) = cl(V (Aa)). Also
V(int(Aa)) < int(V (Aa)).

Definition 2.8 ([12]). A fuzzy set A in a fuzzy bitopological space (X, T1,T5)
is called a pairwise fuzzy open set if A € T;, (i = 1,2). The complement of
pairwise fuzzy open set in (X, Ty, T») is called a pairwise fuzzy closed set.
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Definition 2.9 ([12]). A fuzzy set X in a fuzzy bitopological space (X, T1,Tz) is
called a pairwise fuzzy Gs-set if A = A2 | (), where (\g)’s are pairwise fuzzy
open sets in (X, T7,Ts).

Definition 2.10 ([12]). A fuzzy set A in a fuzzy bitopological space (X, Ty, T»)

is called a pairwise fuzzy F,-set if A = V{2, (Ag), where (\)’s are pairwise fuzzy
closed sets in (X, T1,T3).

Definition 2.11 ([11]). A fuzzy set A in a fuzzy bitopological space (X, Ty, T»)
is called a pairwise fuzzy dense set if clp, clr, (A) = 1 = clp,clr, (N).

Definition 2.12 ([11]). A fuzzy set A in a fuzzy bitopological space (X, Ty, T»)
is called a pairwise fuzzy nowhere dense set if intr, clr, (A) = 0 = intp,clp (N).

Definition 2.13 ([10]). Let (X,T3,T%) be a fuzzy bitopological space and A
be any fuzzy set in (X,T1,72). Then A is called a pairwise fuzzy S-open set if
A < cpintp,clr, (N) and A < clpyintr, clr, ().

Definition 2.14 ([13]). A fuzzy set A in a fuzzy bitopological space (X, Ty, T»)
is called a pairwise fuzzy o-nowhere dense set if A is a pairwise fuzzy F,-set in
(X, 7717 TQ) such that intTl intT2 (A) = intT2 intTl ()\) =0.

Definition 2.15 ([12]). A fuzzy bitopological space (X,T1,T%) is said to be a
pairwise fuzzy Volterra space if clr, (/\fﬂ\’:1 ()\k)) =1, (i = 1,2), where (\;)’s are
pairwise fuzzy dense and pairwise fuzzy Gs-sets in (X, T1,T5).

Definition 2.16 ([12]). A fuzzy bitopological space (X, Ty, T5) is said to be a
pairwise fuzzy weakly Volterra space if ALY, (A\r) # 0, where (\;)’s are pairwise
fuzzy dense and pairwise fuzzy Gs-sets in (X, T, T3).

Definition 2.17 ([15]). Let (X,T1,Tz) be a fuzzy bitopological space. A fuzzy
set A in (X, T4, T>) is called a pairwise fuzzy first category set if A = V32, (),
where (A;)’s are pairwise fuzzy nowhere dense sets in (X,T1,72). Any other

fuzzy set in (X,T1,T>) is said to be a pairwise fuzzy second category set in
(Xu T17 T2)

Definition 2.18 ([15]). If A is a pairwise fuzzy first category set in a fuzzy
bitopological space (X, T1,T»), then the fuzzy set 1 — X is called a pairwise fuzzy
residual set in (X, T}, T3).

Definition 2.19 ([19]). Let (X,T1,T5>) be a fuzzy bitopological space. A fuzzy
set Ain (X, T4, T>) is called a pairwise fuzzy o-first category set if A = V32, (Ag),
where (\g)’s are pairwise fuzzy o-nowhere dense sets in (X, Ty, 7). Any other

fuzzy set in (X,T1,T>) is said to be a pairwise fuzzy o-second category set in
(Xa Tl ) TQ)

Definition 2.20 ([19]). A fuzzy bitopological space (X, T, Tz) is called pairwise
fuzzy o-first category space if the fuzzy set 1x is a pairwise fuzzy o-first category
set in (X,T1,T). That is., 1x = V2, (Ax), where (Ax)’s are pairwise fuzzy o-
nowhere dense sets in (X, T1,T5). Otherwise, (X, T1,T>) will be called a pairwise
fuzzy o-second category space.
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3. Pairwise fuzzy regular Gs-sets and pairwise fuzzy regular F,-sets

Definition 3.1. Let (X,71,T%) be a fuzzy bitopological space. A fuzzy set
A in (X,T1,T5) is called a pairwise fuzzy regular Gs-set if M\ =
A4 (intTiclTj ()\k)), (i # j and i,j = 1,2), where (\;)’s are fuzzy sets in
(X, 11, T»).

Definition 3.2. Let (X,T1,T%) be a fuzzy bitopological space. A fuzzy set
w in (X,T7,Ty) is called a pairwise fuzzy regular F,-set if p =
Voo, (clgyintr, (pe)), (i # j and i,j = 1,2), where (p)’s are fuzzy sets in
(X, Th,T3).

Proposition 3.3. If A is a pairwise fuzzy regular Gs-set in a fuzzy bitopolog-
ical space (X,T1,T) if and only if 1 — X\ is a pairwise fuzzy reqular Fy-set in
(X, T, Ts).
Proof. Let A be a pairwise fuzzy regular Gs-set in (X,T1,T3). Then A =
A2 (intr,clr, (M), (i # j and i,j = 1,2), where (\;)’s are fuzzy sets in
(X, Tl,TQ). Now1l—-XA=1-— /\20:1 (intTiclT]. ()\k)) = \/20:1 (1 - intT,;ClT,»()\k)) =
Vi, (clTiintTj(l — )\k)) Let e = 1 — Ag. Hence 1 — )\ =
V2, (clTiintTj (,uk)), (i # j and 4,7 = 1,2) implies that 1 — A is a pairwise
fuzzy regular F,-set in (X, T1,T5).

Conversely, let A be a pairwise fuzzy regular Fy-set in (X,T7,72). Then
A = V2, (clyyintr, (uk)), (i # j and i,j = 1,2) where (uz)’s are fuzzy sets in
(X,T1,Ts). Now 1 — X =1— V2, (cyintr, () = A2y (1 — clpyintr, () =

A2 (intr,clr, (1 — p)). Let 1— pp = Mg Hence 1-X =
A4 (intTiclT]_ (/\k)), (1 # j and 4,5 = 1,2) implies that 1 — X\ is a pairwise
fuzzy regular Gs-set in (X, T7,T»). O

Definition 3.4 ([3]). A fuzzy set A in a fuzzy bitopological space (X, Ty, Ts)
is called a pairwise fuzzy regular open set in (X, Ty, T5) if intr,cly,(A) = A =
intT2 CZT1 ()\)
Definition 3.5 ([3]). A fuzzy set A in a fuzzy bitopological space (X, T1,75)
is called a pairwise fuzzy regular closed set in (X, Ty, Ts) if clr intr,(A) = A =
CZT2 intTl ()\)
Proposition 3.6. Let (X,T1,T3) be a fuzzy bitopological space.
(a). If \ is a pairwise fuzzy open set in (X,T1,Ts), then clr,(N\), (i = 1,2)
s a pairwise fuzzy reqular closed set in (X, Ty, Ts).
(b). If p is a pairwise fuzzy closed set in (X, T1,Ts), then intr,(u), (i =1,2)
is a pairwise fuzzy reqular open set in (X, Ty1,Ts).
Proof. (a). Let A be a pairwise fuzzy open set in (X, T1,73) and intr,clr, (A) <
cr,(N), (i # j and i,j = 1,2) implies that cly,inty,cly,(A) < clr,clr,(N) =
clr,(N). Hence clgintr, (clr, (X)) < clg,(A) — (1). Since X is a pairwise fuzzy
open set, we have A = intr;()), (j = 1,2). Now A = intr; (\) < intr,clr,()) im-
plies that A < intr,cly, (\). Hence clr, (A) < cly,intr, (clg, (X)) — (2). From (1)
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and (2) we have clr,intr, (clr,(A)) = clr,(N), (i # j and i,j = 1,2). Therefore
clr, (A) is a pairwise fuzzy regular closed set in (X, 77, T5).

(b). Let p be a pairwise fuzzy closed set in (X,77,7%). Then 1 — u is a
pairwise fuzzy open set in (X,Ty,T»). By (a), clr,(1 — p) is a pairwise fuzzy
regular closed set in (X,T1,72). Then 1 — intr, (i) is a pairwise fuzzy regular
closed set in (X, Ty,Ts). Hence intr, (1) is a pairwise fuzzy regular open set in
(X,T1,T). 0

Proposition 3.7. Let (X,T1,T>) be a fuzzy bitopological space.
(1). If X is a pairwise fuzzy reqular Gs-set in (X, T1,T5), then A = A2 (),
where (8x)’s are pairwise fuzzy regular open sets in (X, T1,Tz).
(2). If uis a pairwise fuzzy reqular Fy-set in (X, Th,Ts), then p = V52, (Mk),
where (ng)’s are pairwise fuzzy regqular closed sets in (X, T1,Ts).

Proof. (1). Let A be a pairwise fuzzy regular Gs-set in (X,T1,T»). Then
A = A2 (intr,cly, (M), (i #j and i,j = 1,2), where (A)’s are in (X, Ty, T5).
Take 5k = ’iTLtTiClTj (>\k) Now intTiclTj (5k) = intTiclTj [intTiclTj ()\k)] S
intr,cly,clr; () = intr,clr,(Ax) = 0. Hence intr,cly, (0r) < 0 — (A). Also,
intTiclTj (6k) = intTiclTj [intTiclTj ()\k)] Z intTiintTiclTj ()\k) = intTiclTj ()\k) =
k. Hence intr,clr, (6x) > 0, — (B). From (A) and (B), we have intr,clr, (6x) =
0. Hence (0y)’s are pairwise fuzzy regular open sets in (X,77,73). Therefore
A = A2 (6k), where the fuzzy sets (0)’s are pairwise fuzzy regular open sets in
(X, T, Ty).

(2). Let u be a pairwise fuzzy regular F,-set in (X,T1,73). Then, by
proposition 3.3, 1 — u is a pairwise fuzzy regular Gs-set in (X,Ty,T). By
(1), 1 — p = A2, (0k), where the fuzzy sets (dx)’s are pairwise fuzzy regular
open sets in (X,T1,T»). Now p = V§2,(1 — ;). Let 1 — 0, = n,. Hence
=V, (nk), where the fuzzy sets (n)’s are pairwise fuzzy regular closed sets
in (X,Tl,TQ). O

Proposition 3.8. If )\ is a pairwise fuzzy reqular Gs-set in a fuzzy bitopological
space (X, T1,T), then X is a pairwise fuzzy Gg-set in (X, T1,T3).

Proof. Let A be a pairwise fuzzy regular Gs-set in (X, Ty,T). Then by propo-
sition 3.7, A = A2, (k) where the fuzzy sets (d;)’s are pairwise fuzzy regular
open sets in (X, Ty, T3). Since every pairwise fuzzy regular open set is a pairwise
fuzzy open set in (X,T1,Ts), (dk)’s are pairwise fuzzy open sets in (X, T7,T»).
Hence A = A2, (0x), where (0x)’s are pairwise fuzzy open sets in (X, T1,T5),
implies that A is a pairwise fuzzy Gs-set in (X, Ty, T5). O

Proposition 3.9. If u is a pairwise fuzzy regular F,-set in a fuzzy bitopological
space (X, T1,Ts), then u is a pairwise fuzzy F,-set in (X, T1,T3).

Proof. Let pu be a pairwise fuzzy regular Fy-set in (X,Ty,T). Then by propo-
sition 3.7, p = V2, (nx) where the fuzzy sets (ny)’s are pairwise fuzzy regular
closed sets in (X,Ty,T5). Since every pairwise fuzzy regular closed set is a
pairwise fuzzy closed set in (X,T7,7T%), (nx)’s are pairwise fuzzy closed sets in
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(X,Th1,T). Hence p = V2 (), where (1)’s are pairwise fuzzy closed sets in
(X,T1,T,), implies that p is a pairwise fuzzy Fy-set in (X, T1,T5). O

Proposition 3.10. If ) is a pairwise fuzzy regular F,-set in a fuzzy bitopological
space (X, Th,Tz), then Vi inty,inty; (M) < X, (i # j and 4,5 = 1,2).

Proof. Let X\ be a pairwise fuzzy regular F,-set in (X,7y,7). Then A =
V2, (clryintr, (M),  where  (A\g)’s are in (X,T1,T3). Now \ =
V2, (clTb.intTj ()\k)) > Ve intr,(A\x).  Hence  VZiintr,(Ax) < A Then
VL intryintr; (A\g) < ViZyinty, (M) < A Hence VR inty,inty, (M) < X O

Proposition 3.11. If ) is a pairwise fuzzy reqular Gg-set in a fuzzy bitopological
space (X, T1,T3), then X < AP clr,clp; (M), (i # j and i,j = 1,2).

Proof. Let A be a pairwise fuzzy regular Gs-set in (X,T1,73). Then A =
A2, (intrclr, (M),  where  (Ag)’s are in (X,71,T3). Now X\ =
/\20:1 (imﬁTiclTj ()\k)> < /\iozlclTj ()\k) Hence A < /\I?;lclTj ()\k) < /\l?;lclTide( k)
Hence A < A2 clr,cly; (Ag). O

Proposition 3.12. If clr, [\ int,cly;(Ae)] = 1, (1 # j and i,j = 1,2),
where (\y)’s are fuzzy sets in a fuzzy bitopological space (X, T1,Ts), then (\x)’s
are pairwise fuzzy B-open sets in (X, T1,T5).

Proof. Let clr, [\ intr,cly;(Ax)] = 1, (i # j and i,j = 1,2), where (\)’s are
fuzzy sets in (X, T1,T5). Since clr, [\ intr, clr, (Ar)] < ARy el [intr, clr, (k)]
we have 1 < AP ey [intr,clr; (Ax)]. That is, ARZ, clr, [intr,clr; (Ax)] = 1. This
implies that clr; [intr,clr,(A)] = 1 and hence A, < clr,[intr,cl; (Ax)]. There-
fore (Ag)’s are pairwise fuzzy (-open sets in (X, T1,T5). O

Proposition 3.13. Ifintr,(A) =0, (j = 1,2) for a pairwise fuzzy regular Fy-
set A in a fuzzy bitopological space (X, Ty, Ts), then X is a pairwise fuzzy first
category set in (X, Ty, Ts).

Proof. Let A be a pairwise fuzzy regular F,-set in (X,7y,7). Then A =
V2, (clgyintr, (pe)), (i # j and i,j = 1,2), where (p;)’s are fuzzy sets in
(X,T1,Ts). Now intr,(A) = 0 implies that intr, ( Ve, (g intr, (Mk))) = 0.
But V2, (intT]. (clTiintTj (uk))) <intr, ( i) (clTiintT]. (uk))) Then we have
VR, (intTj (clTiintTj (uk))) = 0. This implies that intr,clr, (intTj (Mk)) = 0.
Also, intr,clr, (clTi (intTj (,uk))) = intr,cly, (z’ntTj (Mk)) =0 and hence

clr,inty, (uy) is a pairwise fuzzy nowhere dense set in (X, T1,T3). Therefore, A
is a pairwise fuzzy first category set in (X, Ty, 7). O

Definition 3.14 ([16]). A fuzzy bitopological space (X, Ty, T5) is said to be a
pairwise fuzzy strongly irresolvable space if clpintr,(A) = 1 = clp,inty, (A) for
each pairwise fuzzy dense set A in (X, Ty, T5).
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Theorem 3.15 ([17]). If clr,cly,(N) = 1 and cp,clpy (N) = 1 for a fuzzy set A
in a pairwise fuzzy strongly irresolvable space (X,T1,Ts), then clp,(A) =1 and
CZT2(>\) =11in (X,Tl,TQ).

Proposition 3.16. If the pairwise fuzzy reqular Gs-set X is pairwise fuzzy dense
in a pairwise fuzzy strongly irresolvable space (X,T1,T5), then X\ is a pairwise
fuzzy residual set in (X, Ty, Ts).

Proof. Let A be a pairwise fuzzy regular Gs-set with clp, clr, (X)) = 1 = clp,cly, (N).
Since (X, Ty, T») is a pairwise fuzzy strongly irresolvable space and by theorem
3.15, clp, (A) =1 and clp,(A) =1 in (X, Ty, T»). That is, clp,(A) =1, (1 = 1,2).
Now 1— X is a pairwise fuzzy regular F,-set with 1 —clp, (A) = 0. That is.,, 1 — A
is a pairwise fuzzy regular F,-set with inty,(1 — A) = 0. Then by proposition
3.13, 1 — X is a pairwise fuzzy first category set in (X, Ty, Ts). Therefore A is a
pairwise fuzzy residual set in (X, T}, T5). O

4. Pairwise Fuzzy regular Volterra Spaces

Definition 4.1. A fuzzy bitopological space (X,T7,T») is called a pairwise
fuzzy regular Volterra space if clr, ( AN (M) =1, (i =1,2), where (\)’s are

pairwise fuzzy dense and pairwise fuzzy regular Gs-sets in (X, T, T3).

Proposition 4.2. If intr, ( Vi_, (ux)) = 0, (i = 1,2) where the fuzzy sets
(ux)’s are pairwise fuzzy reqular Fy-sets with intr,(ux) = 0, (1 = 1,2) in a
fuzzy bitopological space (X, T1,Ts), then (X,T1,Ts) is a pairwise fuzzy regular
Volterra space.

Proof. Suppose that intr, (Vi_; (1)) = 0, (i = 1,2) where the fuzzy sets (u)’s
are pairwise fuzzy regular Fy-sets with intr,(u,) = 0. Now 1 — intq, ( VR,
(1r)) = 1. Then we have clz, (1 — Vi_, (ux)) = 1. This implies that clp, ( AN,
(1 — px)) = 1. Since (ug)’s are pairwise fuzzy regular F,-sets in (X, T3,T>),
by proposition 3.3, (1 — ug)’s are pairwise fuzzy regular Gs-sets in (X, T, T3).
Also, intr,(ur) = 0 implies that 1 — intp, (ur) = 1. Then we have clr, (1 —
pr) =1, (1,2). Then cpclr, (1 — p) = cdpn (1) = 1 and dpclpn (1 — pg) =
clr, (1) = 1. Hence (1 — py)’s are pairwise fuzzy dense sets in (X,T1,7T5). Let
A = 1 — pg. Then (A\g)’s are pairwise fuzzy dense and pairwise fuzzy regular
Gs-sets in (X, Ty, T3). Hence we have clr, (Ap_; (Ax)) =1, (i =1,2) where the
(Ak)’s are pairwise fuzzy dense and pairwise fuzzy regular Gs-sets in (X, Ty, T5).
Therefore (X, T1,T5) is a pairwise fuzzy regular Volterra space. O

Proposition 4.3. A fuzzy bitopological space (X,T1,Ts) is a pairwise fuzzy
Volterra space, then (X, T1,T5) is a pairwise fuzzy regular Volterra space.

Proof. Let (X, T1,T5) be a pairwise fuzzy Volterra space. Now, consider clr, (/\fﬂ\/:1
(M), (i = 1,2) where the fuzzy sets (A\;)’s are pairwise fuzzy dense and
pairwise fuzzy regular Gs-sets in (X,T7,72). By proposition 3.8, the pairwise
fuzzy regular Gs-sets (Ar)’s are pairwise fuzzy Gs-sets in (X, T1,T3). Hence in
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cr, (ARZ; (A\k)), (Ax)’s are pairwise fuzzy dense and pairwise fuzzy Gs-sets in
(X, T, T3). Since (X, Ty, T3) is a pairwise fuzzy Volterra space, clr, (A_; (Ax)) =
1. Hence we have cly, (AR_; (Ax)) = 1, where (\)’s are pairwise fuzzy dense and
pairwise fuzzy regular Gs-sets in (X, T1,T3). Therefore (X, T1,T5) is a pairwise
fuzzy regular Volterra space. (]

Proposition 4.4. If the fuzzy bitopological space (X, T1,Ts) is a pairwise fuzzy
regular Volterra and pairwise fuzzy strongly irresolvable space, then intr, ( \/,CN:1

(k) = 0, (i = 1,2) where (ug)’s are pairwise fuzzy o-nowhere dense sets in
(X, T3, T>).

Proof. Let (X,Ty1,T3) be a pairwise fuzzy regular Volterra space. Then clr, (/\kN:1
()\k)) =1, (i = 1,2), where the fuzzy sets (\;)’s are pairwise fuzzy dense and
pairwise fuzzy regular Gs-sets in (X, T1,T5). Now 1—clp, (/\fc\;l()\k)) = 0 implies

that intr, (\/{37:1 (1—)%)) = 0. Since the fuzzy sets (\;)’s are pairwise fuzzy regu-
lar Gs-sets, (1—\g)’s are pairwise fuzzy regular Fi,-sets in (X, T1,T5). By propo-
sition 3.9, (1 — \g)’s are pairwise fuzzy Fy-sets in (X, T1,T5). Also, clr,(Ag) =1
implies that 1 —clr, (A\;) = 0 and hence intr, (1 —A;) = 0. Let up = 1—Ag. Then
intr,intr; (px) < intr, () = 0 implies that intr,intr, (ux) = 0. Hence (uz)’s are
pairwise fuzzy F,-sets with intr,intr, (ux) = 0. Then (ug)’s are pairwise fuzzy
o-nowhere dense sets in (X, Ty, T3). Therefore intr, (Vi_; (ux)) =0, (i =1,2),
where (pg)’s are pairwise fuzzy o-nowhere dense sets in (X, T, T5). O

Proposition 4.5. If the pairwise fuzzy strongly irresolvable space (X, Ty,Ts) is
a pairwise fuzzy regular Volterra space, then clTi( AN, ()\k)) =1, (i =12)
where the fuzzy sets (A\r)’s are pairwise fuzzy residual sets in (X,T1,T5).

Proof. Let (X,T1,Ts) be a pairwise fuzzy regular Volterra space. Then clr, (/\kN:1

()\k)) =1, (i = 1,2) where the fuzzy sets (\)’s are pairwise fuzzy dense and

pairwise fuzzy regular Gs-sets in (X,T1,T2). By proposition 3.16, (Ag)’s are
pairwise fuzzy residual sets in (X, Ty, T%). Hence clr, (Af_; (\)) =1, (i =1,2)
where the fuzzy sets (A;)’s are pairwise fuzzy residual sets in (X, 77, T»). O

Proposition 4.6. If the pairwise fuzzy strongly irresolvable space (X, T1,Ts) is
a pairwise fuzzy regular Volterra space, then intTi( v, (,uk)) =0, i =12)
where the fuzzy sets (u)’s are pairwise fuzzy first category sets in (X, Ty, Ty).

Proof. Let (X,T1,T3) be a pairwise fuzzy regular Volterra space. Then clr, (/\kN:1
()\k)) =1, (i = 1,2) where the fuzzy sets (\)’s are pairwise fuzzy dense and
pairwise fuzzy regular Gg-sets in (X, T1,T5). Now 1—clp, (/\f;’:l()\k)) = 0 implies
that intr, (1—A£V:1(Ak)) = 0. Then we have intr, (\/szl(l—)\k)) =0, (i=1,2).
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By proposition 3.3, the fuzzy sets (\;)’s are pairwise fuzzy regular Gs-sets
implies that (1 —Ag)’s are pairwise fuzzy F,-sets in (X, T7,Ts). Since (X, Ty, T»)
is a pairwise fuzzy strongly irresolvable space and by theorem 3.15, clp, (A\r) =1
and clr, (M) = 1in (X, Ty, Ty). That is, cly, (M) = 1, (1 =1,2). Also clg, (\x) =
1 implies that 1 — clg, (Ax) = 0. Then inty, (1 — A\;) = 0. Hence the fuzzy sets
(1 — A\g)’s are pairwise fuzzy F,-sets with intr, (1 — Ap) = 0. Therefore by
proposition 3.13, (1 — Ag)’s are pairwise fuzzy first category sets in (X, T7,T»).
Let ur, = 1 — Ay Hence we have intr, ( Vi, (u)) = 0, (i = 1,2) where the
fuzzy sets (ur)’s are pairwise fuzzy first category sets in (X, 77,7s). O

Definition 4.7. A fuzzy set A in a fuzzy bitopological space (X, T1,T») is called
a pairwise fuzzy regular o-nowhere dense set if A is a pairwise fuzzy regular F,-
set in (X, Ty, Ts) such that intp, intg, (\) = intpintr, (A) = 0.

Proposition 4.8. If \ is a pairwise fuzzy regular o-nowhere dense set in a
fuzzy bitopological space (X, Ty, Ts), then X is a pairwise fuzzy regular F,-set in
(X, Ty, T3).

Proof. The proof follows from definition 4.7. O

Proposition 4.9. If X is a pairwise fuzzy reqular o-nowhere dense set in a fuzzy
bitopological space (X,T1,Ts), then 1 — X\ is a pairwise fuzzy regular Gs-set in
(X,T1,Ty).

Proof. The proof follows from proposition 4.8. O

Proposition 4.10. If inty,[VY_, (A\r)] =0, (i = 1,2) where (\;)’s are pairwise
fuzzy regular o-nowhere dense sets in a fuzzy bitopological space (X, Ty, Ts), then
(X,T1,Ts) is a pairwise fuzzy reqular Volterra space.

Proof. Let (A;)’s be pairwise fuzzy regular o-nowhere dense sets in (X, Ty, T5)
such that intr, [VY_ (Ag)] = 0. Now V& [intr,(Ar)] < intr, [VE_, (\r)] implies
that VI, [intr,(Ax)] < 0. That is, Vi_,[intr,(Ax)] = 0. This implies that
intr,(Ax) = 0, for each i. Then, cly, (1 — ;) =1 —intr, (M) =1—0= 1. Hence
(1 — A)’s are pairwise fuzzy dense sets in (X,T7,T>). Since (Ag)’s be pairwise
fuzzy regular o-nowhere dense sets in (X,7T7,7>), we have by proposition 4.9,
(1 — A\g)’s are pairwise fuzzy regular Gg-sets in (X,T7,T5). Thus, (1 — A\g)’s
are pairwise fuzzy dense and pairwise fuzzy regular Gs-sets in (X, T1,T5). Now
ClTi(/\;f\;l (1 — )\k)) = ClTi(l — \/é\]:l()‘k)) =1- intTi( \/IIQV:]_ ()\k)) =1-0=1
and hence (X, T1,T5) is a pairwise fuzzy regular Volterra space. (]

5. Pairwise fuzzy weakly regular Volterra spaces

Definition 5.1. A fuzzy bitopological space (X, T, T5) is called a pairwise fuzzy
weakly regular Volterra space if ALY_| (\;) # 0, where (\j)’s are pairwise fuzzy
dense and pairwise fuzzy regular Gs-sets in (X, 71, 7T3).
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Proposition 5.2. If a fuzzy bitopological space (X, T1,Ts) is a pairwise fuzzy
reqular Volterra space, then (X,T1,Ts) is a pairwise fuzzy weakly reqular Volterra
space.

Proof. Let (X, Ty, T5) be a pairwise fuzzy regular Volterra space. Then, cl, (/\ff:l

(/\k)) =1, (i = 1,2), where (A\;)’s are pairwise fuzzy dense and pairwise fuzzy
regular Gg-sets in (X, Ty, Ty). This implies that AN (A\x) # 0 in (X, Ty, T3).
[Otherwise if AN, (M) = 0, then clTi(/\fCV:1 ()\k)) = clr,(0) = 0 # 1, a con-

tradiction]. Therefore (X,T1,T5) is a pairwise fuzzy weakly regular Volterra
space. O

Proposition 5.3. If a fuzzy bitopological space (X, T1,Ts) is a pairwise fuzzy
weakly Volterra space, then (X, Ty1,T») is a pairwise fuzzy weakly reqular Volterra
space.

Proof. Let (A;)’s (k = 1 to N) be pairwise fuzzy dense and pairwise fuzzy
regular Gs-sets in a pairwise fuzzy weakly Volterra space (X,T1,T3). Then,
by proposition 3.8, the pairwise fuzzy regular Gs-sets (Ag)’s in (X, T1,7T3), are
pairwise fuzzy Gs-sets in (X,T1,T2). Hence (\;)’s are pairwise fuzzy dense
and pairwise Gg-sets in (X, T1,Ts). Since (X, Ty, Ts) is a pairwise fuzzy weakly
Volterra space, AN_, (\) # 0. Therefore (X, T1,T%) is a pairwise fuzzy weakly
regular Volterra space. O

Theorem 5.4 ([15]). If X is a pairwise fuzzy nowhere dense set in a fuzzy bitopo-
logical space (X,T1,Ts), then 1 — X is a pairwise fuzzy dense set in (X, T1,T5).

Proposition 5.5. If VY (\x) # 1, where (\;)’s are pairwise fuzzy nowhere
dense and pairwise fuzzy reqular F,-sets in a fuzzy bitopological space (X, Ty, Ts),
then (X, T1,T5) is a pairwise fuzzy weakly reqular Volterra space.

Proof. Let (A;)’s (k = 1 to N) be pairwise fuzzy nowhere dense and pairwise
fuzzy regular F,-sets in (X,T%,Ts) such that VA (A\x) # 1. Then, we have
1=V (M) # 0. This implies that AN_, (1 — ) # 0. Since (A\;)’s are pairwise
fuzzy nowhere dense sets, we have by theorem 5.4, (1 — \i)’s are pairwise fuzzy
dense sets in (X,T1,75). Also, since (A;)’s are pairwise fuzzy regular F,-sets,
by proposition 3.3, (1 — Ag)’s are pairwise fuzzy regular Gs-sets in (X, T, T3).
Hence AN, (1 — \;) # 0, where (1 — \j)’s are pairwise fuzzy dense and pairwise
fuzzy regular Gs-sets in (X,T1,T3). Therefore (X,T1,T5) is a pairwise fuzzy
weakly regular Volterra space. O

Proposition 5.6. If each pairwise fuzzy nowhere dense set is a pairwise fuzzy
reqular Fy-set in a pairwise fuzzy second category space (X,T1,Ts), then
(X,T1,Ts) is a pairwise fuzzy weakly regular Volterra space.

Proof. Let (X,T1,T3) be a pairwise fuzzy second category space in which each
pairwise fuzzy nowhere dense set is a pairwise fuzzy regular F,-set. Since
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(X, Ty, T») is a pairwise fuzzy second category space, Vo2, (o) # 1, where (pq)’s
are pairwise fuzzy nowhere dense sets in (X, 7T7,T»). By hypothesis, (uq)’s are
pairwise fuzzy regular F,-sets in (X,T7,T2). Let us take the first N(uq)’s as
(Ag)’s in (X, T1,T2). Then Vi, (\p) < V52, (ia) implies that Vi, (\g) # 1.
Thus \/{Cvzl()\k) # 1, where (\;)’s are pairwise fuzzy nowhere dense and pairwise
fuzzy regular Fy-sets in (X, Ty, Ts). Therefore proposition 5.5, (X,T7,Ts) is a
pairwise fuzzy weakly regular Volterra space. O

Proposition 5.7. If Vi_ (\x) = 1, where (\g)’s are pairwise fuzzy regular
F,-sets in a pairwise fuzzy weakly regular Volterra space (X,Ty,T»), then there
exists atleast one Ny, in (X, Ty, Ts) with intt,(Ag) #0, (i =1,2).

Proof. Suppose that intr,(Ag) = 0, for all k¥ = 1 to N in (X,T1,T). Then,
1—intr,(Ax) = 1. This will imply that clr, (1— ;) = 1. Since (A)’s are pairwise
fuzzy regular F,-sets in (X, T1,T5), (1 — A;)’s are pairwise fuzzy regular Gs-sets
in (X,Ty,Tz). Then, AN (1—=X;) =1— (VI (Ax)) =1—1=0. Hence we will
have AY_ (1 — Ax) = 0, where (1 — \x)’s are pairwise fuzzy dense and pairwise
fuzzy regular Gs-sets in (X, T1,T>) and this will imply that (X, T, 75) will not
be a fuzzy weakly regular Volterra space, a contradiction to the hypothesis.
Hence there must be atleast one A in (X, T4, T) with intr, () # 0. O

Proposition 5.8. If VY (\x) = 1, where (\)’s are pairwise fuzzy reqular F,-
sets such that intr,(\;) # 0, (i = 1,2) for atleast one A\g in a fuzzy bitopological
space (X,T1,Ts), then (X,T1,Ts) is a pairwise fuzzy weakly regular Volterra
space.

Proof. Suppose that AY_, (Ay) = 0, where (\;)’s are pairwise fuzzy dense and
pairwise fuzzy regular Gs-sets in (X, 7, Ts). Then 1 — A, (A\;) = 1 and hence
VI (1—=Xg) = 1, where (1—\g)’s are pairwise fuzzy regular F,-sets in (X, Ty, T%)
such that intr, (1 — Ag) =0, for all k = 1 to N in (X, T, T2), a contradiction to
the hypothesis. Hence AI_, (A\;) # 0. Therefore (X,T1,T») is a pairwise fuzzy
weakly regular Volterra space. O

Proposition 5.9. If, (Ax)’s are pairwise fuzzy dense and pairwise fuzzy regular
Gs-sets in a fuzzy bitopological space (X, Ty, Ts), such that AN_,(\g) is not a
pairwise fuzzy nowhere dense set in (X,Ty,Ts), then (X,T1,Ts) is a pairwise
fuzzy weakly regular Volterra space.

Proof. Suppose that the fuzzy bitopological space (X, T, Ts) is not a pairwise
fuzzy weakly regular Volterra space. Then we have AN_ (\z) = 0. This will
imply that intp,cly, [Af_; (Ae)] = 0, (i # j and i,j = 1,2), where (Ax)’s are
pairwise fuzzy dense and pairwise fuzzy regular Gs-sets in (X,T1,73), a con-
tradiction. Therefore (X,T7,T») is a pairwise fuzzy weakly regular Volterra
space. O

Proposition 5.10. If the pairwise fuzzy strongly irresolvable space (X, Ty, Ts) is
a pairwise fuzzy weakly regular Volterra space, then AN_,(\g) # 0, where (Ag)’s
are pairwise fuzzy residual sets in (X, T1,T5).
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Proof. The proof follows from propositions 4.5 and 5.2. U

Proposition 5.11. If the pairwise fuzzy strongly irresolvable space (X, Ty, Ts)
s a pairwise fuzzy weakly regular Volterra space, then

(1) Vi (k) # 1, where (ui)’s are pairwise fuzzy first category sets in
(X7 TlaT2)‘

(2) VI (k) # 1, where (uy)’s are pairwise fuzzy o-nowhere dense sets in
(X7 TlaTQ)'

Proof. (1). Let the pairwise fuzzy strongly irresolvable space (X,T1,T5) be a
pairwise fuzzy weakly regular Volterra space. Then AN_, (Ay) # 0, where (A\g)’s
are pairwise fuzzy dense and pairwise fuzzy regular Gs-sets in (X, T, T3). This
implies that 1 — AN_;(\x) # 1. Then V&_ (1 — \;) # 1. Since (\)’s are
pairwise fuzzy regular Gs-sets in (X, Ty, T»), by proposition 3.3, (1 — A\g)’s are
pairwise fuzzy regular Fy-sets in (X, T7,T3). Also, since (A\g)’s are pairwise fuzzy
dense sets in (X, Ty,Ts), clpcr, (M) = 1 = clp,clpy (A). Since (X, T4,T3) is a
pairwise fuzzy strongly irresolvable space and by theorem 3.15, clr, (Az) = 1 and
clr,(A\g) = 1in (X, Ty, 7). That is, clg, (M) =1, (i =1,2). Now 1 —clg, (Ax) =
0. This implies that intr,(1 — A\g) = 0. Then, by proposition 3.13, (1 — Ax)’s
are pairwise fuzzy first category sets in (X,T1,T3). Let 1 — Ay = pg. Hence
VI (px) # 1, where (uy)’s are pairwise fuzzy first category sets in (X, Ty, T3).

(2). By (1), inty,(1 — Ax) = 0 and hence intr,intr,(1 — \x) = 0, (i #
jand 4,5 = 1,2). Then (1 — Ag)’s are pairwise fuzzy o-nowhere dense sets in
(X,Ty,Ts). Let 1 — A\, = pg. Hence VA (ur) # 1, where (ux)’s are pairwise
fuzzy o-nowhere dense sets in (X, T1,T5). O

Theorem 5.12 ([13]). In a fuzzy bitopological space (X, T1,T5), a fuzzy set A is
pairwise fuzzy o-nowhere dense in (X, T1,Ts) if and only if 1 — X is a pairwise
fuzzy dense and pairwise fuzzy Gs-set in (X, T1,T3).

Proposition 5.13. If a fuzzy bitopological space (X, T1,Ts) is a pairwise fuzzy o-
second category space, then (X,T1,Ts) is a pairwise fuzzy weakly reqular Volterra
space.

Proof. Let (Ag)’s (k = 1 to oo) be pairwise fuzzy dense and pairwise fuzzy
regular Gs-sets in a pairwise fuzzy o-second category space (X,T7,7T%). Then,
by proposition 3.8, the pairwise fuzzy regular Gs-sets (Ag)’s in (X, T, T3), are
pairwise fuzzy Gs-sets in (X,Ty,T5). Now, by theorem 5.12, (1 — Ag)’s are
pairwise fuzzy o-nowhere dense sets in (X, Ty, T»). Since (X, Ty, T») is a pairwise
fuzzy o-second category space, V2 (1 — Ag) # 1. This implies that A, () #
0. But A%, (Ar) < AN, (A\g) implies that ALY (A\x) # 0. Therefore (X, T1,T%)
is a pairwise fuzzy weakly regular Volterra space. O
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