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JOINING OF CIRCUITS IN PSL(2,Z)-SPACE

QAISER MUSHTAQ AND ABDUL RAZAQ

ABSTRACT. The coset diagrams are composed of fragments, and the frag-
ments are further composed of circuits at a certain common point. A
condition for the existence of a certain fragment ~ of a coset diagram
in a coset diagram is a polynomial f in Z[z]. In this paper, we answer
the question: how many polynomials are obtained from the fragments,
evolved by joining the circuits (n,n) and (m,m), where n < m, at all
points.

1. Introduction

It is well known that the modular group PSL(2,Z) ([1], [3], [4] and [5]) is
generated by the linear fractional transformations = : z — _71 and y: 2z — 27_1
which satisfy the relations

(1.1) 2=y =1

The extended modular group PGL(2,Z), is the group of linear fractional trans-
formations z — ‘clzzjrrs where a,b,c,d € Z and ad —bc = +1. If t is z — % which
belongs to PGL(2,Z) but not to PSL(2,7), then z,y,t satisfy the relations

(1.2) 22 =P =12 = (at)? = (yt)* = 1.

Let ¢ be a power of a prime p, and PL (F,) denote the projective line over
the finite field Fy, that is PL (F,) = F, U {oo}. The group PGL(2,q) is the
ijrrs such that a,b,c,d are
in F, and ad — be is non-zero, while PSL(2,q) is its subgroup consisting of
transformations (1.1) such that a,b,c,d are in F, and ad — be is a quadratic
residue in Fj,.

Professor Graham Higman introduced a new type of graph called coset dia-
gram for PGL(2,7Z). The three-cycles of y are denoted by small triangles whose
vertices are permuted counter-clockwise by y and any two vertices which are in-
terchanged by x are joined by an edge. The fixed points of x and y are denoted
by heavy dots. Since (yt)2 = 1 is equivalent to tyt = y~!, therefore t reverses
the orientation of the triangles representing the three-cycles of y. Thus, there is

group of all linear fractional transformations z —
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no need to make the diagram complicated by introducing t-edges. Consider the
action of PGL(2,7Z) on PL(Fi9). We calculate the permutation representations
z,yand t by (2)z = =, (2)y = 2L and (2)t = L respectively. So

¢ (0 00)(1 18)(22 9)(3 6)(4 14)(5 15)(7 8)(10 17)(11 12)(13 16),
y: (000 1)(210 18)(3 7 9)(4 15 6)(5 16 14)(13 17 11)(8)(12),
£ (0 00)(210)(3 13)(4 5)(6 16)(7 11)(8 12)(9 17)(14 15)(1)(18).

FIGURE 1

For more on coset diagrams, we suggest reading of [2], [8], [9] and [11].

Two homomorphisms « and 8 from PGL(2,Z) to PGL(2,q) are called con-
jugate if 5 = ap for some inner automorphism p on PGL(2,q). We call «
to be non-degenerate if neither of z,y lies in the kernel of a. In [7] it has
been shown that there is a one to one correspondence between the conjugacy
classes of non-degenerate homomorphisms from PGL(2,Z) to PGL(2,q) and
the elements 6 # 0,3 of F, under the correspondence which maps each class
to its parameter 6. As in [7], the coset diagram corresponding to the action of
PGL(2,Z) on PL(F,) via a homomorphism « with parameter 8 is denoted by
D(6,q).

2. Occurrence of fragments in D (6, q)

By a circuit in a coset diagram for an action of PGL(2,Z) on PL(F,), we
shall mean a closed path of triangles and edges. Let ny,n2,n3,...,n2; be a
sequence of positive integers. The circuit which contains a vertex, fixed by
w = (zy)™ (zy~1)"2 -+ (xzy~1)"2k € PSL(2,Z) for some k > 1, we shall mean
the circuit in which n; triangles have one vertex inside the circuit and ng
triangles have one vertex outside the circuit and so on. Since it is a cycle
(n1,n2,n3,...,n9), so it does not make any difference if n; triangles have one
vertex outside the circuit and ny triangles have one vertex inside the circuit
and so on. The circuit of the type

(n17n27'--7n2k’anlan23---an2k’7“-an1;n2a---an2k/)
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is called a periodic circuit and the length of its period is 2k’. A circuit that is
not of this type is non-periodic.

Consider two simple circuits (n1,ng,ng, ..., ns) and (mqy, ma, ms, ..., my).
Let v; be any vertex in (ni,ne,ns,...,nq) fixed by a word w; and vy be
any vertex in (mq,ma,ms,...,my) fixed by a word we. In order to con-
nect these two circuits at v; and vy, we choose, without loss of generality
(n1,n2,mn3,...,n92;) and apply ws on vy in such a way that wy ends at vy.
Consequently, we get a fragment say 7y, containing a vertex v = vy = vo fixed
by the pair w1, ws.

Example 1. We connect the vertex v, fixed by (zy) (ﬂcy_l)3 (asy)s, in (4,3)

with the vertex u, fixed by (:vy)3 (xy*1)2 of (3,2), and compose a fragment =
as follows

VY Y Y

YooY Y

FIGURE 2

YooY Y

Y Y

FIGURE 3

One can see that the vertex v = w in 7 (Figure 4) is fixed by a pair of words
_1\3 12
(y) (xy™1)" (2y)*, (2y)* (2y ")
The action of PGL(2,Z) on PL(F,2) yields two components, namely PL(F,)

and PL(F,2)\PL(F,). For sake of simplicity, let PL(F,) denote the comple-
ment PL(F2)\PL(F;). In what follows, by v, we shall mean a non-simple

fragment consisting of two connected, non-trivial circuits such that neither of
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(\/Vﬁﬁvv

YooY

FIGURE 4

them is periodic. The coset diagram D(6, q) is made of fragments. It is there-
fore necessary to ask, when a fragment exists in D(0, ¢). In [6] this question is
answered in the following way.

Theorem 1. Given a fragment, there is a polynomial f in Z[z] such that

(i) if the fragment occurs in D(0,q), then f(6) =0,

(ii) iof (@) = 0 then the fragment, or a homomorphic image of it occurs in
D(0,q) or in PL(Fy).

In [6], the method of calculating a polynomial from a fragment is given.
In [10], it has been proven that, the polynomial obtained from a fragment is
unique.

Let the fragment §, evolved by joining two periodic circuits, and f(8) be
the polynomial obtained from §. Then corresponding to each root of f(6), the
homomorphic image of ¢ (instead of §) exists in the respective coset diagrams
[6]. Therefore, we are dealing with only those fragments, which are composed
by joining a pair of non-periodic circuits.

Let v be formed by joining the vertex v of one circuit with the vertex v
of the other circuit, then we denote this point of connection by v; <> vo. Note
that v <> vg is not a unique point of connection for . The following theorems
proved in [10], are useful for finding all the points of connection for ~.

Theorem 2. Let the fragment v be constructed by joining a vertex v, of

(n1,n2,n3,...,Nn) with the vertex ve of (M1, ma,...,ma). Then 7 is obtain-
able also, if the vertex (v1)w of (n1,n2,n3,...,nak) s joined with the vertex
(v2)w of (my1,ma,...,may).

Theorem 3. Let P be the set of words such that for any w € P, both vertices
(v1) w and (vy) w lie on the circuits (n1,ng,ns, ..., nok) and (M1, ma, ..., may).
Let s be the number of points of connection of the circuits to compose . Then
s=|P|.



JOINING OF CIRCUITS 2051

Example 2. As in Example 1, the vertex v in (4,3) is connected with the
vertex u in (3,2), and a fragment + is evolved. Then one can see that
P={yy ' ez xy,ay " ayz, xyry, vyry "}

is the set of words such that for any w € P, both vertices (v) w and (u)w lie
on (4,3) and (3,2) . So by Theorem 2, the same fragment + is formed if we join

(v)y with (u)y, (v)y~ ! with (u)y ™', (v)e with (u)e, (v)z with (u)z,
(v) zy with (u) 2y, (v) 2y~ with (u)zy™, (v) zyz with (u) 2y,
(v) zyzy with (u) zyzy or (v)zyxry ' with (u)zyzy '
Since |P| =9, there are nine points of connection
(v)y < (w)y, (v)y™
(v)ay™"

o Wy e e (e (V)o o (W, (v) oy < (u)ay,
o (way™" (V) aya < (u) zy, (v) syay < (1) Tyzy

1 1

and (v)zyzy " < (u) zyzy~

of (4,3) and (3,2) to compose 7.

Let a fragment v (Figure 5) occur in a coset diagram. Since a coset diagram
v

L

NV

FIGURE 5

admits a vertical axis of symmetry, the mirror image of v under the permutation
t will also occur. Through-out this paper, we denote the mirror image of a

(VY Y

v

~

/

\/k\/
j/\/\/ \/\/\(

FIGURE 6
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fragment v by v*. If w = xyMay" ---zy™ (n=1or —1) is a word, then let
w =gy Mpy "2 gy,
If a vertex v is fixed by w, then the vertex fixed by w* is denoted by v*.

Remark 1. Since t reverses the orientation of the triangles representing the
three-cycles of y (as reflection does), so if v have a vertex v fixed by the pair
w1, we, then obviously its mirror image v* contains a vertex v* fixed by the
pair w;,w,. Since D(f,q) has a vertical axis of symmetry, therefore if v ex-
ists in D(0, q), then its mirror image v* also exists in D(6,q). So condition
for the existence of v and v* in D(6, q) is the same, implying that, a unique
polynomial is obtained from ~ and v*. There are certain fragments which have
the same orientations as those of their mirror images. These kinds of frag-
ments admits a vertical axis of symmetry and may have fixed points of ¢.
A fragment + containing a vertex v fixed by the pair wi,ws, has the same
orientations as that of its mirror image if and only if it contains a vertex
v* fixed by the pair w;,w,. For example, the fragment formed by joining a
vertex vy, fixed by (zy)™ (ry~1)"2 in (ni,ng) with the vertex vy, fixed by
(zy) (zy=")™ (xy) ™ 7" in (m1,m2) has the same orientation as that of
its mirror image. Diagrammatically, it means: Consider the circuit (n,n) and

- \/\/’“s/anges\/v N

ny — 2 triangles

ﬁb ........ g \/1 ________ \/I

FIGURE 7

(m,m), where n < m. Let us join (n,n) and (m, m) at a certain point, and
obtain a fragment 7. As, a fragment has many points of connection in (n,n)
and (m,m). So if we change the point of connection in (n,n) and (m,m), it is
not necessary that we get a fragment different from ~. It is therefore necessary
to ask, how many distinct fragments (polynomials), we obtain, if we join the
circuits (n,n) and (m,m) at all points of connection? In this paper, we not only
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FIGURE 9

give the answer of this question, but also mention those points of connection
in (n,n) and (m, m), which are important. There is no need to join (n,n) and
(m,m) at the points, which are not mentioned as important. Because if we join
(n,n) and (m,m) at such a point, we obtain a fragment, which we have already
obtained by joining at important points.

Remark 2. Recall, if w = zy™azy™ - - zy™ (n=1or —1) is a word, then w™ =
xy Mgy~ "2 ... xy~ " If a vertex v is fixed by w, then the vertex fixed by w* is
denoted by v*. In Figures 8 and 9, one can see that, for each i =1,2,3,...,n
and j =1,2,3,...,m we have

* * * *
€ = €3n—(i—1):Ji = f3n—(i-1)sU; = U3m—(j—1) and V; = U3 (j—1)-
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Since the number of vertices in each circuit (n,n) and (m,m) is 6n and 6m
respectively. So there are 36nm points of connection in (n,n) and (m,m). We
connect a vertex in (n, n) with the vertex in (m, m) and compose a fragment. By
using Theorem 3, we count all the points of connection in (n,n) and (m,m) for
this fragment. Then we check whether the fragment has the same orientation
as that of its mirror image or not. If the fragment has different orientation
as that of its mirror image, then we double its points of connection, as there
are same number of points of connection for the mirror image of the fragment.
After that, we connect (n,n) and (m,m) at one of the remaining points. This
process continues until all the points of connection, 36nm of these circuits are
exhausted. Hence we get all fragments composed by joining (n,n) and (m,m)
at all points.

We first prove some theorems, which are used in our main result.

Theorem 4. There are n distinct fragments evolved, as a result of joining
the vertex fs, in (n,n) with the vertices usi+1, where l =0,1,2,....,n—1, in
(m,m) . Moreover total number of points of connection of these fmgments, and
their mirror images, are 6 27;01 ((+2).

Proof. Let us join the vertex fs,, fixed by (zy)" (xy_l)n with the vertices
uzi41, fixed by (zy)’ (zy=")™ (zy)™ " and obtain a class of fragments ;. Then

[ triangles m — [ triangles

\/\/ Y

J

> ,,,,,,,, m triangles
| N N N

~

n — 1 triangles

n —1—1 triangles

FiGure 10
P={yy " eaay oy, ayr, ayry~t, (2y)?,. ... (xy) @, (xy) 2y~ (ay) )
is the set of words such that for any w € P, both the vertices (fs,)w and
(usj41) w lie on (n,n) and (m, m) respectively. Since |P| = 3 (I + 2), therefore
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by Theorem 3, each fragment v, has 3 (I 4+ 2) points of connection. From Figure
10, it is clear that, all fragments in {7;:1=0,1,2,...,n — 1} have different
number of triangles. Therefore all these fragments are different and none of
them is a mirror image of the other. Also Figure 10 shows that, no fragment
has a vertical axis of symmetry, implying that none of them has the same
orientation as that of its mirror image.

Hence |v,;| = n, so there are 3 27:—01 (I + 2) points of connection for the frag-
mentsin {7y, : 1 =0,1,2,...,n — 1}. Since the same number of points of connec-
tion for the mirror images of the fragments in {v; : 1 =0,1,2,...,n — 1} . Hence
there are 6 Z?:_ol (I + 2) points of connection for the fragments in {7, : { =0, 1,
2,...,n — 1} and their mirror images. O

Theorem 5. If the vertex fs, in (n,n) is connected with the vertices vsj41
in (m,m), then there are n distinct fragments, and there are 62?;01 (1+2)
points of connection of these fragments and their mirror images.

The proof is similar to that of Theorem 4, with the only difference that the
set of fragments obtained, is denoted by {v;:1=10,1,2,...,n —1}.

Theorem 6. If the vertex ez, in (n,n) is connected with the vertices usy 1,
where I =1,2,...,n— 1, in (m,m), then there are n — 1 distinct fragments,
and there are 6 Z?;i (I" 4+ 2) points of connection of these fragments and their
mirror 1mages.

The proof is similar to that of Theorem 4, with the only difference that the
set of fragments obtained, is denoted by {\y : I’ =1,2,...,n —1}.

Theorem 7. If the vertex es, in (n,n) is connected with the vertices vy 11 in
(m,m), then there are n — 1 distinct fragments, and there are 6 Z;f: 1"+2)
points of connection of these fragments and their mirror images.

The proof is similar to that of Theorem 4, with the only difference that the
set of fragments obtained, is denoted by {)\;, 1'=1,2,3,...,n— 1} .
0 if m+n is even integer
Let r = . . .
1 if m + n is odd integer.

Theorem 8. If the vertex f3, in (n,n) is connected with the vertices uspi1,
where p = MAREL mAREZET 1 in (m,m), then there are & (m —n —r)
distinct fragments, and there are 3 (n + 2) (m —n — 1) points of connection of
these fragments and their mirror images.

Proof. Let us join the vertex fs,, fixed by (zy)" (zy~')" with the vertices

usp+1, fixed by (xy)” (xy_l)m(xy)
Then

"™7P and obtain a class of fragments s,

_ _ —1 —1 _
P:{ z, oyt wy, ayz, eyey~t (vy)?, . (ey)" T a (ey) T ey (2y)” }

(zy)" x, (zy)" 2y~ L, (2y)" e,y 1Ly
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n triangles

n triangles

p—n—11triangles

m —p — 1 triangles

N

e

m triangles

FIGURE 11

is the set of words such that for any w € P, both the vertices (f3,)w and
(uspt1) w lie on (n,n) and (m,m) respectively. By Theorem 3, each fragment
t,, has |P| = 3 (n + 2) points of connection.

Let pp, py, € {up} , then y,, is obtained by joining fs, with usgy1 and py, is
obtained by joining fs,, with ug;y1.

Let p;, and p;, be the same fragments. This means that p, is obtainable
also, if we join f3,, with usgi1, implying that fs,, <> usg41 is one of the points
of connection for u;. So by Theorem 2, there exists a word w € P such that
(fsn)w = fs3n, and (usg+1)w = usp4+1. There is only word e € P for which
(fan)w = f3n, but (usiy1)e # ugpr1. Hence uy, and p;, are distinct fragments.
Since p = DEpdr mARE2EL g — 1, therefore |p,| = 3 (m—n—7).

Let p, and g, be the mirror images of each other, that is p;, = pj. Then
by Remark 1, y, is obtainable also, if we join f3,,, with u3, ,, implying that
f3n ¢ u3y, is one of the points of connection for v;,. So by Theorem 2, there
exists a word w € P such that (fs,)w = f3, and (uspq1)w = uj;, ;. There
is only one word (zy)" z € P for which (f3,)w = f3,. Now (ugn+1) (zy)" = =
ug(m+n_h)+1, this implies that for k = m +n — h, the fragments p; and p, are

mirror images of each other. Now for all b € {Ztdr mtnt2ir mintdtr

*
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m—1}\ 24", we have k = m +n — h < ™54 implying that g, ., ¢
{n,}. But for h = ™I we get m +n — h = 2F2, therefore pmin has the
same orientation as that of its mirror image.

Let m 4+ n be an even integer, then there is only one fragment fimin €

{1,} having the same orientation as that of its mirror image, and all other

% (m —n — 2) fragments have different orientations from their mirror images.

Hence there are

mm(m_;_Q)+u4:mn+m<m_;_2>+3m+a
342 (m—n—1)

points of connection for the fragments in { up} and their mirror images.

Let m + n be an odd integer, then all fragments in {ﬂp} have different
orientations from their mirror images. Hence there are

mm(m';1):6m+m<m/;1>:3m+2xm—n_n

points of connection for the fragments in { ,up} and their mirror images. O

Theorem 9. If the vertex fs, in (n,n) is connected with the vertices vspt1,
where p = m+2’L+T, m+”2+2+r, ...,m—1,in (m,m), then there are % (m—n-—r)
distinct fragments, and there are 3 (n + 2) (m —n — 1) points of connection of

these fragments and their mirror images.

The proof is similar to that of Theorem 8, with the only difference that the
set of fragments obtained, is denoted by { u;)} .

Theorem 10. If the vertex es, in (n,n) is connected with the vertices uspi1,
where p = AL mAREZET 1 in (m,m), then there are & (m —n —r)

distinct fragments, and there are 3 (n + 2) (m —n — 1) points of connection of
these fragments and their mirror images.

The proof is similar to that of Theorem 8, with the only difference that the
set of fragments obtained, is denoted by {v,}.

Theorem 11. If the vertex es, in (n,n) is connected with the vertices v3pi1,
where p = AT mAREZEr 1 in (m,m), then there are & (m —n —r)
distinct fragments and there are 3(n+2) (m —n — 1) points of connection of
these fragments and their mirror images.

The proof is similar to that of Theorem 8, with the only difference that the
set of fragments obtained, is denoted by {V;} .

0 if nis even
Let"{ 1 if nis odd.
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Theorem 12. If the vertices es;, where i = 1,2,3,..., %, in (n,n) are
connected with the vertices uzji1, where j =1,2,3,...,m —1, in (m,m), then

there are & (n — (o4 2)) (m — 1) different fragments, and there are
6(n—(c+2)(m-1)

points of connection of these fragments and their mirror images.

Proof. Let us join the vertices es;, fixed by (xy’l)nfi (xy)" (xy’l)i with the

vertices usj41, fixed by (xy)j (wy‘l)m (my)mfj and obtain a class of fragments
a(,j)- Then P = {y,y~ ', e,z, 2y~ ", xy} is the set of words such that for any w €

Jj triangles ' m —j triangles |

PR R -
A A LA AL

' . .
n—i—1 triangles
L |

i— 1 triangles ‘
IS |
n triangles

\ AN W,

m triangles J

\\_v ........... VVT _

FIGURE 12

P, both the vertices (es;) w and(ug;+1)w lie on (n,n) and (m, m) respectively.
Since |P| = 6, therefore by Theorem 3, each fragment o; ;) has 6 points of
connection.

Let Qny 1) ¥(haka) € { )} - Then ag, x,) is obtained by joining esp,
with ugg, +1 and a(p, 1,) is obtained by joining esp, with ugg, 1.

Let o, k) and o, i,y be the same fragments. This means that o, k)
is obtainable also, if we join esp, with usg,+1, implying that espn, <> usk,+1 is
one of the 6 points of connection for a, x,). So by Theorem 2, there exists
a word w € P such that (esp,)w = esp, and (usg,+1) W = ugk,+1. There
is only word xy~! € P for which (e3s,)w = espn, where hy = hy + 1, but
(ugk,+1) 2y~ # usk,+1. Hence ap, k) and aqp, k,) are distinct fragments.

Let ap, k,) and p, x,) be the mirror images of each other, that is o, ;) =
Of(khz,k‘z)' Then by Remark 1, a(s, x,) is obtainable also, if we join €3y, With
u3y, 1, implying that e3, <> wu3, ., is one of the 6 points of connection
for a(y, k). So there exists a word w € P such that (esn,)w = e, and
(u3k,+1) w = u3y, . There is only word = € P for which (es3n,) w = ezp,+1 =
eg(n_hl). Now (usk, +1) & = usg, = ug(m_kl)ﬂ, this implies that for hy = n—hy
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and kz = m — k1, a(p, k,) and a(p, r,) are the mirror images of each other. But
for all hy € {1,2,3,...,%}, we have hy = n — hy > 1,2,..., 2=+2)
implying that a(n, k) = Qn—hy,m—ki) & {Oé(i,j)} - Therefore ovn, k), X(ny ka) €
{a(m)} are not the mirror images of each other.

Hence |o; ;)| = 4 (n — (0 +2)) (m — 1), so there are 3 (n — (0 +2)) (n — 1)
points of connection for the fragments in {a(i7j)}. Since the same number
of points of connection for the mirror images of the fragments in {a(i,j)}.

Therefore the total number of points of connection for the fragments in { O‘(i,j)}
and their mirror images are 6 (n — (o +2)) (m — 1).

Theorem 13. If the vertices es;, where i = 1,2,3,..., %’74_2), in (n,n) are

connected with the vertices vsjy1, where j =1,2,3,...,n —1, in (m,m), then

there are & (n — (o 4 2)) (m — 1) different fragments, and there are
6(n—(c+2)(m-1)

points of connection of these fragments and their mirror images.

The proof is similar to that of Theorem 12, with the only difference that the
set of fragments obtained, is denoted by {a’(i j)} .

Theorem 14. If the vertices f3;, where i = 1,2,3,..., %, in (n,n) are

connected with the vertices ugji1, where j = 1,2,3,...,n — 1, in (m,m), then

there are & (n — (o4 2)) (m — 1) different fragments, and there are
6(n—(c+2)(m-1)

points of connection of these fragments and their mirror images.

The proof is similar to that of Theorem 12, with the only difference that the
set of fragments obtained, is denoted by {B(i,j)} .

Theorem 15. If the vertices f3;, where i = 1,2,3,...,%, in (n,n) are
connected with the vertices vsjy1, where j =1,2,3,...,n—1, in (m,m), then
there are & (n — (o +2)) (m — 1) different fragments, and there are

2
6(n—(c+2)(m-1)
points of connection of these fragments and their mirror images.

The proof is similar to that of Theorem 12, with the only difference that the
set of fragments obtained, is denoted by {,B?i7j)} .

| 1 ifnisodd s ) 1,2,3,...,m—1 ifnisodd
Recalla—{ 0 if nis even and let j _{ 1,2,3,..., 5% if nis even,
, {1 if m is odd

o = . .
0 if m is even.
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Theorem 16. If the verter esm-o in (n,n) is connected with the vertices
2

m—1 ifn is odd

m—o’

12(m—1) ifn is odd

6(m—1) ifn is even

ments and their mirror images.

ugj 41 in (m,m), then there are { , different fragments,

if n is even

and there are { , points of connection of these frag-

n+o n—o
Proof. Let us join the vertex esm—o), fixed by (zy™) 2 (xy)" (zy~!) * with
2

the vertices ugj 11, fixed by (a:y)j/ (xy_l)m (my)m_j/ and obtain a class of frag-

ments A(nze ji- Then P = {y,y~ !, e,z,2y~ 1, zy} is the set of words such that
zZ,

Jj triangles m—j triangles I

,,,,,,,, S v

A PANAN J - /\ AN
L triangles 2 triangles
PANNYAN W,
m iriangles . J
VS 7 Ve
FIGURE 13

for any w € P, both the vertices <63(n—a)> w and(us;41)w lie on (n,n) and
2

(m,m) respectively. Since |P| = 6, therefore by Theorem 3, each fragment
a(n—o ., has 6 points of connection.
( ) has 6 p ints of ti

We prove in Theorem 12 that all fragments in {a(i’j)} are distinct, and the
mirror image of ap, x,) € {a(m)} i Q(n—hy,m—k,)- Similarly we have, all the

fragments in {@/n—0o .\ ¢ are different, and the mirror image of a n-o ;.\ €
( 5 +J ) ( p] )kl)
{a(%d,)} is O(nte o iy Now
(i) If n is odd, then Qg1 g ¢ {a(nT_lvj,)} , this shows that none of the

fragments in {a(n;l ].,)} is the mirror image of the other. Hence |a(n;1 j,)| =
2 2
m — 1, and so there are 12 (m — 1) points of connection for the fragments of

{a ne1 . } and their mirror images.
( 2 73)
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(ii) If n is even, and m is an odd integer, then for all k] € {1, 2,3,..., mT_l} ,
m—1

we have kf > "5 implying that a(z ., ¢ {a(%)j,)}. So none of the

fragments in {a(ﬁ j,)} is the mirror image of the other, implies that |oz(ﬂ j,)| =
2 5

mT’l. Hence total number of points of connection for the fragments in {a(ﬁ i)
2,

and their mirror images are 2|P| (1) =6 (m —1).

(iii) If n and m are both even, then for all k| € {1,2,3,..., 2} \ 2 we
have ki > % implying that a(z g ¢ {a(%’j,)}, and for kj = 3, we have
A8 k) = Qn m) € {a(ﬁ j,)}. This shows that, for j* < %, none of the

2,

fragments in O i) } is the mirror image of the other and c(z =) is the mirror
5

image of itself, implies that |a( )| = 2. Hence there are 2|P| (Z52) + |P| =

5.3’

6 (m — 1) points of connection for the fragments in {oz(ﬂ j,)} and their mirror
2

images. (]

Theorem 17. If the vertex esm—o) in (n,n) is connected with the vertices
2

m—1 ifn is odd

m%a/ if n is even

12(m—1) ifn is odd

6(m—1) ifnis even

ments and their mirror images.

v3j 41 @ (m,m), then there are { , different fragments,

and there are { , points of connection of these frag-

The proof is similar to that of Theorem 16, with the only difference that the

2

set of fragments obtained, is denoted by {a’(” j,)} .

Theorem 18. If the verter fsm-o) in (n,n) is connected with the vertices
2
m—1 ifn is odd

m%", if n is even
12(m—1) ifn is odd
6(m—1) ifn is even
ments and their mirror images.

ugjr+1 in (m,m), then there are { , different fragments,

and there are { , points of connection of these frag-

The proof is similar to that of Theorem 16, with the only difference that the
set of fragments obtained, is denoted by {B(u ].,)}
=7,

Theorem 19. If the vertexr fsm-o) in (n,n) is connected with the vertices
2
m—1 ifn is odd

Mo , different fragments,

vz 11 in (m, m), then there are . )
9+ (m, m), if n is even

12(m—1) ifn is odd
6(m—1) ifnis even
ments and their mirror images.

and there are { , points of conmection of these frag-
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The proof is similar to that of Theorem 16, with the only difference that the

n—o

set of fragments obtained, is denoted by {ﬁ</ j,> } .
aal

Theorem 20. Let n be the fragment obtained by joining the vertex fs, in (n,n)
with the vertex vz, in (m,m). Then there are 12(n + 1) points of connection
for m and its mirror image.

Proof. Let us join the vertex fs,, fixed by (zy)"(xy~!)" in (n,n) with the
vertex vs,,, fixed by (zy)™(xy~—1)™ in (m,m), and obtain a fragment 7.

n triangles

N4

m—n—1 ftriangles

m—-n—1 triangles

FIGURE 14

Then

1 1

(zy)"™
1

: (fly)27 o (@y)" e () ay

x, 2y~ wy, vyx, vYyTY
P=9q (" (@y)" sy (29)"" vy g, yry T yay, yaya, yryay T
n—1 _1 n—1 n n_ _1 n
yayry, yryzyr, ..., (yx)"y~ (yr)" Y, (ye)" s (ye) y T (ye) "y e

is the set of words such that for any w € P, both the vertices (f3,)w and

(v3m) w lie on (n,n) and (m,m) respectively. By Theorem 3, n has |P| =
6(n + 1) points of connection.

Let n has the same orientation from its mirror image n*. Then by Remark

1, n is obtainable also, if we join f3, with v3,,, implying that f3, <> v3,, is one

of the points of connection for 7. So by Theorem 2, there exists a word w € P

such that (fsn)w = f3, and (vsy)w = v3,,. But P does not contain such a

word. Therefore n has different orientation from its mirror image n*. Hence

there are 12 (n — 1) points of connection for the 7 and its mirror image n*. O



JOINING OF CIRCUITS 2063

Theorem 21. Let )/ be the fragment obtained by joining the vertex e, in (n,n)
with the vertex vy, in (m,m). Then there are 12(n + 1) points of connection
for ' and its mirror image.

The proof is similar to that of Theorem 20.

Remark 3. In Figures 8 and 9, one can see that the vertices fs3, and es, are
fixed by the same word (zy)" (zy~!)" . Moreover the vertices usy41 and vzk41,
for some k € {1,2,3,...,n — 1}, are fixed by the same word

(2y)™ (2y™)" (xy)™ "

Since 7y, Ve Ak and Ay are composed by joining fs, with uggi1, f3, with
Usk+1,€3n With uggy1 and es,, with vsgy1 respectively. Therefore 'yk,’y;c,)\k
and )}, contain a vertex fixed by a pair of words

(zy)" (zy™)", (y)* (zy™)" (xy)™ "

Hence {7} \vo, {7/} \76, {A\v'} and {\},} are the same sets of fragments.
Similarly it is easy to show that

(i) 7o and 7§ are the same fragments.

(i) {pp} s {my}, {vp} and {1} } are the same sets of fragments.

(iii) {a(m)} , {O/(i,j)} , {6(2'7;')} and {B'(”)} are the same sets of fragments.

. / 1
(iv) {a(%ﬁj,)} , {a(nzg’j,)} , {5(%’”} and {ﬁ(%,j’)} are the same
sets of fragments.

(v) n and n’ are the same fragments.

Thus, we are left with five, {7}, {up} , {O‘(i,j)} , {a(%ﬂ.,)} and {n}, sets of

fragments. Now we show that these sets are mutually disjoint.
It is clear from figures 11 to 14 that none of the fragments in {,up}, {O‘(i,j) },

{a(%d,)} and {n} contains a vertex fixed by

(zy)" (xy—1>" ) (xy)l (Cﬂy_l)m (:Uy)mil , where | < n.
This implies that

1) {0} = k0 {aen} =} 0 {agase ;) } =t 0 fn} = 0.

2

From Figures 12 to 14, one can see that, none of the fragments in {O‘(i,j)}’

{a(% j,)} and {n} contains a vertex fixed by

(zy)" (zy™")", (zy)? (zy™")" (2y)™ P, where p > n.
So

@2y {aea}t = {m} 0 {ague )} =m0 in} =
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From Figures 13 to 14, it is quite obvious that none of the fragments in

{a(%yj,)} and {n} contains a vertex fixed by

(2y™)" " (ay)" (wy™)", () (2y™) ™ (2y)™

where 7 < "5%. Therefore
(2.3) {aen} N {a(se )} = {awn} nin} = 9.

From Figure 13, it is easy to verify that none of the fragments in {Oz(u j,)}
5
contains a vertex fixed by (zy)" (zy~!)",(2y)™ (zy~')"™ . This implies that

(2.4) {a(uge 0 {0} = 0.

From equations 2.1 to 2.4, we have {up} , {oz(w-)} , {a(u j,)} and {n} are

2
mutually disjoint.

Let
if n is even and m is odd

if n is odd and m is even
if both n and m are odd
2 if both n and m are even.

p:

_ o O

Now we are in a position, to prove our main result.

Theorem 22. There are %(nm + 24 p) polynomials obtained by joining the

circuit (n,n) with (m,m) at all points.
Proof. Let us connect the following vertices
(1) fgn with U3[+1, U3p+1.
(11) €35 with U3j41-
(111) €3(n—o0) with U35’ +1-

2
(iV) fgn with U3m-
Then by Theorems 4, 8, 12, 16, 20 and Remark 3, we obtain the set of fragments
F = {Vla Hp: (i g), O nse j,)ﬂy} , and there are
=7

n—1 n—1
S=12) (+2)+12) ('+2)+12(n+2)(m—-n-1)
=0 I'=1

+24(n—1)(m—-1)+24(n+1)

points of connection of these fragments and their mirror images. Since S =
36nm, so S is the total points of connection in (n,n) and (m,m). Also
|F| = 1 (nm+ 2+ p) , hence there are § (nm + 2 + p) different fragments, com-

posed, by joining (n,n) and (m,m) at all points of connection. Since a unique
polynomial is obtained from a fragment, so there are % (nm + 2+ p) polyno-

mials obtained by joining the circuit (n,n) with (m,m) at all points. O
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Conclusion

Total number of points of connection in (n,n) and (m,m) are 36nm, out
of which only %(nm + 2+ p) points of connection are important. There is
no need to join (n,n) and (m, m) at the points, which are not mentioned as
important. Because if we join (n,n) and (m,m) at such a point v, we obtain a
fragment, which we have already obtained by joining at important points.

Example 3. Consider two circuits (2,2) and (3,3) . By Theorem 22 the set of

€] €3 €4 e
€

€5

i fs fa o fo

/> S5

FIGURE 15
Uy uy Uy Ug Uz Ug
(Y v %4
Uy Us Ug
Vi V3 V4 Vs Vs Vo )
Vs Vs Vs
FIGURE 16

all fragments evolved by joining the circuits (n,n) and (m,m) at all points, is
{’yl,up, (i), ¥ nge j,),n} . Therefore {vg,v1,1,1),1} is set of all fragments
72,
evolved by joining the circuits (2,2) and (3, 3).
1. The fragment v, is obtained by joining the vertex fs, fixed by
(zy)?(zy™")?

in (2,2) with the vertex uy, fixed by (zy~1)3(zy)? in (3, 3) . By using the method
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1=/

N Y

- } N Y
NG

of calculating a polynomial from a fragment given in [6], the polynomial evolved
from 7, is

f1(0) = —6° + 1107 — 486° + 1060° — 1260* 4 806° — 250* + 36.
2. The fragment v, is obtained by joining the vertex fg, fixed by

(2y)*(zy~")?
in (2,2) with the vertex uy, fixed by (zy)(xy~1)3(xy)? in (3,3). By using the

=1

DA

N4

FIGURE 18

method of calculating a polynomial from a fragment, the polynomial evolved
from 7, is

f2(0) = =07 +96° — 316° + 500" — 350° 4 56% + 36.
3. The fragment «; 1) is obtained by joining the vertex es, fixed by

(zy ") (zy)?(zy ")



JOINING OF CIRCUITS 2067
in (2,2) with the vertex uy, fixed by (zy)(xy~1)3(xy)? in (3,3). By using the

Ug=¢E3

4 \/ﬂ

YooY Y

FIGURE 19

method of calculating a polynomial from a fragment, the polynomial evolved
from vy 1) is
f3(0) = 0% — 1167 + 4860° — 1066° + 1246* — 700° + 116% + 36.

4. The fragment 7 is obtained by joining the vertex fs, fixed by (zy)?(zy~1)? in

(2,2) with the vertex vy, fixed by (zy)(xy~1)? in (3,3) . By using the method
o ‘: / V )
Je=vo

N V)

FiGURE 20

—

of calculating a polynomial from a fragment, the polynomial evolved from 7 is
fa(0) = —6* +56° — 767 + 30.

Since the total number of points of connection in (n,n) and (m,m) are 36nm.
So there are 216 points of connection in (2,2) and (3,3). Theorem 22 assures
us, in order to create all fragments by joining (2,2) and (3,3), we just have to
connect only 4 points (mentioned in Theorem 22). There is no need to connect
(2,2) and (3, 3) at the remaining 212 points.
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Hence there are 216 points of connection in (2,2) and (3, 3) , which compose
only 4 distinct fragments 7,,7;,(1,1) and . The polynomials obtained from
these fragments are

f1(0) = —0° + 1107 — 4860° + 1060° — 1260* + 806> — 250° + 36,
f2(0) = —07 +90° — 310° + 500" — 350° + 56% + 36,

f3(0) = 6° — 1107 +480° — 1060° + 1240* — 706° + 116° + 36,
fa(0) = —0* +50° — 70 + 30.

These polynomials split linearly in suitable Galois fields [6] and corresponding
to each zero 6, we have a coset diagram D (0, q) [7], and ultimately we obtain
a class of permutation groups.

3. Open problem for future study

Each fragment is related with a polynomial f (6), which splits linearly in
a suitable Galois field [6] and corresponding to each zero 6, we get a coset
diagram D (6, q) [7] and hence a permutation group. This shows that each pair
of circuits can be related to a class of groups. In a private communication with
Q. Mushtaq, Professor Graham Higman claims that there must be a common
property in the groups related to a pair of circuits, and he will feel very happy
if some one could find the common property in the groups obtained from the
same pair of circuits. In order to pursue this problem, we first have to deal
with the question: how many distinct fragments (polynomials) are obtained, if
we join the circuits (n,n) and (m, m) at all points of connection?

The answer of this question is given in this article. We are working on the
classes of groups obtained from the pair of circuits (2,2) and (m,m), where
m < 5. We will share some interesting results regarding this open problem in
a separate paper in the future.
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