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A GENERALIZED ADDITIVE-QUARTIC FUNCTIONAL
EQUATION AND ITS STABILITY

CHARINTHIP HENGKRAWIT AND ANURAK THANYACHAROEN

ABSTRACT. We determine the general solution of the generalized additive-
quartic functional equation f(x + 3y) + f(z — 3y) + f(x + 2y) + f(z —
2y) +22f(z) — 13 [f(z +y) + f(x —y)] + 24f(y) — 12f(2y) = 0 without
assuming any regularity conditions on the unknown function f : R — R
and its stability is investigated.

1. Introduction

A function A : R — R is said to be additive [1], if A(x +y) = A(x) +
A(y) (z,y € R). For n € N, a function A, : R™ — R that is additive in each of
its variable is called n-additive. If

An(x1,22,. .., 00) = An(Tr(1)s Tu(2)s - - Tr(n))
for every permutation {7(1),7(2),...,7(n)} of {1,2,...,n} where n is a pos-
itive number, then a function A, is called symmetric. Denote the diagonal
element A, (z,z,...,2) by A™(z) if A, (21, z2,...,x,) is n-additive symmetric
function and denote the resulting function obtained by putting x1 = zo = --- =
rp=xand xpy 1 = Tpypo == xp, =y in Ap(x1,T2,...,2,) by A" (2, y).
For f: R — R, the difference operator A, with h € R is defined by
Apf(z) = flz+h)— f(z).
Higher order differences are defined in the usual manner, namely,
ARf(x) = fz), Ayf(x) = Anf(x), AT f(z) = Apo AL f(z) (n€N,h €R),

where Aj, o A} denotes operator composition. The superposition of difference
operators is defined by

(1.1) Apyohnf = Ap Apy - Ay, f, mEN.
For any given n € NU {0}, if f satisfies the functional equation
(1.2) A f(z) =0, 2,h €R,
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then f is called a polynomial function of order n. In explicit form (1.2) can be
written as

n+1
(1.3) (1) 1=k ntl f(z +kh) =0.
(")

It is known (see [8]) that for functions defined over R the equation (1.3) is
equivalent to the Fréchet functional equation

(].4) Ahl ..... hn+1f('r) = 0’
where x,hy,..., hpy1 € R.

The following theorem is needed in our proof (see [3, pp. 71-77]).
Theorem 1.1. The function f : R — R is a polynomial function of order n
if and only if there ewist k-additive symmetric functions Ay : R¥ — R (k =
0,1,...,n) such that the equation

(1.5) f(z) = ZAk(x) (x € R) holds,
k=0

where A¥ are the diagonalizations of Ay (k=0,1,...,n).
In 2003, Chung and Sahoo [2] considered the functional equation

(1.6) f(z+2y)+ f(z—2y)+6f(x) =4[f(z+y)+ f(x—y) +6f(y)] (z,y € R).

It is easy to see that the function f(z) = z* is a solution of (1.6). The equation

(1.6) is called a quartic functional equation and every solution of (1.6) is called
a quartic function. Chung and Sahoo’s results are:

Theorem 1.2. If f : R — R satisfies the functional equation (1.6), then f
is a solution of the Fréchet functional equation Ny, zy wy.w4.05f (o) =0 for all
%o, 1, T2, T3, T4, T5 € R,

Theorem 1.3. The function f: R — R satisfies the functional equation (1.6)

if and only if f is of the form f(x) = A*(x), where A*(x) is the diagonal of
4-additive symmetric function Ay : R* — R.

Next, in 2004, Sahoo [10] solved the functional equation

(L7) fle+2y)+ f(z—2y) +6f(z) =4[f(z+y) + f(z—y)] (z,y €R)

by finding its general solution to be of the form f(x) = AY + Al(x) + A?(x) +
A3(x), where A™(x) is the diagonal of n-additive symmetric function A,, : R™ —
R (n =1,2,3) and A° is an arbitrary constant. In the next year, he generalized
(1.7) to

(1.8) [z +y) + f222 —y) = fs(@ +y) + falz —y) + f5(2),

and proved that the functions fi, f2, f3, fs4, f5 : R — R satisfy the functional
equation (1.8) for all z,y € R if and only if

fi(z) = A%(x) + A%(x) + AY(z) + A° + B*(2) + B*(z) + B°,
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fo(z) = A3(z) + A%(z) + A'(z) + A° — B*(z) — B'(z) — BY,
Folz) = 24%(z) + A%(z) + Al(z) + %AO + O () + €O
+2B*(z) + B*(z) + B* + D°,
falz) = 243(z) + A%(z) + AM(z) + %AO +CM @) + C°
—2B%*(z) — B*(z) — B - D°,
fs(z) = 124%(2) + 642 (x) + 241 (z) + A° — 2C* (2) — 2C°,
where A%, B®,C°, D are arbitrary constants, A"(z), B"(x), C"(z) are the di-
agonals of n-additive symmetric functions A4,,, B,,Cy, : R* - R (n = 1,2,3),

respectively.
In 2010, Gordji [4] obtained the functional equation

3
FRr+y) + (22 —y) = 4[f(z +y) + [z —y)] - Z1f(2y) - 2/ (y)]

(1.9) +2f(2z) — 8f(x).

He proved that the function f satisfies (1.9) if and only if there exist a unique
symmetric multiadditive function B : X x X x X x X — Y and a unique
additive function A : X — Y such that f(z) = B(z,z,z,z) + A(x) for all
rzeX.

In 2013, we (see [6]) considered the following functional equation
fla+3y) + flz = 3y) + f( +2y) + f(z = 2) + 22 (x)

(1.10) = B[f@+y) + flz —y)] +168f(y)

for all z,y € R and we solved that the function f : R — R satisfies (1.10) if and
only if it is of the form f(z) = A*(x), where A*(x) is the diagonal of 4-additive
symmetric function 44 : R* — R.

Next, Recognizing the identity

(x+3y)* + (& = 3y)" + (x+ 2)* + (x — 2)* + 222
(1.11) —13[(x+y)*+ (x—y)*] + 249" — 12(2y)* =0
and

(x4 3y) + (& — 3y) + (x + 2y) + (x — 2y) + 22z
(1.12) —13[(z +y) + (z —y)] + 24y — 12(2y) = 0,
which renders a solution f(z) = 2% + x to the functional equation
Flx+3y) + fz = 3y) + flz +2y) + flo — 2y) + 22f (x)

(1.13) —Bf(z+y)+ flz —y)]+24f(y) —12f(2y) = 0.

The aim of the present work is to find a general solution of the functional
equation (1.13) without assuming any regularity condition and its stability.
Our main result is:
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Theorem 1.4. The function f : R — R satisfies the functional equation (1.13)
for all z,y € R if and only if it is of the form

(1.14) f(z) = AY(z) + A(z) (z € R),
where A™(x) is the diagonal of a n-additive symmetric function A, : R™ — R

(n=1,4).

2. Preliminary result
The following auxiliary lemma is shown in [6, Lemma 2.1].
Lemma 2.1. If the function f : R — R satisfies the functional equation
flz+4y) —14f(x+2y) +35f(x+y) — 35f(x)
(2.1) +14f(x—y)— fx—3y)=0
for all x,y € R, then f is a solution of the Fréchet functional equation
Agy wa,2,04,25,f (T0) = 0
for all xg,x1, 22,23, 14,75 € R.
Theorem 2.2. If f : R — R satisfies the functional equation (1.13), then the
following assertions hold.

a) If f is an even function, then f is a quartic function.
b) If f is an odd function, then f is an additive function.

Proof. To prove a), letting © = y = 0 in (1.13), we have f(0) = 0. Replacing x
by  +y in (1.13), we have

f@+4y)+ fl@—2y) + f +3y) + [z —y) + 22f (z +y)
(2:2) = 13[f(z+2y) + f(x)] +24f(y) — 12f(2y) = 0.
Subtracting (1.13) from (2.2), we obtain
flx+4y) —14f(z+2y) +35f(z +y) —35f(z) + 14f(x —y) — f(x — 3y) = 0.
By Lemma 2.1, we have

Aml,...,zsf(xO) =0
for all xg, x1, T2, T3, T4, x5 € R. Thus from Theorem 1.1 we have

(2.3) f(z) = AY(z) + A3 (x) + A%(x) + Al(z) + A° for all z € R,
where A" (z) is the diagonal of n-additive symmetric function A,, : R” — R for
n=1,...,4 and A° is an arbitrary constant. Since f(0) = 0, we have A% =0

and f is even, then A3(z) and A'(x) must be vanish. Hence, from (2.3) we
have

(2.9 Fla) = A1) + 22(2).
Letting (2.4) into (1.13), we have
A*(x + 3y) + A%(z + 3y) + A*(z — 3y) + A% (x — 3y)
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+ Atz + 2y) + A%(x + 2y) + At (z — 2y) + A%(z — 2y) + 22[A%(2) + A%(z))
— 1[AY(x +y) + A%(x +y)] - 13[AY(z —y) + A% (z — y)] + 24[A"(y) + A*(y)]
—12[A%(2y) + A*(2y)] = 0.
Thus, we obtain
AY(x + 3y) + A*(z — 3y) + A%(z + 3y) + A%(x — 3y)
+ Atz + 2y) + Az — 2y) + A% (2 + 2y) + A%(x — 2y) + 22[A%(2) + A% (2)]
—13[A%(z +y) + ANz — y)] — 13[A%(z + y) + A(z — y)] + 24[A% (y) + A%(y)]
— 12[A%(2y) + A*(2y)] = 0.
Noting that
Atz +y) + Atz — y) = 24%(x) + 12422 (2, y) + 24%(y),
A (x +y) + A% (z — y) = 24%(2) + 24%(y),
A?2(x,3y) = 9A%%(z,y), A**(z,2y) = 44%%(2,y),
A (3y) = 814%(y), A%(3y) = 94%(y), A*(2y) = 16A%(y), A?(2y) = 44%(y),
then we get
2A%(z) + 12422 (2, 3y) + 2A4%(3y) + 24%(x) + 242 (3y)
+2A%(z) + 12A%2(z, 2y) + 24%(2y) + 2A%(x) + 2A4%(2y) + 22[A%(2) + A%(2)]
— 13[2A4% () +124%2 (2, y) +2A4% (y)] — 13[24% (x) + 242 (y)] + 24[A (y) + A% (y)]
—12[A%(2y) + A%(2y)] = 0.
That is,
2A%(x) + 108A%2(z,y) + 162A% (y) + 24%(z) + 18A%(y)
+2A4%(x) + 48A%% (2, y) + 32A%(y) + 242 () + 8A%(y) + 22[A*(x) + A%(z))
— 13[24%(2) +124%% (2, y) +2A% (y)] - 13[24%(2) +24% (y)] + 24[A% (y) + A% ()]
—12[16A%(y) + 44%(y)] = 0.

Thus, we obtain A%(y) = 0 and from (2.4) we have f(x) = A*(z) for all z € R.
Hence f is a quartic function.

To prove b), letting x =y = 0 in (1.13), we have f(0) = 0. Replacing = by
x +y in (1.13), we have

flat4y) + flo = 29) + f(z+3y) + fl@ —y) + 22f (v + y)
(2.5)  —13[f(z+2y) + f(2)] + 24f (y) — 12f(2y) = 0.
Subtracting (1.13) from (2.5), we obtain
flr+4y) —14f(x+2y) +35f(x+y) — 35f(z) + 14f(x —y) — f(x — 3y) = 0.

By Lemma 2.1, we have
Aml ..... zsf(-rO) =0
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for all g, x1, 2, 3, T4, x5 € R. Thus from Theorem 1.1 we have
(2.6) f(z) = AY(z) + A3 (x) + A%(x) + Al(z) + A° for all z € R,

where A" (z) is the diagonal of n-additive symmetric function A,, : R” — R for
n=1,...,4 and A% is an arbitrary constant. Since f(0) = 0, we have A° =0
and f is odd, then A*(z) and A%(z) must be vanish. Hence, from (2.6) we have

(2.7) [@) = A¥(a) + A'(x).
Letting (2.7) into (1.13), we have
A3(x +3y) + Az + 3y) + A% (z — 3y) + A (v — 3y)
+ A3z + 2y) + A2+ 2y) + A% (x — 2y) + Al (x — 2y) + 22[A%(2) + At (2))
— 1B3[A% (@ +y) + Az +y)] - 13[A%(z —y) + A (z — y)] + 24[A%(y) + A’ (y)]
—12[4%(2y) + A'(2y)] = 0.
Thus, we obtain
A (x4 3y) + A3(z — 3y) + A% (2 + 2y) + A3(x — 2y) + 224%(x)
—13[A%(z +y) + A%(x — y)] + 24A4°(y) — 124°(2y)
+ Az + 3y) + Al(z — 3y) + Az + 2y) + Al (z — 2y) + 224 (2)
—13[AN(z +y) + Al (z — y)] + 24A1 (y) — 124" (2y) = 0.
Noting that

AP (z +y) + AP(z —y) = 2A%(z) + 6A"? (2, y),

Al(z +y) = ( )+ Al(y),
A2 (2,3y) = 9A 2 (2, y), A3(3y) = 27A4%(y),
A12(x 2y) =

24
Al
94
4412 (2,y), A%(2y) = 8A%(y),
'(3y

Al(2y) = 24%(y), A'(3y) = 34" (y) and A'(—y) = —A'(y),

then we get
2A3(x) + 54AY2 (2, y) + 243 () 4+ 2442 (z,y) + 22A3(z)
— 13[24%(x) + 6 A1 (2, y)] + 24 4% (y) — 96 A%(y)
+ Al(x) + A'(3y) + Al(z) — A'(3y) + Al (z) + AL (2y) + Al(z) — AY(2y)
+ 224 (z) — 13[Al(z) + Al (y) + Al (z) — A (y)] + 24A  (y) — 24A' (y) = 0.

Thus, we obtain A3(y) = 0 and from (2.7) we have f(z) = Al(z) for all x € R.
Hence f is additive, which completes the proof. U
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3. Proof of Theorem 1.4
From

fl@+3y) + [z —3y) + f(z +29) + f(2 — 2y) + 22/ (2)
(1.13) —13[f(z+y)+ flx—y)]+24f(y) —12f(2y) = 0,
we define fo(z) = 3[f(z) + f(—2)] and fo(x) = $[f(z) — f(—=)] are even and
odd parts, respectively. Thus,
fe(x + 39) + fe(x - Sy) + fe(‘r + 2y) + fe(‘r - 29) + 22fe(‘r)
- 13[fe(x + y) =+ fe(z - y)] =+ 24fe(y> - 12fe(2y>
= S F+39) + flo —3) + f(o+29) + [a— 2) + 22/ (@)
—B[f(z+y)+ flz —y)] +24f(y) — 12f(2y)
+ f(=(&+3y) + f(=(z =3y) + f(=(z +2y)) + f(—(z = 2y))
+22f(—2) = B[f(—=(@+y)) + f(=(z — y))]
(3.1) + 24f(—y) — 12f(—2y)} = 0.

This implies that f. satisfies (1.13). Since f. is even, from Theorem 2.2, we
have

(3.2) fe(w) = A(x),

where A*(x) is the diagonal of 4-additive symmetric function 4, : R* — R.
Consider the functional equation

fo(l' + 3y) + fo(x - 3y) =+ fo(x + Qy) + fo(x - Qy) + 22fo(z)
- 13[fo(x + y) + fo(x - y)] + 24fo(y) - 12f0(2y)

= SU7(@+30)+ F(x—39) + [(a+29) + [(x—29) + 22f(2)
—B[f(z+y)+ f(z —y)] +24f(y) — 12f(2y)
— [f(=(@+3y) + f(=(z = 3y)) + f(—(z +2y)) + f(—(z — 2y))
+22f(—2) = B[f(—(z +y) + f(=(z —y))]]
(3.3) +24f(—y) — 12f(—2y)] = 0.
This shows that f, satisfies (1.13). Since f, is odd, from Theorem 2.2, we have
(3.4) fola) = Al (),
where A; is additive. Hence, from (3.2) and (3.4), we obtain
f(z) = Al(z) + Al (),

where A™(z) is the diagonal of n-additive symmetric function A,, : R™ — R for
n=1,4.
Conversely, assume that f(x) = A%(z) + Al(z).
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Noting that
Atz +y) + Atz —y) = 24%(x) + 12422 (2, y) + 24%(y),
At (3y) = 81A%(y), A**(x,3y) = 9A»*(z,y), A*?(x,2y) = 447 (z,y),
AY(2y) = 16A%(y), A'(z +y) = A'(x) + A'(y),
A(2y) = 8A%(y), Al(2y) = 24N (y),
then we have
[f(z+3y) + flz =3y + [f(z +2y) + f(z — 2y)] + 22 (2)
= Az + 3y) + A'(z + 3y) + A'(z — 3y) + A'(z — 3y)
+ Az +2y) + Al(z + 2y) + At (z — 2y) + Al (z — 2y)
+22[A%(z) + Al(2)]
= 2A%(z) + 108A4%% (2, y) + 162A%(y) + 2A4*(x) + 48 A%2(x, y)
+ 32A4%(y) + 224%(2) + 26 A (z)
= 13[24%(2) + 124%2(2,y) + 24%(y) + 24" (z)] — 24[A%(y) + A ()]
+12[4%(2y) + A'(2y)]
= 13[A%(z +y) + Az +y) + Az —y) + A'(z — y)] — 24[A%(y) + A" (v)]
+12[4%(2y) + A' (2y)]
= B[f(z+y) + flz —y)] — 24f(y) + 12 (2y).
This completes the proof of the result.

4. Stability

In this section, we consider a stability problem which is proposed by Ulam
[12] in 1940: Let f be a mapping from a group (G1,+) to a metric group
(G2, +) with metric d(-, ) such that

d(f(z+y), f(z) + f(y) <e.

Do there exist a group homomorphism L : G; — G2 and a constant 6. > 0
such that
d(f(x), L(y)) < o

for all x € G1? This problem was solved one year later by Hyers [7] under
the assumption that G, is a Banach space with ||-||. A generalized version
of Hyers’s result was proved by Th. M. Rassias [9] for linear mappings by
considering an unbounded Cauchy difference in Banach spaces. In 1994, a
generalized of Rassias’s theorem was obtained by Gavruta [5] by replacing
the unbounded Cauchy difference by a general control function in the spirit
of Rassias approach. The stability problems of several functional equations
have been extensively investigated by a number of authors and there are many
interesting results concerning this problem (see [2, 4, 5, 6, 7, 9, 10, 11, 12]).
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The aim of this section is to investigate the stability of the generalized
additive-quartic functional equation (1.13). Let f : R — R be a function.
Then we define

Dy(z,y) :== f(x +3y) + f(x = 3y) + f(x + 2y) + f(o — 2y)
+22f(x) = 13f(x +y) — 13f(z —y) + 24f(y) — 12f(2y)
for all z,y € R.

Theorem 4.1. Let ¢ : R? — [0,00) be a function such that

= (20, 2°
(4.1) ; 7(15( ;; v) converges
for all z,y € R. If the function f : R — R is an odd function which satisfies
(42) Dy (x,y)| < é(x,y)

for all x,y € R, then there exists a unique additive function A : R — R which
satisfies the equation (1.13) and the inequality

1 90,2y
(4.3 1)~ Al < o > 482V
24 ~ 2
for all y € R, where the function A is defined by

(4.4) Aly) = Tim £2Y)

n—00 on

for all y € R.
Proof. Putting 2 = 0 in (4.2), we have

[f(By) + f(=3y) + f(2y) + f(=2y) + 22/(0)
(4.5) —13f(y) — 13f(=y) + 24/ (y) — 12/ (2y)| < ¢(0,y).
Since f is odd and f(0) = 0, we obtain

124f(y) — 12f(2y)| < ¢(0,y).

That is,

(4.6) 12 (2y) — 241 (y)| < 6(0,y).
Dividing (4.6) by 24, we have

(@7 T80~ )| < 00,0

Replacing y by 2y in (4.7) and dividing this by 2, we obtain
f2%)  f(2y) ¢(0,2y)
" iz

5~ 5 | SoilT )

L
2 24 2
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From (4.7) and (4.

8), we have
f( y) i) < 214[¢>(0722y)

Using the mathematical induction, we can extend (4.9) to
f(2"y) ~ ( 0 21 1 o~ 9(0,2'y)
(4.10) ‘ o WS35 Z 24 Z '

for all y € R and for all n € N.
Next, we will show that {%} is a Cauchy sequence. For integers m,n >
0, we have

(4.9)

_ R _ om

[\

fermy)  f@Emy)| 1| f(2m2my)
| -]

IN

11 X ¢(0,2:2™my)
2m'24_Z 21

1 o 9(0,27Fmy)
_Z 9i+m

(4.11) _ 1 i 9(0.2%)

Thus this is the tail of the infinite series of (4.1), which converges (for any fixed

y) to zero as m — oo. This implies that the sequence {f(gzy)} is a Cauchy
sequence. Since R is complete, there exists a function A : R — R such that

Aly) = Tim f(2"y)

n—o00 on

for all y € R. By letting n — oo in (4.10), we obtain

. f@2"y) 9( 0 21
lim — ‘_ 242

n—o0o on

That is,
1 & 9(0,2'y)
_ < —
This implies that
1 o 9(0,2y)
_ <
If(y) — A(y)| < 24; 5

so we arrive at the formula (4.3) for all y € R.
To show that A satisfies the equation (1.13), consider

Az +3y) + A(z — 3y) + A(z + 2y) + A(x — 2y) + 22A(x)
—13A(zx +y) — 13A(z — y) + 24A(y) — 12A(2y)
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s 1 n n n n
Tim (2" + 39) + (2@ — 30) + J(2 @+ 2) + (2"~ 2))
+22£(2") — 13£(2"(x +y)) — 13£(2"(x — ) + 24 (2"y) — 12£(2"2y)]
D n n
_ oy 2r(2022%)
n—oo on
Thus, by (4.2), we obtain
92"z, 2"y)
2n ’
Using (4.1), we have D 4(z,y) = 0. Hence A satisfies the equation (1.13). Since
A is odd and by Theorem 2.2, we have A is additive.
To prove the uniqueness of A, suppose that there exists a function S : R — R
which satisfies (1.13) and (4.3) with A replaced by S. Note that Theorem 1.4

gives us A(2"y) = 2" A(y) and S(2"y) = 2"S(y) for all y € R and n € N. Then
we have

|A(y) = S(y)| =

(4.12) |Daa,y)| < lim

AT S A - s@)

= L a@ry) - £ + £@) - S@2)|

2
< S A@") = )]+ 57 11(2") - 52")
SQL 4Zgz)om" _%i 0212"
15 s

¢02J
= Z

Thus this is the tail of the infinite series of (4.1), which converges (for any fixed
y) to zero as n — oco. Thus we immediately find the uniqueness of A. This
completes the proof of the theorem. O

Theorem 4.2. Let ¢ : R? — [0,00) be a function such that

— ¢(2'x,2’
(4.13) E (b(lxiézy) converges
=0

for all x,y € R. If the function f: R — R is an even function which satisfies
(4.14) 1Dy (x,y)| < d(z,y) (x,y €R),
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and f(0) = 0, then there exists a unique function Q : R — R satisfying the
equation (1.13) and the inequality

[f(y) — Q)|
(415 < L i 26(3(2'9).2'4) +26(2(2'9).29) +6(0,2(2')) +186(2' 2'y) +449(0.2'y)

— 960 167
=0

for all y € R, where the function Q is defined by

(4.16) QW) = m L2V

for all y € R.

Proof. Putting x = 3y in (4.14) and using f(0) = 0, we have

(4.17) | f(6y) + f(5y) — 13/ (4y) + 22 (3y) — 25/ (2y) + 25/ (y)| < ¢(3y, ).
Putting z = 2y in (4.14). Since f(0) = 0 and f is even, we have

(4.18) f (5y) + f(4y) — 13f(3y) + 10 (2y) + 12/ (y)| < ¢(2y,y).
From (4.17) and (4.18), we obtain

(4.19) [f(6y) — 14f(4y) +35f(3y) — 35/ (2y) + 13f (¥)| < 63y, ) + ¢(2y,y).
Putting # = 0 in (4.14). By using f(0) = 0 and f is even, we have

(4.20) 12f(3y) — 10f(2y) — 2f(y)| < (0, y).
That is,

(121) 730) ~ 512w — f)] < 242
Replacing y by 2y in (4.21), we obtain

(1.22) 1£(69) — 57 (4y) - F(2u)] < 202,

From (4.19) and (4.22), we obtain
=97 (4y) + 35/ (3y) — 341 (2y) + 13/ (y)|

(4.23) < 03y, y) + 02y, y) + M-

Putting « = y in (4.14). By using f(0) = 0 and f is even, we have
(4.24) |f(4y) + f(3y) — 241 (2y) +47f (y)| < é(y, v)-
Thus,

(4.25) 19f (4y) + 9f (3y) — 216 £ (2y) + 4231 (y)| < 96(y, v)-

From (4.23) and (4.25), we obtain
|44 (3y) — 250 (2y) + 436 (y))|

(4.26) < 9(3y,y) + ¢(2y,y) + M +96(y, y).
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From (4.21), we have

(4.27) |44 f(3y) — 220 (2y) — 44 f(y)| < 226(0,y).
From (4.26) and (4.27), we obtain

|=30f(2y) +480f(y)|
(4.28) < ¢y, y) + ¢(2y,y) + M +96(y,y) + 22¢(0,y).

Thus, we have

£ (2y) =16 (y)|

1 #(0, 2y
(4.29) < 350Gy, ) + (29, ) + % +99(y. y) + 22¢(0,y)].
Dividing by 16 in (4.29), we have
[y
'M - f)
1
(430) < = [20(39,) + 26(20,) + 6(0,29) + 186(y. ) + 446(0, )]
Replacing y by 2y in (4.30) and dividing this by 16, we obtain
f2%)  f(2y)
(16) 16
(4.31) < %[ (3(29),2y)+26(2(2y). 2y)+¢(0 2(2y))+18¢(2y,2y)+44¢(072y)]_

From the equations (4.30) and (4.31), we have
f

- f(y)

< L[2¢>(3(2y),2y)+2¢(2(2y)721/)+¢(0,2(2y))+18¢(2y,2y)+44¢(072y)
60 16

(4.32) +26(3y,y) + 20(2y, y) + (0, 2y) + 18¢(y, y) + 444(0, y)].

Using the mathematical induction, we can extend (4.32) to

f2
16”

f(y)‘

n—1
L Z 26(3(2y),2°y)+26(2(2'y),2"y) +6(0,2(2'y)) +18¢(2y,2"y) +44¢(0,2'y)

~ 960 4 16*
=0

(4.33)

I /\

Z 26(3(2°9).2'y)+26(2(2'y),2y) +6(0,2(2y)) +186(2'y,2"y) +446(0,2"y)
960 16!

for all y € R and for all n € N.
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Next, we will show that {f (126,;7’ } is a Cauchy sequence. For integers m,n >
0, we have

- f(2™y)

f@ertmy) o f2my) _ b 1(2"2™y)
16n+m 16™ 16m 16
1
< 2
16m 960 = 161
+ $(0,2(22™y)) + 18¢(2°2™y, 272™y) + 44¢(0,212™y)].
1 & 1 . . . .
- : 2 21+m 21+m 2 2 21+m 21+m
960 2 Teirm 1206327 ™), y) +20(2(2""y), Y)

(4.34) +6(0,2(2™y)) + 18¢(27 My, 2 My) + 446(0, 27Ty )]

B(3(212My), 22™y) + 26(2(2°2™y), 272 y)

Since the right-hand side of (4.34) converges (for any fixed y) to 0 as n — oo,

then the sequence {f ien } is a Cauchy sequence. Since R is complete, there

exists a function @ : R — R such that

for all y € R. From (4.33), we obtain
2n
i 12"

f(y)‘

(4.35) Z 26(3(2'y).2'y)+28(2(2"y). 21y)+¢(0 2(211/))+18¢(21y121y)+44¢(0 2ly)

—960
=0

Therefore,

1f(y) = Q)|

(4.36) < Li B(3(2'),2'y)+2¢(2(2°y).2'y )+¢1(g;_2(2iy))+18¢(2iy,2iy)+44¢(072iy).
i=0

— 960

Next, we claim that @) satisfies the equation (1.13). Consider

Dq(z,y)

Qz +3y) + Qz — 3y) + Qv +2y) + Q(x — 2y) + 22Q(x)

= 13Q(z +y) — 13Q(z — y) +24Q(y) — 12Q(2y)

= lim %[f(Q"(fc +3y)) + f(2"(z — 3y)) + f(2"(z + 2y)) + f(2" (z — 2y))
+22f(2"z) = 13f(2"(x +y)) — 13f(2"(x — y)) + 24f(2"y) — 12f(2"y)]

_ g 2e@'22")
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Thus, we obtain

p(2"z,2"y)

T

Dol y)] < lim = [Dy(2",2"y)| < Tim
for all z,y € R. This means that ) satisfies (1.13).
To prove the uniqueness of @), suppose that there exists a function S : R — R
satisfying (1.13) and (4.15). Note that Theorem 1.4 gives us Q(2"y) = 16" Q(y)
and S(2"y) = 16"S(y) for all y € R and n € N. Then we have
Q") 52"y

1Q(y) — S(y)| = T

= - leey) - 5@

= L0 - f@my) 1 1@y - S@))

16m
1 1
1o 1Q2"Y) — F2")| + 17 [£(2%) = S(2%y)|
2 1 &1
1677960 < 16/
+6(0,2(22")) + 186(22"y, 212" y) + 446(0,2'2"y)]
2
960 < 16'+"
(4.37) + 3(0,2(2™y)) + 18¢(2° "y, 2T ™y) + 44¢(0, 2" "y)]

for all y € R. Since the right-hand side of (4.37) converges to 0 as n — oo, this
completes the proof. O

IN

IN

[26(3(22"y), 2'2"y) + 2¢(2(2'2"y), 2°2"y)

IN

Theorem 4.3. Let ¢ : R? — [0,00) be a function such that

o~ (20,2
(4.38) Z w converges
i=0
for all x,y € R. If the function f:R — R satisfies
(4.39) [Dy(z,y)| < o(z,y)

for all x,y € R and f(0) = 0, then there exists a unique additive function
A : R — R and a unique quartic function Q : R — R which satisfies the
equation (1.13) and the inequality

If(y) — Aly) — Qy)]

T ;[ 2i 40 x 16°
+20(3(—2%), —2'y) + 26(2(2'y), 2'y) + 20(2(—2"y), —2'y)
+6(0,2(2')) + 6(0,2(~2'y)) + 186(2'y, 2'y) + 186(~2'y, ~2y)

26(3(2'y),2"y)
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(4.40) 4 44¢(0,2%) + 44¢(0, —2'y)]]
for all y € R.
Proof. Since
folz +3y) + fo(z — 3y) + folz + 2y) + fo(z — 2y) + 22fo(x)
= 13[fo(z +y) + folz — y)] + 24f0(y) — 12fo(2y)
= Sl +39)+ (e —39) + [(a+29) + [(a—20) + 22/(2)
—Bf(z+y) + flz—y)] +24f(y) — 12f(2y)
= [f(=(@+3y) + f(=(z = 3y) + f(=(z + 2y)) + f(—(z — 2y))
+22f(—2) = Bf (= (@ +y)) + f(—(z —y))]]
(441)  +24f(—y) —12f(-2y)].

Thus, we obtain

1D, (5,9)| = 311D4(w,) — Dyl )]
< $1Ds ()| + Dy~ ~y)]
(4.42) < %[qﬁ(w, y) + ¢(—z, —y)].
We have
(143) 1D, (.)] < 51602, ) + 6(—z, ~)

for all x,y € R. Since f, is odd, then by Theorem 4.1, there exists a unique
additive function A : R — R satisfying

$(0,2%) + ¢(0, —2'y)
(4.44) foly) — AW < 5 z S

for all y € R. Since
fe(x + 3y) + fe(x - 3y) + fe(l' + 2y) + fe(l' - 2y) + 22fe(1')
- 13[fe(z + y) + fe(x - y)] + 24fe(y) - 12fe(2y)

= Sl (@ +39)+ [l —30) + [(a+20) + [(a—20) + 22f(2)

= B[f(z+y)+ fl@—y)] +24f(y) — 12f(2y)
+ f(=(@+3y) + f(=(z = 3y)) + f(=(z+2y)) + f(—(z - 2y))
+22f(—z) = B[f(=(@+y)) + f(—(z —y))]
(4.45)  +24f(~y) — 12f(~2y)] = 0.

Thus, we obtain

1Ds(,y) + Dy(=2, =yl

DN | =

Dy (2,y)| =



A GENERALIZED ADDITIVE-QUARTIC FUNCTIONAL EQUATION 1775

< $IDs(. )| + 1Ds(~2, )]
(4.46) < $18(w9) + (=, ~y)]
We have
(4.47) 1Dy (@, 9)| < 316(z,9) + o(~z, ~)]

for all z,y € R. Since f. is even and f(0) = 0, then by Theorem 4.2, there
exists a unique quartic function @ : R — R satisfying

[fe(y) = Q(y)]
; Z:2 ><1161 [26(3(2'), 2'y) + 26(2(2'y), 2'y) + ¢(0,2(2"y))
=0
y)

18¢(2"y, 2" )+44¢(0 2'y) +26(3(—2"y), —2'y) +20(2(-2y), —2'y)
(4.48) ( 2(—2'y))+18¢(— sz,—Qz )+44¢(0,—21 )]
for all y € R. Combmmg (4.44) and (4.48), we obtain
[foly) — Aly )|+|fe( ) = Q(y)]

¢(0,2'y) + ¢(0, —2'y)
= 242 2><2l

1 1 ; .
+%; 2 % 16 [2¢(3(2 Y),2 )+2¢( ( y),2'y)

+(0, 2(2i ))+18¢(2'y, 2y) +44¢(0, 2'y) +2¢(3(—2"y), —2'y)

(4.49) +26(2(=2), —2'y) +6(0,2(—2"y)) +184(—2"y, —2'y) +446(0, —2'y)].
Thus, we have

|foly) — Ay) + fe(y) — Q(y)|

SE;[ 5 +El_61[2¢( (2'y),2

+2¢(2(2° ), 2 2'y) + ¢(0,2(2"y ))+18¢(21y,2iy)+44¢<0,2iy>

+20(3(=2"y), —2'y) + 26(2(=2"y), —2'y) + $(0,2(-2"y))
(4.50) —|—18¢(—21y,—2z )+ 446(0, 0,—2° y)]]-
That is,

‘y)

1) = AW) - Q)
G0.2) +o(0,-2) |1

5 10 15 266(2), 2'y)
+ 205(3(*2@), —2'y) 4+ 2¢(2(2"y), 2'y) + 26(2(—2'y), —2'y)

IA
ol =
Mg
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+6(0,2(2'y)) + (0, 2(~2'y)) + 186(2'y, 2'y) + 18¢(—2'y, —2y)

(4.51) + 446(0, 2%y) + 44¢(0, —2%)]].

Th

is completes the proof of the theorem. O
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