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Abstract

Charts based on geometric distribution are effective to monitor the proportion of nonconforming items in
high-quality processes where the in-control proportion nonconforming is low. The implementation of this
chart is often based on the assumption that in-control proportion nonconforming is known or accurately
estimated. However, accurate parameter estimation is very difficult and may require a larger sample size
than that available in practice for high-quality process where the proportion of nonconforming items is very
small. An inaccurate estimate of the parameter can result in estimated control limits that cause unreliability
in the monitoring process. The maximum likelihood estimator (MLE) is often used to estimate in-control
proportion nonconforming. In this paper, we recommend a Bayes estimator for the in-control proportion
nonconforming to incorporate practitioner knowledge and avoid estimation issues when no nonconforming
items are observed in the Phase I sample. The effects of parameter estimation on the geometric chart and
the geometric CUSUM chart are considered when the MLE and the Bayes estimator are used. The results
show that chart performance with estimated control limits based on the Bayes estimator is generally better
than that based on the MLE.
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3] FAS F8FHoz AT 5 JA F= BAF TFolth. R FFl+= Shewhart FE =5
B &3] F& 3 (cumulative sum; CUSUM) #2] %, X475 ©]5 % (exponentially weighted moving

average; EWMA) #E|= 5o Atk

AR Fd Aol st == o] AlgE o], 4bY] &l WEeta T o] Ae3tE WA gAY F4
o] Eopx| a1 Qlrt. olHdt FAHS AFAFA (high-quality process)olzt gttt nFAFAHY] 7PF 2
E42 ¥4 Yol BFEo] ¢ SEA st 339 EFEol e Wk Aotk mEkA] 349
2250 Wals 82317 95 AE52 9l Shewhart p ZFEEL np A EE AME3I= AL nlE2517]
ot AFAFAANA p =Y np A EE AT AF, FEIVE AAs B2 ojEgol 9
7] wjZo]ch

olo th3l thete g7 7]FHEE (geometric distribution)E WaE FEHSE AeFAFORE ARRS=
#HEE 18 5 9=, Shewhart FE|o] F2EE 7]5} B8] (geometric chart)2}il &4 F2
3 gelo] =L 7)3FAE #E]%(geometric CUSUM chart)2kal Stc}. 7]} #e]=+ Calvin
(1983)°] <J3f i%%oi AorE g en, Kaminsky 5 (1992)3 Woodall (1997) Sl & &2
FTAANA BFE Wzl X 2&Folgtn EAA HAth 7sEAd #E s A= Bourke
(1991)°ll o3l A 4= At

autg o g FAe & AMSshe HA-2 FeldEldA Y B4E F4 38t Fel s (control limit) E 473
3= Al1=rd (Phase 1) AAE FSHAE 0|83t oA E) oF-E Fdsh= Al2=H (Phase H)g
2 U] A 4= itk 7129 AR #dt AdFE FE A2 HAAY FE T el tis] A
P=jojA gt AT A1FH A FAS A e Bavh AR 3 TS o A2 H A 04?—%]—
7t Adhe LARES BE ¢ 7] WiEol, Al "M = A7 Aexe el vAe TS

=

Q7SR AL oJuls) Sk Yolth. 2FLAE HEe) Tolo] JFE W) wEol, BES A5 E
RHol F7)o] QS W=t} & 5= 9t} Qusenberry (1993)&= X #)x¢} X FE|woi TR =
710 W2 #Aelx el AsE AR, I 2 Yang 5 (2002), Zhang 5 (2013), Lee 5 (2013)2 H]

2o g d7AEe] 28 A7) e HEe d5S At

o] =% Zhang 5 (2013)3} Lee 5 (2013)7} Zo] All=rAolA Hedefe] B8 FA3 = e
= HﬂO]ZZr—Xé%}(Bayes estimator)®] AM&-& A|H3AL Tt Zhang 5 (2013) 7]} THE|= oA, 2
2]3 Lee 5 (2013)2 Bernoulli FA 3 BT oA wlo]2FEA o] AL xﬂohﬁi o], We| 2=
o Aol 259 2o FH ol oyl mhEel] cheke A9l ol A5 s gtk ol
ERoAE W2 F S AHEote A7 S dotE 7] S 71t Jﬂrﬂ;ﬂ 718 A HeE 2o
A H )= F4 F(maximum likelihood estimator; MLE)& AF&3h= 498} v o, ALdExe
R4E DS AT APRES) 715 Belseh 7SR ag Belwe) Aol ojuls Age ulA
Aol thete] Akt

2. Jlot2=0fl J|=ot &2l
2.1. J5t &ele

EFEL p, BETY FEI7)= m, 2 LA BHEE EFFY o= Nejgt @ o, A
2 AR p AR RS} np HEEE N/m3 N& HeSAFLRE ARSIt ojn) EFF9] &
7} m3} pol ©o]&EZ (binomial distribution) & W2+E EEWSoltt. I8Y 1H5HFA)
gFEo| - 27 wiiel] AET mR2IVE ARSI A dvke ofEgol Stk ol thE
2 AT 5 e Vet AR EE Aol H5E dEe o e EAFCE ARt

lo 1o

£ X =2 ofn ojy
o rlo & oX
Mr o
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78 BelEE 7SREE tzt HEUS] 79 Shewhart TelEolth HEAS Vit (- )W
A RRES WA 29 Aol WHD FES $2 AR AL Vi w72 SRR mEG
£ Mo @ GeA ek B0l BelYEd ule] BEES poot T W, Vio) BAFFSE Bt
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fly) =1 —=po)¥ -po, % =0,1,2,....

=S AR5 AsliMe HA FTAE s ok sk, dE A dRHAHCE 30 A (30

limit) S AFEBTE. S0 AL BelEADE R} 4B A S AET + AT, 719
Bzl Zo] EZo 7 QAR EIXE }o = A4S 30 34 Hrles 53 (probablhty limit) &

Agehe Aol o BT GEIAL IR mel FEol S ARED Lot BASE BT 4
A=), o2& ma F5o) /27t F % He|stAE &2 A (upper control hmlt UCL) o2 1%
I 9Z mE gFo| o/27t H B sAE B esk(lower control limit; LCL) 22 AAeH= Ao
th olnf LARE ar FA0] ALY W FFA ] A TA rer U FEL vt &
AL 0|83 713 Belxe] DU DKL 27 4 (2.1)3} (22)F BEA Aok,

J%?

LCL-1

> -m)" pe= 3, (2.1)
yi=0
> (0%
> (1=po)ipo= 3 (2.2)
UCL+1
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30,
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In(1 - «a/2)
Lop = 2U — /s 2.3
In(1 — po) (2:3)
ver = e/ (2.4)
In(1 — po)
de e d aie] EFEQ po7t €EA de AT A (2.3)F (24)F ARRZ & AR, dukFor
A=A TS FE0] o] FAHH vk F4E %S poolet otd, 49 FFA= 4
(2.5)%F (2.6)7 Zo] XAT ¢ Yot HEIV] me 1AH Folgt T wf, FAHF po EFEY F

Noj ¢]&3}7] W&o LCL(N)z UCL(N)o|2t 7|35 A5t}

LCL(N) = ln(l o) (2:5)
GOL(N) 1111(11(6“_/2 ;-1 (2.6)

o] =RAE 2AHE FAFIAE AL T)5F BER ASS '"ﬁ‘ﬁ% Zo]0 ARL(average run
lengih)=] 715 HEHAE o1 §3hed AT Bek. o1 Al rum length) = Fol D F
ge] Aepsel A oA TE &
uje] A o]t o] e el
o) th o]/ﬂ—/\]—F/H J r[H_/] ARL

AET A FolW 2ARE, & Fol
ARLS) 4158 ol g3te] Bel52) 458

Ro| £2 v, 349 Aeel net 2l gel
b2 90}, P99 19 ARLE 27483 aelo
A 593 o] Q. o] =EolE FHE BT

2 FelgejelAe] ARLE B0 T BT & deAs
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B EFFEC] polal 4] (2.5)¢) (2.6)Y HEZAE AHEok= 715t HElRolA WA AelEA
2 a(p, N)elet 34, a(p, N)2

al(p, N) = Pr (Y; < L/C\L(N)) +Pr (Yi > U/C\L(N))

= {1- (=L 4 (1 - )T (2.7)

éo
; FE < ksl
£ FEHselth. ARL2 *‘Xﬂ =79

737, olell thek 7%k N[ L(p,N)]TJr

—

= .
dgelE Relet & uwl, No| Folz 4%
= ar

m{n: Hr =
U}% AN
1o
D
(o]

N
2
il
2

EN[ARL(p,N)}:EN[E(R|N)]=EN[ ! } (2.8)

SDx[ARL(p, N)] = SDy[E(R| N)]

- \/EN[E2(R|N)] — EX[E(R|N)]

YA OoT FYRF] 2 WIS YAF0A Shs BS Shewhart BUEE AHFHIL, S WS
s e B9 TAY BEEE AU LA BeEL W) AF BIUBE oot 3
o BEGS W o857 wiEel e MIo|E vgslA W the 3ol 9Iek. Telth Shewhart

Bt FH0] B wle magut Ao ARHA HAW, AY Belws FHo] Bel

A shnt S Baghrhd) Age ok BEE A8Y 5 Aok =9 A
2 e gASHE AR A4S A AE B Agsok Arhe 5o
ek, Aurdow BkEo] SR 2ol B BE Bale] Q7] wiel, o ERelAE LB 3715}
A, & BYE Aole] FEY BE AT FLFEAE PASE 29 FAY BeE BAE 2l
al

ﬂl?i o!

AR oA 29 71 AE A= B TAF Civ
C; = max{ 0,Ci—1 — Y+ k)}

Z g & glon, #e|dA Hell thallA C; > HY A5 o)/ 33Eie] e #4 I 971A k=
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211 gk (reference value) o2} 3, 2 213510 =73}
In (Pl(l —p0)>
p— _\pol=p1)/) (2.10)

=(=50)
1—p1

£ AH&-gith
715HFA g Fel=e] A%5S ANOS(average number of observations to signal)®] 7|9zt & H A}
£ o]g3le] AR A} Fr) of7]A ANOSE ARLT §AHE 7id o o) dAE7tx] #&3 #&3k
o BF /N4 epdch. dMHos wA% BelEol At ARLT ANOS/ 957 Wele Ea5 A
7] wlEol BAE = ntZ=Z A9l (Markov chain)& ©]83te] Axe 4= 9t} 24 Chang}
Gan (2001) A2 sHAS S35 W] WollA 7]&%“@@ #e2=] ANOSE AXlste st 234
< ot o] AlQkelaL, o] =RolAE o] A& RSkt

2{1— ¢ (H-1 1 e H

oa W= Dp s DI ™2 gy,
ANOS(p) =q , P(L—¢7t = (H —1)pget) (2.11)
7 c+1< H <2
1—p, ce 4 (21009 Fug kEok 274 22 4708 ek

a=q¢""+3¢"=3¢" " +pg T {1+ ¢ ) (c— H)+ (c— 1)}

2

b=pq"te? {(CH)2 - (H _;+1>} +(e—H)p*q" " (1-¢")
+pd" " (" —p(e—1)—1)

< Vepi,

+ (H_C+ 1)p2 ¢’ (qc - 3qH) +3pg” T ¢ (H = o) (p(H —¢) + 1) — H + 1},

+ pot pr= A (2.10)° tHPsIet o]l

= = 2 Ao oA k, ¢, 283 éoﬁ e
EHOHAH EA4L U5 R He 333 = BEgEo) = Noj &34 Jx 0S8
Noj| oj&3l= kol Atk 23 pos AME3 ANOSE ANOS(p, N)oz g ¢, °I°ﬂ gk 7|
Az En[ANOS(p, N)|3+ £FH X} SDN[ANOS(p, N)| 2

En[ANOS(p, N i ANOS(p, n) (:;L)pon(l —po)™ ", (2.12)
SDn[ANOS(p, N)| = \/EN [ANOS2(p, N)] — E2,[ANOS(p, N)] (2.13)
o7 23HH,

En [ANOS*(p,N)] = Y ANOS’(p,n) <7:> po" (1 =po)™ ™"

n=0
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< o]&sto] ALk o ot

Chang@} Gan (2001)¢] AI¢Fet A (2.11)°]= ANOSE ARG £ gl A 3HA o A ko] Yt} A
(2.11)°f] 93hE 0 < H < 2¢ A%olek ANOSE 78 4 7] w2of, £ A9 RofAFAE o]
Aol fFshe AE 23T

(3.1)

Atk e ANSEEARES AT Wl 7P 2 BARS BRolN BekEo] BN ke B,
% N =090 A foar = 00] Ho] 4 (2.5)2} (2.6)2] Be)eA 7} Be|w A ererhe Aolth 54 of
RN 232 A0 A DAV L8| el iAol A IR sy

—d

2t s 1% & Qo ﬂ]o]i—%@%}:‘% AT APAA A&

sk 4= Qb= FHo] JA T, o] 43 AFAEE (prior distribution)E w]E] Aol of st}
A W e 3 (beta distribution) & ARE3SFA} St} poo] ALAE
ZZ Beta(a,b)E 7331, TEI7|7F mola EEL] 7 N2 S poll AFFEE (posterior dis-
tribution)+ Beta(a + N,b+m — N)o] B2 fA & 4 Aot webA peoll tiet Mlo|=2FH & po, 2

(3.2)

o fitk. 4 (3.2)9] Wo|=F gL

O F¥T ¢ Y, oA AHERY] FrH FE2AA AR = AT Z] 7HEEe] 3
ej7F Aok web 2237 mol 2 Af AUeEFA R diiHer § & 7kl Hois ], 2384
e A9 AHRES Bol H 2 A4Eo] RolBE & 4 drk

AAREEE AMESs HIEREEE B a8t boll et o FEE A, © *‘“‘?‘01]}‘1% po7k Z2
Aol FA4de] 917] wiitol] X4 (exponential distribution) FERQA a = 1, b > 191 H-9&} ARE
9] ol 22 e 7= 28 (unimodal) @2l a > 1, b > 1 A-¢-E L83

A1 (3.1)9] pom T A (3.2)¢] posE A (2.5)2 (2.6)°1 po T4l st 713t Ae|=o] 44 #e
= 5 9lew, A (2.7), (2.8), (29)F AH&3td AEH"‘:ZX*EM Wo| 23 F S o]83t 7]
o] ARLY] 71 B2AE 78 4 Yok =3t A (2.10)0] tigata 4 (2.11), (2.12),
(2.13)2 AHgSHE 71 AR del=o ANOSY 7[Hgat Edxs 78 & St

4.1. Jlot 2i2|=0lIM Hlo|=dEe| ds

Pet BN Wel=F el A Pohuy] A3 AUSEFYFL ST P9 sty
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Table 4.1. ARL and SDARL values of the g-chart using Bayes estimator when ARLy = 370.4 and po = 0.0001

Beta Beta Beta Beta Beta Beta
m MLE
(1,19999)  (2,39998)  (1,9999) (2,19998) (1,4999) (2,9998)
Mean 0.00005 0.0001 0.0002
Variance 2.50E-09 1.25E-09 1.00E-08 5.00E-09 4.00E-08 2.00E-08
50,000 361.4 403.6 313.2 327.6 280.5 258.3 291.8
100,000 371.9 405.8 334.2 340.4 311.7 294.3 326.3
200,000 377.5 402.1 350.7 352.8 335.9 323.0 348.2
ARL 500,000 378.2 392.3 363.4 363.8 355.7 348.4 363.0
1,000,000 376.2 384.5 367.6 367.7 363.2 358.9 367.5
2,000,000 374.0 378.6 369.3 369.4 367.0 364.6 369.3
5,000,000 372.1 374.0 370.1 370.1 369.1 368.1 370.1
[e%S) 370.4 370.4 370.4 370.4 370.4 370.4 370.4
50,000 139.1 112.0 161.1 156.7 169.1 169.2 166.0
100,000 134.0 113.2 149.9 146.3 156.1 156.5 153.6
200,000 125.9 113.1 135.3 132.8 139.1 139.5 137.8
SDARL 500,000 105.9 100.8 109.4 108.2 110.9 111.0 110.7
1,000,000 86.2 84.0 87.6 86.9 88.2 88.1 88.2
2,000,000 66.4 65.6 66.9 66.6 67.1 67.1 67.2
5,000,000 44.5 44.3 44.6 44.6 44.7 44.7 44.7
o0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

MLE = maximum likelihood estimator; ARL = average run length; SDARL = standard deviation of ARL.

2F gtk All=dolA o £ FRFolgta & 4 v VEL AFA] s A" FeAE
ARL(ARLg) =+ ANOS(ANOSy)oll B#A o= ] 7173 WiEo] 2e Ze] & Aotk

Table 4.15€] Table 4.37}AX&= 7|3} #E]=(g-chart)o]A wlo|=23AZHy =S
T AF ®E37) mol] W& ARLoY 7IHF(ARL)Z FHAHSDARL)E A4kst Axjeltt. of7]
A m = 00l AFE pod Z‘%}Q AN gl AE dvEpdth 2FAFAE 7HEE] w2l poe
0.0001, 0.0005, 0.001& &3}, ARLy= Shewhart =4 7 de] AHLEHE 30 3HA 9
ARL ¢l 370.45 1839}

A1 A w232 S A3 Ao et 288 F7FE uf AMAERY] 4TS
27 ok ARREEZS] Hito] post LXB= BB ot} po Rt Z
APAREZE TA a3t 4ol AF S vk} o], Ho] FYS AR i &

Aoz Zadhs Fel(a = 1,0 > 1)9 B8 Fel(a > 1,0 > 1)A F 714 FE 133t
A=A AL EFFFE AT u BRI EFFo] HASHA 2 (N = 0) Al2=HA]
EFFo] HAH = SA o B AZE F+= 2, & A (2.7)A alp, N =0) = 12 A 53Tt
Table 4.12 py = 0000101 A% 715 Bel=2] ARLoS 7|97 EE2HAE Vel Fo|th. Ta
ble 4.19] 38HE 8F2 Wo|=2F S AMES Afolil, 982 FH¢-=FH =S AHESH A-folth
Table 4.1 AA pozk o] 0.000191 -], APARZ] Jﬂﬁo] o] 1/28]21 0.00005, po} Y3
0.0001, po2] 281<1 0.0002E Z+= Hﬂ B2 peslart. HoA gEdol ¢ > 19 4 z a=2
7395k Tt AbAEEe] FFo] TUS AF o = 1< WEREES] B4 a = 2° o £
of ula} A 2u] Fx ©f Ittt F8 7|4 DT HEREEY FARE ol A2 %Mﬂ uf ol

Aol vvlshekal & 4+ Qe

IJ e rﬂa
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Table 4.2. ARL and SDARL values of the g-chart using Bayes estimator when ARLy = 370.4 and po = 0.0005

Beta Beta Beta Beta Beta Beta
m MLE
(1,3999) (2,7998) (1,1999) (2, 3998) (1,999) (2,1998)
Mean 0.00025 0.0005 0.001
Variance 6.25E-08  3.12E-08 2.50E-07 1.25E-07 9.99E-07  5.00E-07
50,000 378.3 400.1 354.7 356.2 342.0 330.5 353.1
100,000 378.2 392.3 363.4 363.8 355.7 348.4 363.0
200,000 376.2 384.5 367.6 367.7 363.2 358.9 367.5
ARL 500,000 373.4 377.2 369.6 369.6 367.7 365.8 369.6
1,000,000 372.1 374.0 370.1 370.1 369.1 368.1 370.1
2,000,000 371.3 372.3 370.3 370.3 369.7 369.2 370.3
5,000,000 370.7 371.2 370.3 370.3 370.1 369.9 370.3
[e's) 370.4 370.4 370.4 370.4 370.4 370.4 370.4
50,000 122.0 111.4 129.6 127.5 132.8 133.0 131.8
100,000 105.9 100.8 109.4 108.2 110.9 111.0 110.7
200,000 86.2 84.0 87.6 86.9 88.2 88.1 88.2
SDARL 500,000 60.5 59.9 60.9 60.7 61.0 61.0 61.1
1,000,000 44.5 44.3 44.6 44.6 44.7 44.7 44.7
2,000,000 32.1 32.1 32.2 32.2 32.2 32.2 32.2
5,000,000 20.6 20.6 20.6 20.6 20.6 20.6 20.6
00 0.0 0.0 0.0 0.0 0.0 0.0 0.0

MLE = maximum likelihood estimator; ARL = average run length; SDARL = standard deviation of ARL.

Table 4.19] e AW HW, po7} o}F 2 FHAAM A1=ZHL] BRAVR ol & & MM
okS A9 (m < 1,000,000) AbAe] A& ARLyS BFH o= 2 PSR Faly, 1 A% w9 3
e A8 & = ok ARE2] o] AA poRtEct 2 WEEx 2 2%t A& Alsta, JA
&2 BﬂEP'j"EE AR AL WMoz AFE AT 73 AR BEo] AUWSERHFS AHS
Bl wel 2 A= UrE‘r‘;%D} FEA7] mo] A 2 A APAELZ Beta(l,19999)E A
g It} T3 mo] A ARASE APAEZ Y FFo| AR 2
eta(1,9999) 2} Beta(2,19998) AR A0 F8o] TolAL & 4= Q). mo] o= = AL n|
254 %E AEohe A4S AU e g g e AR eke Y Bgdde 2 A7t A eketh
Table 4.2 po = 0.0005¢1 7)1, Table 4.3 po = 0.0012 -2 AF}o|t}. Table 4.22} Table
4.39] A3}= Table 4.19] A} GA A4S Uehlon, po7t ARSLE BRI 7] mol thaf] AHAE

Of

$o) B0l 1Y F2E @

;0

pal

2 rlo oo ot T

-|N' o}i

¢

r]o

Z 9 2Pl ME Aolt AA Aol &+ Uk ARRTY SYL A uE, Fol AA) ol
o AL 2 WERRER 848 Aol ANHOE o = 19 © T&o] o Fhom, FFo| po% B
Qe e ER 249 F9olt a =29 ¥ B8] B $22 L 5 ek

R

4.2, JI51HE
oWl HolMe 7S A B EolA Hol =iz Aol sl AHRTA B} )5 B
N FAee) 45e Goln] 8] ARLS A3 AT e, 715 F A3 #el=olA: Changs} Gan
(2001)2] ATHE o]-8317] $13) ANOSE A1-&33it).

FEAHY wlo] B pot 7)e Bl 4S9k T I3k 0.0001, 0.0005, 0.0012 AAFE], 7
AL BES AR eAE 3714 AFS Hlel o] FARALA B N ABASES @

e|=0lM HlolIxFZEe| o

‘
or
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Table 4.3. ARL and SDARL values of the g-chart using Bayes estimator when ARLy = 370.4 and po = 0.001

Beta

Beta

Beta

Beta

Beta

Beta

mn (1,1999)  (2,3998)  (1,999)  (2,1998)  (1,499)  (2,998) MLE
Mean 0.0005 0.001 0.002
variance 2.50E-07 1.25E-07 9.99E-07 500E-07 3.99E-06 2.00E-06
50,000  378.2 392.3 363.4 363.8 355.7 3484  363.0
100,000  376.2 384.5 367.6 367.7 363.2 358.9 3675
200,000  374.0 378.6 369.3 369.4 367.0 364.6  369.3
ARL 500,000  372.1 374.0 370.1 370.1 369.1 368.1  370.1
1,000,000  371.3 372.3 370.3 370.3 369.7 369.2 3702
2,000,000  370.8 371.3 370.3 370.3 370.1 369.8  370.3
5,000,000  370.6 370.8 370.4 370.4 370.2 370.1 3704
00 370.4 370.4 370.4 370.4 370.4 3704 3704
50,000  105.9 100.8 109.4 108.2 110.9 111.0  110.7
100,000 86.2 84.0 87.6 86.9 88.2 88.1 88.2
200,000 66.4 65.6 66.9 66.6 67.1 67.1 67.2
SDANOg 900,000 44.5 44.3 44.6 44.6 44.7 44.7 44.7
1,000,000 32.1 32.1 32.2 32.2 32.2 32.2 32.2
2,000,000 23.0 22.9 23.0 23.0 23.0 23.0 23.0
5,000,000 14.6 14.6 14.6 14.6 14.6 14.6 14.6
00 0.0 0.0 0.0 0.0 0.0 0.0 0.0

MLE = maximum likelihood estimator; ARL = average run length; SDARL = standard deviation of ARL.

Table 4.4. ANOS and SDANOS values of the g-CUSUM chart using Bayes estimator when ANOS, = 300,000,
po = 0.0001, and § =3

Beta Beta Beta Beta Beta Beta
m MLE
(1,19999) (2,39998) (1,9999) (2,19998) (1,4999) (2,9998)
Mean 0.00005 0.0001 0.0002
Variance 2.50E-09 1.25E-09 1.00E-08 5.00E-09 4.00E-08 2.00E-08
200,000 248,988 231,058 266,419 265,031 258,490 278,544 238,983
500,000 286,378 277,620 298,964 298,329 300,646 310,149 299,646
ANOS 1,000,000 302,066 292,996 310,028 311,035 315,332 318,792 310,305
2,000,000 302,840 297,898 307,905 307,828 310,513 312,987 307,991
5,000,000 301,230 299,227 303,257 303,239 304,275 305,284 303,271
00 300,009 300,009 300,009 300,009 300,009 300,009 300,009
200,000 153,693 134,706 169,922 163,698 170,254 181,157 159,456
500,000 127,811 120,807 135,721 133,347 138,558 141,859 138,225
SDANOS 1,000,000 100,303 95,722 103,593 103,025 105,814 106,463 104,671
2,000,000 72,030 70,216 73,548 73,156 74,334 74,700 73,939
5,000,000 45,163 44,690 45,552 45,455 45,744 45,846 45,644
[e'e) 0 0 0 0 0 0 0

MLE = maximum likelihood estimator;
ANOS = average number of observations to signal; SDANOS = standard deviation of ANOS.
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Table 4.5. ANOS and SDANOS values of the g-CUSUM chart using Bayes estimator when ANOSy = 300,000,

po = 0.0001, and § =5

Beta Beta Beta Beta Beta Beta
m MLE
(1,19999) (2,39998) (1,9999) (2,19998) (1,4999) (2,9998)
Mean 0.00005 0.0001 0.0002
Variance 2.50E-09 1.25E-09 1.00E-08 5.00E-09 4.00E-08 2.00E-08
200,000 306,760 267,963 354,326 349,173 382,355 404,627 360,279
500,000 303,690 286,826 321,985 321,126 331,777 340,671 322,903
ANOS 1,000,000 302,027 293,381 311,044 310,810 315,695 320,139 311,264
2,000,000 301,070 296,688 305,537 305,478 307,803 310,023 305,587
5,000,000 300,442 298,679 302,223 302,209 303,107 304,002 302,226
o0 300,016 300,016 300,016 300,016 300,016 300,016 300,016
200,000 203,049 164,213 241,771 226,311 265,039 270,247 259,527
500,000 126,986 116,251 136,184 133,113 141,149 142,828 139,428
SDANOS 1,000,000 89,179 85,290 92,365 91,370 94,018 94,647 93,372
2,000,000 62,812 61,412 63,927 63,592 64,487 64,722 64,252
5,000,000 39,620 39,267 39,903 39,818 40,042 40,102 39,982
9] 0 0 0 0 0 0 0

MLE = maximum likelihood estimator;
ANOS = average number of observations to signal; SDANOS = standard deviation of ANOS.

Table 4.6. ANOS and SDANOS values of the g-CUSUM chart using Bayes estimator when ANOS, = 70,000,
po = 0.0005, and § = 3

Beta

Beta

Beta

Beta

Beta

Beta

(1,3999)  (2,7998)  (1,1999)  (2,3998)  (1,999)  (2,1998) MLE
Mean 0.00025 0.0005 0.001
Variance 6.25E-08 3.12E-08 2.50E-07 1.25E-07 9.99E-07 5.00E-07
100,000 42,766 43,768 41,544 41,661 42911 40,050 41,426
200,000 50,741 51,323 50,015 50,043 48,247 49,101 47,411
500,000 59,110 59,323 58,827 58,834 58,061 58,469 58,821
ANOS 1,000,000 65,152 65,490 65,164 65,168 64,922 65,149 65,164
2,000,000 68,973 68,823 69,019 69,121 69,249 69,154 69,020
5,000,000 70,047 69,948 70,145 70,144 70,189 70,241 70,143
00 70,010 70,010 70,010 70,010 70,010 70,010 70,010
100,000 26,513 25,074 27,837 27,806 28,900 29,002 27,875
200,000 26,191 24,910 27,436 27,398 28,109 28,619 27,609
500,000 22,810 21,900 23,719 23,706 24,457 24,630 23,732
SDANOS 1,000,000 17,375 16,384 17,961 17,953 18,495 18,559 17,968
2,000,000 10,468 10,238 10,908 10,699 10,729 11,162 10,912
5,000,000 5,001 4,992 5,016 5,015 5,037 5,031 5,025
00 0 0 0 0 0 0 0

MLE = maximum likelihood estimator;
ANOS = average number of observations to signal; SDANOS = standard deviation of ANOS.

ZHANOS) %} EEH2HSDANOS)E Table 4.4914 Table 4.99 A A3t}
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Table 4.7. ANOS and SDANOS values of the g-CUSUM chart using Bayes estimator when ANOSy = 100,000,

po = 0.0005, and § =5

Beta Beta Beta Beta Beta Beta
m MLE
(1,3999) (2,7998) (1,1999)  (2,3998) (1,999) (2,1998)
Mean 0.00025 0.0005 0.001
Variance 6.25E-08 3.12E-08 2.50E-07 1.25E-07 9.99E-07 5.00E-07
100,000 102,866 96,340 109,944 109,562 113,769 117,191 110,356
200,000 101,501 98,206 104,963 104,843 106,744 108,440 105,064
ANOS 500,000 100,614 99,283 101,977 101,948 102,658 103,333 101,997
1,000,000 100,314 99,644 100,982 100,981 101,333 101,654 100,991
2,000,000 100,161 99,829 100,495 100,494 100,656 100,829 100,500
5,000,000 100,067 99,931 100,200 100,200 100,264 100,334 100,201
[e9) 99,980 99,980 99,980 99,980 99,980 99,980 99,980
100,000 49,354 44,703 53,480 52,180 55,671 56,582 54,807
200,000 34,144 32,477 35,523 35,142 36,234 36,565 35,925
SDANOS 500,000 21,272 20,863 21,626 21,524 21,782 21,882 21,713
1,000,000 14,974 14,822 15,088 15,063 15,140 15,177 15,119
2,000,000 10,555 10,509 10,591 10,586 10,619 10,622 10,608
5,000,000 6,668 6,652 6,678 6,676 6,680 6,686 6,680
[eS) 0 0 0 0 0 0 0

MLE = maximum likelihood estimator;
ANOS = average number of observations to signal; SDANOS = standard deviation of ANOS.

Table 4.8. ANOS and SDANOS values of the g-CUSUM chart using Bayes estimator when ANOS, = 30,000,

po = 0.001, and § = 3

Beta Beta Beta Beta Beta Beta
m MLE
(1,1999)  (2,3998) (1,999) (2,1998) (1,499) (2,998)
Mean 0.0005 0.001 0.002
Variance 2.50E-07 1.25E-07 9.99E-07 5.00E-07 3.99E-06 2.00E-06
50,000 29,174 27,760 29,893 30,520 30,925 31,012 29,965
100,000 30,205 29,363 31,131 31,102 31,536 32,039 31,160
200,000 30,290 29,794 30,793 30,791 31,045 31,302 30,805
ANOS 500,000 30,126 29,923 30,326 30,327 30,432 30,529 30,328
1,000,000 30,064 29,966 30,166 30,165 30,212 30,267 30,166
2,000,000 30,033 29,981 30,083 30,083 30,105 30,133 30,082
5,000,000 30,013 29,993 30,033 30,033 30,042 30,053 30,033
oo 30,029 30,029 30,029 30,029 30,029 30,029 30,029
50,000 13,045 12,075 13,563 13,594 14,140 14,177 13,817
100,000 10,024 9,608 10,404 10,296 10,579 10,689 10,520
200,000 7,204 7,017 7,356 7,317 7,428 7,471 7,396
500,000 4,514 4,468 4,554 4,543 4,573 4,583 4,563
SDANOS
1,000,000 3,181 3,165 3,195 3,191 3,199 3,205 3,198
2,000,000 2,244 2,238 2,249 2,248 2,249 2,253 2,250
5,000,000 1,418 1,417 1,419 1,419 1,420 1,420 1,420
) 0 0 0 0 0 0 0

MLE = maximum likelihood estimator;

ANOS = average number of observations to signal; SDANOS = standard deviation of ANOS.
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Table 4.9. ANOS and SDANOS values of the g-CUSUM chart using Bayes estimator when ANOS, = 50,000,
po = 0.001, and § =5

Beta Beta Beta Beta Beta Beta
m MLE
(1,1999)  (2,3998) (1,999) (2,1998) (1,499) (2,998)
Mean 0.0005 0.001 0.002
Variance 2.50E-07 1.25E-07 9.99E-07 5.00E-07 3.99E-06 2.00E-06

50,000 51,424 48,166 54,959 54,768 56,869 58,576 55,198
100,000 50,748 49,101 52,471 52,417 53,386 54,209 52,534
200,000 50,387 49,564 51,230 51,222 51,664 52,081 51,252
500,000 50,163 49,826 50,496 50,496 50,662 50,832 50,500

ANOS 1,000,000 50,083 49,916 50,250 50,250 50,335 50,417 50,251
2,000,000 50,044 49,962 50,128 50,128 50,167 50,211 50,127
5,000,000 50,015 49,981 50,048 50,048 50,069 50,081 50,049

00 49,947 49,947 49,947 49,947 49,947 49,947 49,947
50,000 24,645 22,334 26,688 26,058 27,829 28,234 27,428
100,000 17,049 16,232 17,753 17,547 18,127 18,274 17,970
200,000 11,920 11,619 12,166 12,095 12,290 12,346 12,226

SDANOg  P00,000 7,477 7,402 7,542 7,521 7,569 7,587 7,556
1,000,000 5,278 5,252 5,298 5,294 5,305 5,314 5,300
2,000,000 3,727 3,718 3,733 3,733 3,741 3,739 3,734
5,000,000 2,355 2,354 2,357 2,357 2,358 2,358 2,358

00 0 0 0 0 0 0 0

MLE = maximum likelihood estimator;
ANOS = average number of observations to signal; SDANOS = standard deviation of ANOS.
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