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ENTIRE SOLUTIONS OF DIFFERENTIAL-DIFFERENCE
EQUATION AND FERMAT TYPE ¢-DIFFERENCE
DIFFERENTIAL EQUATIONS

MIN FENG CHEN AND ZONG SHENG GAO

ABSTRACT. In this paper, we investigate the differential-difference equa-
tion
(fz+0) = f(2))* + P(2)*(f M (2))* = Q(2),

where P(z), Q(z) are nonzero polynomials. In addition, we also investi-
gate Fermat type g¢-difference differential equations

F@2)? + (fP(2)? =1 and (f(g2) — f(2))* + (FF(2))* = 1.
If the above equations admit a transcendental entire solution of finite
order, then we can obtain the precise expression of the solution.

1. Introduction and results

In this paper, we assume that the reader is familiar with standard symbols
and fundamental results of Nevanlinna theory [6, 7]. In addition, we use the
notation o(f) to denote the order of growth of the meromorphic function f(z).
And we denote by S(r, f) any quantify satisfying S(r, f) = o(T'(r, f)), as r —
00, outside of a possible exceptional set of finite logarithmic measure.

Recently, a number of papers (including [2, 3, 8, 14]) have focused on mero-
morphic solutions of complex difference equations and differential-difference
equations. Fermat type functional equations were investigated by Gross [4, 5],
Montel [11] and Yang [13]. Yang [13] investigated the Fermat type functional
equation

(1.1) a(2)f(2)" +b(2)g(2)™ =1,

where a(z), b(z) are small functions with respect to f(z) and obtained the
following result.

Received May 12, 2015; Revised August 10, 2015.

2010 Mathematics Subject Classification. 39B32, 34M05, 30D35.

Key words and phrases. differential-difference equation, Fermat type g-difference differ-
ential equations, transcendental entire solution, finite order.

This research was supported by the National Natural Science Foundation of China (No:
11171013, 11371225).

©2015 Korean Mathematical Society

447



448 MIN FENG CHEN AND ZONG SHENG GAO

Theorem A (See [13]). Let m,n be positive integers satisfying % + % < 1.
Then there are no nonconstant entire solutions f(z) and g(z) that satisfy (1.1).

Theorem A implies that there are nonconstant entire solutions with the
assumption of m > 2, n > 2in (1.1). However, when m = n = 2 and g(z) has a
specific relationship with f(z) in (1.1), the problem is worth to be considered.

Tang and Liao [12] investigated the entire solutions of the following equation

(1.2) F@P+PRPA(FP(2)? = Q(2),

where P(z), Q(z) are nonzero polynomials.
Liu and Yang [10] considered the finite order entire solutions of the differen-
tial-difference equation

(1.3) fz4+e)?+ (P (2)? =1.

In this paper, we consider the entire solutions of the following differential-
difference equation

(1.4) (fz+0) = f(2)* + P(2)*(fP(2))* = Q(2),
where P(z), Q(z) are nonzero polynomials, and obtain the following results.

Theorem 1.1. Let P(z), Q(z) be nonzero polynomials. If the differential-
difference equation (1.4) admits a transcendental entire solution of finite order,
then P(z) = A (constant), Q(z) = q1q2 (constant) and k must be an odd. Thus,

az+b —(az+b)
flz) = 4= +‘fe + ¢1, where a,b,c,c; € C are constants such that
; 2mA+1)mi
ak:%,c:i( mj; i e Z.

Corollary 1.1. If P(2), Q(z) are nonconstant polynomials, then there does not
exist transcendental entire solution of finite order of the differential-difference
equation (1.4).

Corollary 1.2. If P(z), Q(z) are nonzero polynomials and k is an even,
then there does not exist transcendental entire solution of finite order of the
differential-difference equation (1.4).

Corollary 1.3. Let P(z), Q(z) be nonzero polynomials. Then the differential-
difference equation

(1.5) (f(z+0) = f(2))° +2P(2)*(fP(2))* = Q(2)

has no transcendental entire solution of finite order.

Example 1.1. If P(z) = 2i, ¢ = i, Q(z) = 1 and k is an odd, then (f(z +
mi) — f(2))? + (20)%(f* (2))? = 1 has a transcendental entire solution f(z) =

z4b ,—(2+b) . . .
—e—+¢ —— = —1cos(iz + ib), where b is a constant.

Barnett et al. [1] have stated a g-difference analogue of the logarithmic de-
rivative lemma. However, they mainly investigated the zero-order meromorphic
solutions of g-difference equations. In what follows, we will consider the entire
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solutions of finite order, not limited to zero-order in Fermat type ¢-difference
differential equations.

Liu and Cao [9] have considered Fermat type g-difference differential equa-
tion

(1.6) F'()?* + (f(g2)* =1,

and obtained the following result.

Theorem B (See [9]). The transcendental entire solutions with finite order of
equation (1.6) satisfy f(z) = sin(z + B) when q = 1, and f(z) = sin(z + k)
or f(z) = —sin(z + km + ) when ¢ = —1. There are no transcendental entire
solutions with finite order when q # +1.

In this paper, we consider an improvement of Theorem B and obtain the
following results, which are also viewed as g¢-difference analogue of equation
(1.2).

Theorem 1.2. The transcendental entire solutions with finite order of q-
difference differential equation

(1.7) Flaz)? + (fP (=) =1,
must satisfy the following cases,

(i) f(z) = cos(iaz +1ib), a* = —i, k is an odd and b is a constant when
q=1

(ii) f(z) = £sin(iaz), a* =i, k is an odd or f(z) = +cos(iaz), a* = —i, k
is an odd or f(z) = +sin(iaz — Z), a* =1, k is an even or f(z) = £sin(iaz +
s af = —1, k is an even when q = —1. There are no transcendental entire
solutions with finite order when q # +1.

Theorem 1.3. The transcendental entire solutions with finite order of q-
difference differential equation

(1.8) (fa2) = f(2))* + (fP(2)* = 1,
must satisfy f(z) = i% sin(iaz) + ¢, c is a constant, a* = 2i, k is an odd and
q = —1. There are no transcendental entire solutions with finite order when

q# —1 or k is an even.

2. Lemmas for the proof of theorems
Lemma 2.1 (See [15, Theorem 1.62]). Let f;(z) (j =1,2,...,n) be meromor-
phic functions, fr(z) (k=1,2,...,n— 1) be nonconstant functions, satisfying
> i1 fi(z) =1 where n > 3. If fu(2) #0 and
n 1 n o
21) YN (r 55 )+ ) SN £ < (rol)T(r Au2) (7 €
j=1 J j=1

where A\ <1 and k =1,2,...,n—1, then f,(z) = 1.
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Lemma 2.2. Let Q(z) be nonzero polynomial and satisfy

(2.2) Qz+¢) = Q(2) = c1Q'(2) + Q" (2) + - + Q™ (2),
where c1,¢a,...,c € C\ {0}, k € N and ¢ # c1. Then Q(z) = A (constant).
Proof. Suppose that Q(z) #Z A, then deg Q(z) > 1.
Denote

Q(2) = aqz? + atz—lztk1 +-+ao (ag #0).

Then
Q(z +¢) = ag(z + ) + ag-1(z + )" + - +ao,

Q'(2) = qagz" ' + (¢ — Vag-1277> + -+ +ay,

Q(z +¢) — Q(2) = qagez? ' + (an’gc2 + aq,lc;_lc)z'kQ +ee
Comparing the coefficients of 2971 on both sides of (2.4), we see that ga,c =
qagqcy, that is gag(c —¢1) = 0. From degQ(z) = ¢ > 1, ¢ # ¢1 and aq # 0, we
can get a contradiction. O

3. Proof of theorems

Proof of Theorem 1.1. Assume that f(z) is a transcendental entire solution of
finite order of (1.4), then

(B1) (fz+¢) = f(2) +iP) [P () (f(z +¢) = f(z) —iP(2) [P (2)) = Q(2).

Thus, both f(z 4+ ¢) — f(2) +iP(2)f®)(2) and f(z +¢) — f(z) —iP(2) f®) (2)
have finitely many zeros. Combining (3.1) with the Hadamard factorization
theorem [15, Theorem 2.5], we assume that

Fz+4¢) = f(2) +iP(2) R (2) = Q1 (2)e"®
and
F(z+¢) = f(2) —iP(2) fP)(2) = Qa(2)e "),
where h(z) is a nonconstant polynomial, otherwise f(z) is a polynomial, and
Q(2) = Q1(2)Q2(z), where Q1(z), Q2(2) are nonzero polynomials. Thus, we
have

Q1(2)e"® + Qy(2)e "

(3.2) flz+¢) = f(z) = .
and
(3.3) f®(z) = Qi (z)e") — QQ(Z)e_h(Z)-

2iP(2)
It follows from (3.2) and (3.3) that
B Ql(z + c)eh(erc) o QQ(Z + C)efh(erc)
2iP(z+¢)
(iP(2)p1(2) + Q1(2))e"? + (iP(2)pa(2) — Q2(2))e ")

(34) - 2iP(z) ’

F®(z+¢)
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where
pr(z) = Qu(2)(H (2)F + My_1 (W (2),h"(2), ..., h®¥) (2)))
+ QU (2)My—1 (' (2), 1 (2), ..., WD (2)) + -+
+ QI TV ()M (M (2) + Q" (2),
pa(2) = Qa(2)(—=1)* W (2)* + N (I (2), 1" (2), . .., h®)(2))
+ (~)P Qb () N (W (2), h(2), . . h(k 1>< )+
+ (DR ()N (W (2)) + Q) (2),

and M;, N; (j =1,2,...,k—1) are differential polynomials of h’(z) with degree
7 respectively.
If iP(2)p1(z) + Q1(2) = 0 and iP(2)p2(z) — Q2(z) Z 0, then (3.4) can be

rewritten as

P(z)Qi1(z +¢) () +h(z+e)
P(z +c)(iP(2)p2(z) — Q2(2))
(3.5) = P(Z)QQ(Z + C) () —h(z+c) +1,

P(z 4 c)(iP(2)p2(z) — Q2(2))
compare the order of growth on both sides of (3.5), we see that (3.5) is a
contradiction.
If iP(2)p2(z) — Q2(2) = 0 and iP(2)p1(2) + Q1(z) Z 0, then (3.4) can be

rewritten as

P(2)Q2(z + ¢) o—hlz+0)~h(2)
Pz +c)(iP(2)p1(z) + Q1(2))
(3.6) = P(2)Qu(z + ¢) ohlzHo)—h(z) _ 1

P(z +¢)(iP(2)p1(2) + Q1(2))
compare the order of growth on both sides of (3.6), we see that (3.6) is a
contradiction.

Thus, we have iP(2)p1(z) + Q1(2) # 0 and iP(2)p2(z) — Q2(z) £ 0. Then
(3.4) can be rewritten as

P(2)Q1(z +¢) () +h(zte)
P(z +¢)(iP(2)p2(2) — Q2(2))
B P(2)Q2(z + ¢) () =h(z+)

P(z + c)(iP(2)p2(2) — Q2(2))
iP(2)p1(2) +Q1( )€2h(z) -1
iP(2)p2(z) — Q2(2) o

Since h(z) is a nonconstant polynomial, we know that both eM*)+h(z+¢) and
e2M2) are not constants. From Lemma 2.1, we see that

P(z + ) (iP(2)pa(2) = Q2(2))e" =) = —P(2)Qa(2 + ¢,

thus h(z) = az + b, where a is a nonzero constant, b is a constant.

(3.7)
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Then, we have

(3.8) p1(2) = Qu(2)a" + kQ\ (2)a" L + -+ QP (2),

(39 ;) = (-1FQa(z)a" + (-1 TRQL(2)a" T+ + Q7 (2).
By Lemma 2.1 and (3.7), we obtain
ac _ eh(z-i—c)—h(z) = P(Z + C)(ZP(Z)pl(z) + Ql(z))

e

P(2)Q1(z +¢)
_ P(z)Qa(z +¢)
- P+ o)(iP(2)pa(2) — Q2(2))
that is,
(3.10) e“P(2)Q1(z 4+ ¢) = P(z+ ¢)(iP(2)p1(2) + Q1(2)),
(3.11) —e7¥P(2)Q2(z + ¢) = P(z + ¢)(iP(2)p2(z) — Q2(2)).

From (3.8)-(3.11), we see that P(z) = A(3 0) and
(3.12)  €®Qu(z +¢) = (iAd® + 1)Qu(2) +iA(kQ| (2)a*  + - + Q1M (2)),

—e"Qa(z 4 ¢) = ((—1)*ida" — 1)Qa(2)
(3.13) FiA((—1)F RQly(2)ab + -+ QW (2)).
By (3.12) and (3.13), we get
e =iAa" +1, —e7% = (~1)%iAd" — 1,

then k must be an odd, a* = Z and ¢ = w, m € Z.

Therefore, (3.12) and (3.13)Acan be rewritten as
(3.14) Qi(z+¢) — Q1(2) = —iA(ka" Q) (2) + - + QW (2)),
(3.15) Qa(z +¢) — Qa(2) = iA(—ka*1Q4(2) + - - + QY (2)).

Since ¢ # —iAka*~1, by Lemma 2.2, we see that Q1(z) = ¢1(constant), Q2(2) =
g2 (constant).
From (1.4) and (3.3), we have

az+b —(az+b) az+b —(az+b)
_ Qe + q2e _ Qe + qe
) = 2i AdF te= 1 e
where a(# 0),b,¢; € C are constants. This completes the proof of Theorem
1.1. (I

Proof of Theorem 1.2. As in the beginning of the proof of Theorem 1.1, we
have

eh(z) _|_ e_h(z)
(3.16) fgz) = ————

2
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and
h(z) _ g=h(2)
1 Wpy="""°¢ =
(3.17) 0 = 5,
where h(z) is a nonconstant polynomial. Combining (3.16) with (3.17), we
obtain
eMaz) —e=h(az)  p(2)eh2) 4 hy(z)e h(2)

(3.18) F¥(g2) = 5 = 2" :

where
hi(z) = W*(2) + My (RF)(2), ..., W (2)),
ho(z) = (=1)*R™*(2) + Nj_1 (B (2), ... W (2))

and My_1, Ny_; are polynomials of h/(z),...,h*)(z) with degree k — 1. By
(3.18), we obtain

(3.19) 7ihllgz)eh(qz)+h(z) B Z"12152)6;1(%)41(;{) 4 e2ha) = 1

q q
From Lemma 2.1, if h(gz) + h(z) = A, then we have 7%614 =1 and
ih;#e_’“ = 1, which implies h(z) = az + b, where a is a nonzero constant, b
is a constant. Thus, from h(z) = az + b, fi;—:eA =1 and i(%,)jake”“ =1, we
have ¢ = —1, (—1)*a?* = 1. If k is an odd and a* = i, then e = e=4 = —1,
b=1A= W, m € Z, from (1.7) and (3.17), we have

f( )7 eaz+b+67(az+b) _ eaz+b+67(az+b)

= 2iak - 2
= —cos(iaz + ib) = £sin(iaz).

If k is an odd and a* = —i, then e = e 4 =1, b= %A = mmi, m € Z, from

(1.7) and (3.17), we have
eaz+b +67(az+b) eaz+b +67(az+b)

J2) = 2iak - 2
= cos(iaz + ib) = £ cos(iaz).
If kisanevenand a* =1, thene? =i, e 4 = —i, b= %A = (m+i)m’, m € Z,

from (1.7) and (3.17), we have
eaz+b _ ef(aerb) eaz+b _ ef(aerb)

J) = 2iaF - 2i
= —sin(iaz + ib) = £ sin (iaz - %) .
If k is an even and a* = —1, thene? = —i, e 4 =i, b= %A =(m-— i)m’, m €
Z, from (1.7) and (3.17), we have
eaz-i—b _ e—(az-i—b) eaz—i—b _ e—(az—i—b)
f(z) = = -

2iak 2
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.. . . . ™
= sin(iaz + ib) = £ sin (zaz + Z) .

From Lemma 2.1, if h(gz) — h(z) = B, then we have %G_B = 1 and

_tha(z) 0B = 1, which implies h(z) = az 4+ b, where a is a nonzero constant, b

qk
is a constant. Thus, from h(z) = az + b, ZI—:@’B =1 and *%63 =1, we
have ¢ = 1, a* = —i and k must be an odd. From (1.7) and (3.17), we have
eaz—i—b T e—(az-i—b) eaz—i—b 4 e—(az-i—b)
ia 2
This completes the proof of Theorem 1.2. [l

= cos(iaz + ib).

Proof of Theorem 1.3. As in the beginning of the proof of Theorem 1.1, we
have

(3.20) flaz) = f(2) =

and

eh’(z) + e_h(z)
2

W) _ g=h(z)
3.21 R
(3.21) O =
where h(z) is a nonconstant polynomial. Combining (3.20) with (3.21), we
obtain
(322) Ml H L ageine @) T nenn) 4 2hen) =,
q q
where
hi(2) = WE(2) + M1 (B9 (2),..., B (2)),
ho(z) = (=1)FR™(2) + Np_1 (AP (2),... W (2))

and Mj_1, Nj_1 are polynomials of h/(2),..., h¥)(z) with degree k — 1.
If ih1(z) + 1 = 0 and iha(z) — 1 #Z 0, from (3.22), we have

(3.23) —LQ(Z]Z — 1eh(qz)_h(z) +e2Max) =1,
q
Clearly, we find that 2h(qz) and h(gz) — h(z) are not constants synchronously.
Thus (3.23) is impossible.
If iha(z) — 1 =0 and ihi(2) + 1 £ 0, from (3.22), we have

(3.24) 7“11@%4@2)%(2) L e2han) — 1,
q
and 2h(qz) and h(qz) + h(z) are not constants simultaneously, then (3.24) is
also impossible.
Thus, we have ihi(z) + 1 # 0 and iha(z) — 1 £ 0.
From (3.22) and Lemma 2.1, if h(gz)+h(z) = A, then we have 7%61“ =

1 and %6_’4 = 1, which implies h(z) = az + b, where @ is a nonzero
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constant, b is a constant. Thus, from h(z) = az + b, —m;—jleA = 1 and
. k_k
Wb a=1lo-4 — | wehave g = —1, aF = 2i, eA = e 4 = -1, b = 1A =

q .
7(2’”;1)7”, m € Z and k must be an odd. By (1.8) and (3.21), we have

eaz-i—b +€—(az+b) eaz—i—b +€—(az+b)
f(Z) = T+C— —f +c

1 1
~3 cos(iaz + ib) + ¢ = i§ sin(iaz) + ¢,

where a(# 0),b, ¢ € C are constants.
From (3.22) and Lemma 2.1, if h(qz)—h(z) = B, then we have 7%6E =

1 and %6_3 = 1, which implies h(z) = az + b, where a is a nonzero con-

stant, b is a constant. Thus, from h(z) = az + b, —i(_l)q#e’g =1 and

m:—,fle_B =1, we have a = 0, which is impossible. This completes the proof

of Theorem 1.3. ([
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