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Abstract

The maximal signal-to-interference-plus-noise ratio (Max-SINR) algorithm for interference
alignment (1A) has received considerable attention for its high sum rate achievement in the
multiple-input multiple-output (MIMO) interference channel. However, its complexity may
increase dramatically when the number of users approaches the 1A feasibility bound, and the
number of iterations and computational time may become unacceptable. In this paper, we
study the properties of the Max-SINR algorithm thoroughly by presenting theoretical insight
into the algorithm and by providing the potential of reducing the overall computational cost.
Furthermore, a novel 1A algorithm based on the principle direction search is proposed, which
can converge more rapidly than the conventional Max-SINR method. In the proposed
algorithm, it searches along the principle direction, which is found to approximately point to
the convergence values, and can approach the convergence solutions rapidly. In addition, the
closed-form solution of the optimal step size can be formulated in the sense of minimal
interference leakage. Simulation results demonstrate that the proposed algorithm outperforms
the conventional minimal interference leakage and Max-SINR algorithms in terms of the
convergence rate while guaranteeing the high throughput of 1A networks.

Keywords: Max-SINR, Interference Alignment, Rapid Convergence, Low Complexity.

This research was supported partly by the National Natural Science Foundation of China under Grant No.61102085
and No.61201224, Natural Scientific Research Innovation Foundation in Harbin Institute of Technology under No.
HIT.NSRIF 201151, China Postdoctoral Science Foundation Special Funded Project under 2013T60282, and the
Fundamental Research Funds for the Central Universities under DUT14QY44.

http://dx.doi.org/10.3837/tiis.2015.05.012 ISSN : 1976-7277



KSII TRANSACTIONS ON INTERNET AND INFORMATION SYSTEMS VOL. 9, NO. 5, May 2015 1769

1. Introduction

In current multiuser wireless networks where some resources such as frequency, time, and

space are usually shared among different users, interference appears and becomes the
bottleneck of the throughput of the system. Many scholars have focused on interference
management techniques to eliminate the interference [1] and to maximize the sum rate [2], and
interference alignment (1A) is a novel scheme that can mitigate the interference and thus
increase the total throughput significantly [3]. Cadambe and Jafar showed that the degrees of
freedom (DoFs) of the multiple-input multiple-output (MIMO) communication system scale
proportionally to the number of users by employing 1A in the high signal-to-noise ratio (SNR)
regime in [4]. The essential idea of IA is to separate the desired signal and interference into
different signal subspaces by using the proper precoding matrices and to reconstruct the
former as well as to suppress the latter by using the proper decoding matrices [5]. Due to its
promising performance in eliminating the interference and increasing the sum rate, 1A has
become an intensive research topic in recent years [6-8].

The feasibility condition for the K-user 1A system of M transmitting antennas, N receiving
antennas, and d DoFs was provided by Yetis et al. in [9] as K<(M+N)/d-1. However, the
closed-form solutions to IA can be obtained only in some very special situations [10], and
finding the optimal IA solutions still remains an open problem. Schmidt et al. analyzed these
challenges in [11] and noted that the number of IA solutions increases dramatically with the
number of users and antennas. In addition, the sum rate that different I A solutions can achieve
varies considerably, and a brutal search is obviously infeasible due to the large computational
cost. Furthermore, this problem was proved to be non-convex and NP-hard in [12]. Therefore,
many scholars have developed different strategies to determine the sub-optimal IA solutions.
Gomadam et al. developed the minimizing interference leakage (MinlL) algorithm in [13] to
seek perfect IA points, and its convergence was proved. However, the MinlL algorithm does
not consider the direct channel and might suffer from the loss of the desired signal power.
Therefore, a maximal signal-to-interference-plus-noise ratio (Max-SINR) algorithm was
proposed in [14], which aims at maximizing the SINR of each data stream by designing proper
precoding and decoding matrices. The minimum mean square error (MMSE) criterion was
introduced in [15] and [16] to optimize the sum rate in the broadcast and interference channels,
respectively. Shrestha et al. developed the maximal signal-to-leakage-and-noise ratio
(Max-SLNR) algorithm in [17], which has the advantages of best sum capacity in low and
moderate SNR regimes, stable performance with respective to antenna order, and not requiring
channel reciprocity. The gradient descent method was leveraged in [18] to maximize the sum
rate. An excellent survey on the current IA techniques was conducted by Schmidt et al. in [11],
where the objectives, convergence performance, and sum rate of different beamforming
strategies are compared in great detail.

Among the current 1A algorithms, the Max-SINR method can achieve a high sum rate and
has received considerable attention [11, 19]. As noted in [11], the Max-SINR algorithm can
achieve the maximum DoFs and can converge faster than many other algorithms such as
MMSE. In addition, the throughput that the Max-SINR algorithm achieves is considerably
higher than that of the MinIL algorithm in the low and medium SNR regimes. However, the
iterations and computational time required by the Max-SINR algorithm might increase
dramatically when the number of users K is close to the IA feasibility bound (M+N)/d-1,
especially in the situations of larger M, N, and K. In practical systems, the precoding and
decoding matrices should be obtained before the channel state information (CSI) changes, and



1770  Wu et al.: A Rapid Convergent Max-SINR Algorithm for Interference Alignment Based on Principle Direction Search

longer calculating times might cause a misalignment and loss of sum rate when the outdated
precoding and decoding matrices are applied.

In this paper, we focus on developing the low-complexity Max-SINR algorithm with rapid
convergence. The main contributions of this paper are summarized as follows: 1. The behavior
of the Max-SINR algorithm in the neighborhood of the convergence solution is analyzed
thoroughly, and it is found that the relationship of the consecutive iteration deviations can be
approximately expressed by linear transformations. 2. The principle direction of the
transformations is introduced, which can approximately point to the convergence solution. 3.
A novel principle direction search (PDS) algorithm is proposed, which can increase the
convergence rate and reduce the overall computational cost significantly.

The remaining parts of the paper are organized as follows. In Section 2, the system model
is presented. The properties of the traditional Max-SINR algorithm are investigated in Section
3. The proposed PDS algorithm is developed in Section 4. In Section 5, simulation results are
provided, followed by the conclusions in Section 6.

Notation: Re{A}, Im{A}, AT, A", A" Tr[A], ||All, and Ay represent the real part,
imaginary part, transpose, conjugate, conjugate transpose, trace, Frobenius norm, and the Ith
column of matrix A, respectively. Al denotes the value of matrix A, at the jth iteration.

Particularly, ALY, is the Ith column of matrix A, obtained at the jth iteration, and A}, is the
conjugate transpose of A, .

numbers, respectively. I, "N, and CN(u, A) denote the identity matrix, MxN complex matrix,
and complex Gaussian vector with mean | and covariance matrix A, respectively. The notation
(MxN, d)* is employed to represent an MIMO interference channel with K users, M
transmitting antennas, N receiving antennas, and d data streams.

We use R and C to represent the sets of real and complex

2. System Model

In this paper, we mainly concentrate on the (MxN, d)* channels. For the kth user, the
transmitted symbol vector s,eC*™* is first precoded by the transmitting beamforming matrix
P,eC™ and the transmitted signal vector x,eC""* can be obtained as:
X, =PRs..k=12..,K. )
The transmitted signal vectors of all users will be sent to the receivers, and the received signal
vector of the kth user y,eC*! can be expressed as:
K
Ve =D HgX;+2,,k=12,.,K )
j=1
where z,eC"** represents the received noise vector with z,~CN(0, 6°I) and H,;eCV* denotes
the channel coefficient matrix from transmitter j to receiver k. In this paper, perfect CSI is
assumed to be known by each user, and the reader can refer to [20] and [21] for more
information on CSI. The receiver k employs the decoding matrix DyeC"® to extract the
desired symbol vector and to suppress the interference from other users. The final
reconstructed symbol vector of the kth user can be attained as:
K
$, =Dy, =D{H Ps,+D; > H,Ps, +Dj'z, ?3)

%]
j=1, j=k
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K
where D{H,P,s,, Df' D>° H,P;s;, and D}'z, are the desired symbol vector, residual
j=1, j=k
interference, and noise, respectively.

The interference in the network can be eliminated completely if the precoding and
decoding matrices satisfy the following conditions:

DerijZO; k,je{l,2,...K} k= j @
rank(D'H, P,) =d ®)
pkak:|,DkHDk:|. ©

However, when perfect 1A cannot be achieved, interference leakage appears, and it can be
given by:

K K
L:ZTV[D?( Z ijPijHHkHj)Dk]' @)
k=1 j=L, j=k

In addition, the desired signal and the interference-plus-noise covariance matrices of the Ith
data stream of receiver k are defined, respectively, as [14]:

A, = HkkPk(,)PkH(,)H[L,I =12,...d (8)
K d
By= 2 HyPPHG+ 2 HyPPinHi +0°L ©)
j=1, j=k r=1r=l
Thus the SINR of the Ith data stream of receiver k can be calculated as:
SINRkI = (DkH(I)AkIDk(I))/(DkH(I)BkIDk(I))' (10)

According to the Max-SINR algorithm [14], the decoding vector that maximizes (10) can
be given by:
Dk(l) = (BﬁlHkk Pk(l))/ " B;IlHkkPk(l) || (11)

Using the channel reciprocity, the channel coefficients matrices, precoding matrices, and
decoding matrices in the reciprocal channel are defined, respectively, as:

Hi=H" Pi=D, and Di =P; i, je{L,2,... K} (12)

ji
Similarly, the desired signal and the interference-plus-noise covariance matrices in the
reciprocal channel, i.e., Ax and B, can be attained accordingly.

In this paper, we focus on increasing the convergence rate and reducing the computational
complexity of the conventional Max-SINR algorithm in the high SNR regime. The properties
of the Max-SINR algorithm are studied, and a rapid convergent I1A algorithm is proposed.

3. Properties of the Traditional Max-SINR Algorithm

The Max-SINR algorithm is a promising method to approach the channel capacity, and the
sum rate it achieves outperforms many other algorithms. In the low to medium SNR regimes
where the sum rate is dominated by noise instead of interference, the Max-SINR algorithm can
achieve a significantly higher sum rate than many other algorithms. However, in the high SNR
regime, the throughput will be determined by interference rather than noise, and the
Max-SINR algorithm has to align the interference properly with considerably more iterations
and computational time. The large computational cost and long iteration time might constitute
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a major impediment to its application in practical systems. Therefore, the properties of the
Max-SINR algorithm in the high SNR regime will be studied in this section to provide the
theoretical foundation of the later proposed rapid convergent algorithm.

3.1 The mechanism of the Max-SINR Algorithm

The Max-SINR algorithm, as shown in Algorithm 1, leverages the channel reciprocity and
maximizes the SINR of each data stream alternatively. It is mainly composed of two
procedures, i.e., the forward and backward iterations. The most important point of the
algorithm lies in the design of the precoding and decoding matrices. Gomadam et al. [14] did
not provide the matrices design mechanism, and we present Theorem 1 to explain that the
maximal SINR problem is essentially the optimization of the generalized Rayleigh quotient of
matrices Ay and By.

Algorithm 1: Max-SINR Algorithm

1. Set the maximal iterations as l..x and the initial precoding matrices as P,EO] with

| PlE((’,]) |I=1 (k=1,2,...,K;I=1,2, ...,d). The variable i is used to represent the iterations
and is initialized as i=1. _
2. (Forward Iteration) Calculate the interference-plus-noise covariance matrices Bl in the
original channel according to (9), i.e.,
K d
Bi'= > H PP HE+ > H PLT P HY + 071, (13)
j=1, j=k r=1r=l
Formulate the decoding matrix DE] , the Ith column of which can be attained according to
(12), i.e.,
Dty = Bi) " H Py /11 (Bi) " Hy Py I (14)
3. (Backward Iteration) Calculate the interference-plus-noise covariance matrices BE,] in the
reciprocal channel, i.e.,
K d
Bl = > HLDYMDW)'H, + > HLDL, (DL, H, + 0l (15)
j=1, j=k r=1r=l
Formulate the precoding matrix P, the Ith column of which can be expressed as:
Peay = (B Hi Doy Il (Bi) "HGDigy |1 (16)
4. Update i<i+1. If i > I or the algorithm converges, stop and output the results;
otherwise, go to step 2).

Theorem 1: The unit-norm vector Dy, in (11) is the generalized eigenvector associated with
the maximal generalized eigenvalue of matrices Ay and By. In particular, SINR, in (10) is the
maximal generalized eigenvalue. Similarly, this theorem holds for the reciprocal channel.
Proof: From (8) and (11), we have

B H,P H,P
:Hkkpk(|)PH HkaD ki kk* k(1) kk ™ k(I) PH HkaB;|1HkkPk

A,D =
‘ OB HP I 1B HG Py I

k(1) o A7)

Define



KSII TRANSACTIONS ON INTERNET AND INFORMATION SYSTEMS VOL. 9, NO. 5, May 2015 1773

6 = PkH(|)H:||<B;|lHkk Pk(l) eC (18)
and (17) can be rewritten as:
_ Hkk Pk(l) _ BleillHkk Pk(l) (19)
0 ¥ || BillHkkPk(l) ” ‘ ” BEIlHkkPk(I) ”
Substitute (11) into (19), and the following equation can be satisfied:
Akl Dk(l) = Hlekl Dk(l)' (20)

Therefore, 4, is the generalized eigenvalue of matrices Ay and By with the corresponding
generalized eigenvector of Dy;). Particularly, &, is the generalized Rayleigh quotient and
equates to SINRy;.

A D

Left-multiply both sides of (20) by B;,l, and the generalized eigenvalue problem can be
equivalent to the ordinary eigenvalue problem, i.e.,
BillAkl Dk(l) = QkIDk(I)' (21)

Thus, 6y and Dy are the eigenvalue and the associated eigenvector of matrix B 'A,,
respectiVEIy. As Hkkpka)GCNXl, we have rank(HkkPk(|))=rank(HkkPk(|))H=1. Then,
rank(A,,) < min{rank(H,,P, ), rank(H, P, ,)"}=1. (22)

Therefore, rank(A,)=1. Because rank(B,'A,)=rank(A,)=1, B,'A, has only one

nonzero eigenvalue. Equivalently, there is only one nonzero generalized eigenvalue of
matrices Ay and By. As 6, equates to SINRy,, it can be shown that &, >0. Therefore, 6 is the
only nonzero generalized eigenvalue of Ay and By. Obviously, 6, is the maximal Rayleigh
guotient and the maximal SINR. Similarly, the proof above can be extended to the reciprocal
channel to show that Py, serves as the generalized eigenvector associated with the maximal

generalized eigenvalue of matrices Aw and Bu .

Theorem 1 provides a way for us to change the SINR optimization into a generalized
eigenvalue problem, and some interesting properties can also be explored based on this
theorem.

3.2 The Principle Direction of the Max-SINR Algorithm

In this section, we will develop the principle direction of the Max-SINR method, which will
serve as the foundation of the latter proposed rapid convergent algorithm. Based on Theorem 1,
we continue to develop Theorem 2 to show that the relationship for the consecutive iteration
deviations of the Max-SINR algorithm can be approximately expressed by
iteration-independent linear transformations. Properties of the transformations are later
studied in Theorem 3 and Property 4. From these theorems, the principle direction of the
transformations is then introduced in Theorem 5, and its mechanism for increasing the
convergence rate is verified. Finally, because the principle direction cannot be attained
directly, a convenient method to approximate the principle direction is developed in Theorem
6.

Before introducing Theorem 2, the following notations have to be defined beforehand.
Define the convergence values of P! and D! as P, and D, , respectively. The deviations

from the ith iteration to the convergence value, i.e., AP and AD[", satisfy
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P =P +APM k=12,..,K (23)
DI =D, +AD. (24)

Next, several column vectors are constructed to represent the overall precoding and decoding
vectors as follows:

Mplil ] 5 M Aplil ] U A ] [ APl 7]
P 1(1) 1(1) AP 1(1) D (1) Dl(l) AD 1(1)
[i] D [i] [i] B [i]
P1(2) 1(2) P1(2) D1(2) D1(2) D1(2)
[i] D [i] [i] M [i]
Pl(d) Pl(d) APl(d) Dl(d) R Dl(d) ADl(d) (25)
pil = .. | =l [apP=].. Adi=| . |d= ,AdW = .
[i] D [i] [i1 B [i]
Py @ Py 1) APy o) D @ Dy ) ADj )
[i] D [i] [i] M [i]
PK(Z) PK(Z) APK(Z) DK(Z) DK(2) ADK(Z)
[i] D [i] [i1 B [i]
_PK(d)_ _PK(d)_ APK(d) _DK(d)_ _DK(d)_ ADK(d)

In addition, we can separate the real and imaginary parts of the vectors above to construct the
associated real vectors, i.e.,

r)[i] _ |:R9{p[']}:| , p |:Re{p}} F_)[i] _ |:R9{Ar)[l]}:| ERZKMXm (26)

Im{p""} Im{p} Im{Ap"}
g = {Re{d[']}] _ Re{d} A = {Re{Afi“]}] CR2KNdxL @7
Im{al’} |m{d} Im{Ad"}
It is obvious that the following relations can be satisfied:
P =p+ap" (28)
di =d+Ad". (29)

The change in the overall deviations A" and Ad™ is studied, and the following theorem
can be given:

Theorem 2: In the high SNR regime, if the Max-SINR algorithm can converge to a near IA
point, there exists iteration-independent transformations TpeR?<®2MKd gng TpeR2NKI*2NKd

respectively, that exert on the deviation vectors Ap™ and Ad™. When p''! and d™ are

located within the small neighborhoods of 6 and d , respectively, the following
approximation can be obtained:

AptY = T, Ap™ (30)
Ad" = T AdM, (31)
Proof: See Appendix A.

It is obvious that Tp and Tp determine the behavior of the Max-SINR algorithm in the
neighborhoods around the convergence solutions. Therefore, a thorough analysis on the
transformations will be executed in Theorem 3 and Property 4 to provide theoretical insight
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into the algorithm and to explore the potential of increasing the convergence rate of the
Max-SINR algorithm.

Theorem 3: The transformations Tp and Tp of the Max-SINR algorithm have the same
eigenvalues.

Proof: For matrices EeC™" and FeC™", EF has the same eigenvalues as FE [22]. Therefore,
TD:TPD TDp and Tp:TDp TPD have the same eigenva|ueS.

In the (MxM, d) ¥ case, define the eigenvalues of Tp and Tp as {41, Aa,..., dowka} and the
associated eigenvectors as {ei1,€y,...,eowka} and {fif,,....fouxa}, respectively. For the high
complexity of Tp and Tp, their properties are mainly studied by simulations, and one
important feature can be observed as follows:

Property 4: In the (MxM, d)* channel, the eigenvalues and eigenvectors of T and T are real

and satisfy:
A > Ay 22 A (32)
rank(e;,e,,...,e,uq) = 2MKd (33)
rank(f,,f,,...,f,yq) = 2MKd (34)

In particular, the last several eigenvalues tend to be zeros.

Here, we refer to the eigenvectors associated with the maximal eigenvalue, i.e., e; and f, as
the principle directions. When Tp and Te are successively exerted on Ad" and AP,
respectively, the following theorem can be obtained.

Theorem 5: For the (MxM, d)* channel in the high SNR regimes, if the Max-SINR algorithm
can converge to a near IA point, when d"! and p” are located within a small region of d

and 6 they will converge approximately along the principle directions of Ty and Tp,

respectively.
Proof: From Property 4, {ei,e,.....eomxa} and {f1,f,,...,fouka} can serve as the bases of the

2MKd real space. Therefore, Ad"™ and Ap"™ can be expanded as:

o 2MKd
Ad =" gpe, (35)
1=1
) 2MKd
APt = > hf,. (36)
1=1
At the (i+j)th iteration, from (30), (31), (35), and (36), Ad"*!1 and Ap"*! can be given by:
. . . 2MKd . 2MKd .
AT S TIAT =Y g T = Y .40, @
=1 =)
o ) ) 2MKd ) 2MKd )
Aﬁ[m] zTPHlAE[I_ll = Z h|TPJ+1f| = Z hlﬂ'lhlfl' (38)
1=1 1=1
From (32), when j is sufficiently large, 4; will take the dominant position, i.e.,
A7 A s> s> A (39)

Then, Ad™1 and Ap!™!! can be approximated by the principle directions as follows:
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AdM ~ g A0 (40)
A" = h A, (41)
From (28), (29), (40), and (41), d™*" and p"*!! can be written as:
00 31 AT 2T 5 g 1%, @
prl =p+Ap" ! ~p+h A, (43)

Thus, d™7 and p"* will converge to d and P approximately along the principle
directions of e; and f;, respectively.

If the principle directions can be obtained, we can search along these directions and go to
the destination directly. However, the principle directions require knowledge of the
convergence values, which is impossible to attain beforehand. Nevertheless, the following
theorem provides a way for us to approximate the principle directions.

Theorem 6: In the high SNR regime, if the Max-SINR algorithm can converge to a near IA

point, when d™ and p" are located within a small region of d and P, respectively, the

principle directions can be approximated by the difference in the consecutive iteration results
of the Max-SINR algorithm. In particular, the convergence solutions can be approximated as:

D, ~ DI +s(DI7 - DY) seRr, k=1,2,...K (44)
P, ~ Pl 4 (P —pli), (45)

Proof: At the (i+j+1)th iteration, from (42) and (43), the decoding and precoding vectors can
be expressed as:

a[i+j+l] ~ a + glﬂ'_l.ﬁzel (46)
I§[i+j+1] ~ 6+ I‘llﬂlj+2f1' (47)
Subtract (46) by (42) and (47) by (43), and we have
g+t _gli+il glﬂliﬂ (gl _1)31 (48)
5[”,41] _ﬁ[nj] ~ hlﬂlhl(/il _1)1:1_ (49)

Therefore, the principle directions can be approximated by the difference in the
consecutive iterations results. Substitute (48) and (49) into (46) and (47), respectively, and the
convergence solutions can be approximated as:

a ~ a[i+j+1] _ 91/11“291 ~ a[i+j+1] _[ﬂl / (21 _1)](a[i+j+1] _a[i+j]) (50)
B =PI~ i e, I [/ (4, ~D)(p" 1 —p ), )
Replace i+j+1 with i and -4,/(4;-1) with s. Then, (50) and (51) can be expressed as:
d ~d + (@ — gty (52)
p~p+s(p"-pt). (53)

Substitute (25) through (27) into (52) and (53), then (44) and (45) can be formulated.

Theorem 6 provides a direct way to approach the convergence solutions. It is expected that
the iterations and computational time can be reduced by searching along the principle
directions instead of the circuitous route of the Max-SINR algorithm. Based on the analysis in
this section, the rapid convergent maximal SINR algorithm is straightforward.
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4. The Principle Direction Search Algorithm

The original Max-SINR algorithm has satisfactory performance of a high sum rate. However,
in the high SNR regime where the throughput is mainly limited by interference instead of
noise, the Max-SINR algorithm will have to align the interference properly at the expense of a
large amount of iterations and computational time. Particularly, the complexity will become
significantly larger when the number of users is close to the IA feasibility bound (M+N)/d-1.
Moreover, the complexity of the Max-SINR algorithm will increase with the number of users
and antennas. These disadvantages might serve as a bottleneck for the application of the
Max-SINR algorithm. In this section, a highly efficient maximal SINR algorithm, namely, a
principle direction search algorithm, is proposed based on the theoretical analysis in Section 3
with the advantage of considerably less complexity than the traditional Max-SINR algorithm.

4.1 The Procedure of the PDS Algorithm

The procedure of the PDS algorithm is stated in Algorithm 2. As shown in Theorem 5, the
principle direction search can be employed to increase the convergence rate of the Max-SINR
algorithm when the current iteration results are located within a small neighborhood of the
convergence solutions. In the proposed algorithm, PDS will be started after the intermediate
sum rate is higher than the product of the parameter 7 and the initial sum rate R;. The principle
directions are attained by the difference in the intermediate results as shown in (44) and (45).
In addition, PDS will be executed every w iterations because some iterations have to be
performed so that (39) can be satisfied and the principle direction will point to the convergence
solution more accurately.

Algorithm 2: PDS Algorithm

1. Set the maximal iterations as l..x and the initial precoding matrices as P,EO] with
1P I=1(k=1,2, ..., K; 1=1, 2, ..., d). Initialize the parameters 77 and . The variable i
is used to represent the iterations with an initial value of 1. The other auxiliary variables
are initialized as flag=0 and i;=0.

2. (Forward lteration) Calculate BEl in the original channel according to (13), and formulate
the decoding matrices DI according to (14).

3. (Backward lIteration) Calculate EE,] in the reciprocal channel according to (15), and

formulate the precoding matrices P,E'] according to (16).
If flag=1 and (i-is) mod «=0, go to step 5) for PDS; otherwise, go to step 6).
5. (PDS) Update the precoding and decoding matrices as follows:

a) Calculate the principle directions as:

oP, :PE]—PE‘”,kzl,Z,...,K (54)
oD, =D -DI. (55)
b) Calculate the step size s, and the corresponding details will be provided in “The Step

Size Calculation” section.
c) Calculate the new precoding and decoding matrices as:

P, =P +s6P, (56)
D, =D +s5D,. (57)

]

>
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d) Normalize P, and D, so that ||P,,ll=1 and ||D,, II=1, I=1 2, .., d .

Update P «— P, D1 «~ D, , i «i+1, and go to step 2).
6. Ifflag=1, go to step 7); otherwise, compute the sum rate and record it as R;. Set flag=1 and
is=1 when Ri>7R;. (Remark: flag and is are updated only once.)
7. Update i«<—i+1. If i > I Or the algorithm converges, stop and output the results;
otherwise, go to step 2).

4.2 The Step Size Calculation

The step size calculation is one of the crucial procedures in the PDS algorithm and plays an
important role in increasing the convergence rate. It is desirable that the optimal step size in
the sense of maximal SINR or sum rate could be provided analytically. However, the
closed-form solution of the optimal step size under this criterion remains unknown.
Nevertheless, in the high SNR regime, the sum rate is mainly limited by the interference, and
minimal interference leakage can be employed as the optimization objective. In addition, the
optimal step size along the principle direction under the minimal interference leakage criterion
can be formulated analytically. Therefore, instead of maximizing the sum rate, we minimize
the interference leakage by choosing the proper step size.

As shown in (7), (54), (55), (56), and (57), when I5k and f)k are applied, the interference
leakage can be calculated as:

L= ZTr[DH Z HklPP HkI)D]

1=1,12k

—ZTr{(D[']+35D) [Z H, (P" +soP)(P" +s5P,)"HE (D + 55D, )} (58)

1=1, 12k
= ,845 +ﬂ35 +ﬁ23 + Bs+ S,
where
K K
=Z Z TrX, X1 (59)
k=1 1=1 1=k
K K
= z Z ZTr[Re(VmXE +W, Xlt:)] (60)
k=1 1L,k
K K
ﬁz = Z Z Tr[VkIVkT + Wkl WkT +2 Re(vkl WkT + Xkl UE)] (61)
k=1 1=11=k
K K
b= z z Tr[2Re(U, Vi + U, W,)] (62)
k=1 I=1 1=k
- Z Tr[U, Uyl (63)
k=1 1=1 1=k
U, =[(DN"H,IP" (64)
Vi = [(DE])H Hy - (DE_”)H Hy ]P|[i] (65)

Wkl = [(DL )H Hkl ](P|[i] - P|[i_l]) (66)
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Xy = [(DE])H Hy - (DLH])H Hk|](P|[i] - P|[i_l])- (67)

It is obvious that g, >0, and the quartic function (58) must have the global minimal value.
Let the derivatives of (58) be zero, i.e.,

dL/ds=4p,s’+38;s° +2p8,5+ 3, =0. (68)

The cubic equation (68) has three real solutions at most, and the optimal step size is chosen
as the real solution that has the smallest function value.

5. Simulation Results

In this section, we evaluate the performances of the proposed PDS algorithm. We assume
narrowband frequency non-selective fading channels. Except for the performance evaluation
in Fig. 2, all of the other experiments are averaged over 250 channel realizations. Each
element of the channel coefficients is independent and complies with the CN(0,1) distribution.
The parameters of the PDS algorithm are first analyzed and selected through simulations in
section 5.1. Then, a comparison of the PDS, MinlL, and Max-SINR algorithms is executed in
section 5.2.

5.1 Parameter Analysis

As shown in Algorithm 2, the parameters 7 and o can affect the convergence rate of the PDS
algorithm. The closed-form solutions of the optimal parameters remain unknown, and
simulations are employed to determine them in Fig. 1.
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Fig. 1. Convergence of the average sum rate of the PDS algorithm in (5x5, 1) under different
parameters with SNR=30 dB

The parameter 7 determines when the PDS procedure starts. As shown in Theorem 5, the
principle direction will approximately point to the convergence solution only when the
intermediate iteration results are within a small region of the convergence point. Because the
convergence solution is not available beforehand, it is impossible to measure the distance
between the intermediate and the convergence points directly. Nevertheless, the sum rate can
be leveraged as one type of measure of the distance because it increases as the algorithm
approaches the destination. Therefore, we start PDS when the current sum rate is larger than
the product of 77 and R;. In this experiment, 7 is selected as 1, 1.5, 2, 2.5, and 3, and @ is preset
to be 10. The convergence of the average sum rate with SNR=30 dB in (5x5, 1) is depicted in
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Fig. 1 (a). As shown in the figure, the convergence curves with different 7 nearly overlap,
indicating that the algorithm is insensitive to this parameter. In the simulations afterward, the
parameter is chosen as 7=1.5.

The parameter @ controls the interval for executing PDS. As shown in (39), (40), and (41),
the maximal eigenvalue and the principle direction will take the dominating position only after
several iterations are executed. Therefore, PDS is performed every o iterations. In this
experiment, wis selected as 1, 5, 10, and 20, and 7 is preset to be 1.5. The convergence of the
average sum rate with SNR=30 dB in (5x5, 1)° is depicted in Fig. 1 (b). As shown in the figure,
=1 has the worst performance because the non-principle eigenvectors in (37) and (38) cannot
be ignored and the principle direction cannot point to the convergence solution properly when
only one iteration is performed. On the other hand, if w is set to be too large, as in the »=20
case, the PDS algorithm will fail to increase the convergence rate in time, and the performance
of w=20 is inferior to the performances of =5 and »=10. Because «=5 has the best
convergence rate, it will be chosen as the selected interval afterward.

5.2 Comparison of Different Algorithms

In this section, the PDS, MinlL, and Max-SINR algorithms are compared. To gain an
overview on the efficiency of the PDS algorithm, the convergence curves of the interference
leakage and the sum rate during the first several iterations are provided in Fig. 2 for a
randomly generated channel realization. In contrast to the smooth and slow variance on the
interference leakage and the sum rate of the MinlL and Max-SINR algorithms, there is an
instant decrease in interference leakage and an instant increase in sum rate after PDS is applied.
Therefore, the PDS algorithm can suppress the interference leakage and increase the sum rate
more effectively compared with the MinlL and Max-SINR algorithms.
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(a) interference leakage evaluation (b) sum rate evaluation

Fig. 2. Convergence of the interference leakage and sum rate of the PDS, MinlL, and Max-SINR
algorithms for a randomly generated channel realization in (10x10, 1)*° with SNR=30 dB

To further compare the convergence rate of the algorithms, the average interference
leakage and the sum rate with respect to the computational time for (5x5, 1)° are depicted in
Fig. 3. As shown in the figures, the average interference leakage of the MinIL and Max-SINR
algorithms decreases in the same pattern during the first several seconds and reaches the level
of 3x10% at 2 s. In contrast, the PDS algorithm has a higher convergence rate and can suppress
the interference leakage to the level of 2x10™ at 2 s. Both the PDS and Max-SINR algorithms
converge at the same level of interference leakage, while the former algorithm takes only 3 s
compared with the 20 s required by the latter algorithm. Although the MinIL algorithm can
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achieve a lower level of interference leakage after 8.5 s, its sum rate is considerably inferior to
those of the PDS and Max-SINR algorithms. The average sum rate of the PDS algorithm
converges at approximately 2 s with a convergence value of 104 bps/Hz, while the Max-SINR
algorithm takes as long as 9 s to reach the same sum rate.

The proposed algorithm can be applied not only to the single data stream channel but also
to the multi-data stream scenarios. The convergence of the average sum rate of the algorithms
is compared in the (10x10, 2)° and (10x10, 4)* channels in Fig. 4. As shown in Fig. 4 (a), the
Max-SINR algorithm requires as much as 19.5 s to reach the sum rate of 190 bps/Hz, while the
PDS algorithm only takes 6.5 s to reach the same sum rate. For the scenario of even more data
streams as shown in Fig. 4 (b), the PDS algorithm can achieve the highest sum rate and exhibit
considerably faster convergence rate than the Max-SINR algorithm.
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Fig. 3. Convergence of the average interference leakage and sum rate of the PDS, MinlL, and
Max-SINR algorithms in (5x5, 1)° with SNR=30 dB
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Although we are mainly concerned with the high SNR regime, it is desirable to evaluate the
sum rate in terms of different SNRs. As shown in Fig. 5 (a), the average sum rates of the PDS,
MinIL, and Max-SINR algorithms with respect to SNR are compared under sufficient
iterations of 10,000. It can be seen that both the PDS and Max-SINR algorithms can achieve
the same sum rate, which is higher than those of the MinlIL algorithm from the low to high
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SNR regimes. However, these sufficient iterations are nearly impossible for practical
applications, and limited iterations are often required. As revealed in Fig. 5 (b), under 100
iterations, both the PDS and Max-SINR algorithms can achieve a higher sum rate than the
MinlIL algorithm for all SNRs. In the low SNR regime, the PDS and Max-SINR algorithms
share the same sum rate. However, the former algorithm can achieve a higher sum rate in the
high SNR regime. In addition, the difference in the sum rate between the PDS and Max-SINR
algorithms increases with an increase in SNR, from a difference of 2 bps/Hz at SNR=20 dB to
23 bps/Hz at SNR=40 dB. When the number of iterations allowed is even smaller as shown in
Fig. 5 (c), the advantage of the PDS algorithm over the MinIL and Max-SINR algorithms is
even more significant. Therefore, the proposed PDS algorithm has practical significance in
that it can achieve a higher sum rate than the Max-SINR algorithm under limited iterations.
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Fig. 5. Average sum rate versus SNR under iterations of 10,000, 100, and 20 for (5x5, 1)°

To further evaluate the performances of the algorithms, the average iterations and
computational time under different numbers of users, data streams, and antennas are listed in
Table 1. We consider the (MxM, d)K channel with K=2M/d-1, the maximal user number in the
IA networks [9]. All three algorithms are run with sufficient iterations of 10,000, and the final
sum rate R can be obtained. Then, we calculate the iterations that are required to reach the sum
rate of 0.9R and 0.99R as lpg and loge, respectively. By averaging log, loge, and R over 250
realizations of channel coefficients, we attain lavoe, lavogs, and Ray for each algorithm.
Similarly, we can attain Tavoe and Tavoge fOr the computational time. In addition, the ratios of
the average iteration and computational time between PDS and Max-SINR algorithms are
provided in parentheses under the corresponding values of the PDS algorithm in Table 1. For
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the single data stream situation, the PDS and Max-SINR algorithms can achieve the same sum
rate, which is comparably higher than those of the MinlL algorithm. From the perspective of
average iterations, the PDS algorithm can reach the sum rate of 0.9Ry and 0.99RAy with only
29~30% and 25~33% of the iterations required by the Max-SINR algorithm. Furthermore, in
terms of computational time, the PDS algorithm can reach the sum rate of 0.9Ray and 0.99Ray
with only 51~55% and 44~61% of the time required by the Max-SINR algorithm. For the
multi-data stream situation, the PDS algorithm can achieve a higher sum rate than the
Max-SINR algorithm with lower computational complexity and more rapid convergence.

Table 1 Statistics on the average iterations, computational time, and sum rate of different algorithms
for (MxM, d)" with SNR=30 dB

(M, d, K) | Algorithms lavos lavoos | Tavoo (5) | Tavogs () | Rav (bps/Hz)
Max-SINR | 2.04x10% | 1.18x10° | 6.81x107T | 3.95x10° 105
MinIL 2.49x107 | 1.03x10° | 1.01x10° | 4.16x10° 91
(5,1,9)
P 6.00x10" | 2.95x10% | 3.48x107T | 1.74x10°
PDS 105
(0.29) (0.25) (0.51) (0.44)
Max-SINR | 2.41x10% | 1.75x10° | 1.14x10° | 8.28x10° 131
MinIL 2.91x107 | 1.54x10° | 1.68x10° | 8.85x10° 111
(6,1,11)
T 6.93x10! | 5.18x10% | 5.82x107" | 4.44x10°
PDS 131
(0.29) (0.30) (0.51) (0.54)
Max-SINR | 2.85x10% | 2.33x10° | 3.29x10° | 2.67x10! 212
MinIL 3.95x107 | 2.43x10° | 5.75x10° | 3.53x10° 172
9, 1,17)
T PDS 8.61x10 | 7.75x10% | 1.78x10° | 1.63x10° 912
(0.30) (0.33) (0.54) (0.61)
Max-SINR | 3.06x10° | 2.20x10° | 4.27x10° | 3.06x10" 239
MinIL 4.02x10° | 2.43x10° | 6.55x10° | 3.96x10" 191
(10, 1, 19)
r 9.24x10' | 6.05x10% | 2.33x10° | 1.54x10°
PDS 239
(0.30) (0.27) (0.55) (0.50)
Max-SINR | 2.00x10° | 6.99x10° | 4.02x10* | 1.40x10? 250
MinIL 2.93x107 | 2.08x10° | 4.82x10° | 3.38x10! 216
(12, 2, 11)
e 6.97x10° | 4.82x10° | 1.92x10" | 1.31x10°
PDS 255
(0.35) (0.69) (0.48) (0.93)
Max-SINR | 2.04x10° | 6.92x10° | 2.08x10* | 6.99x10* 210
MinIL 2.34x107 | 2.04x10° | 1.17x10° | 1.01x10% 195
(12, 4, 5)
T 7.07x107 | 5.01x10° | 8.75x10° | 6.16x10"
PDS 216
(0.35) (0.72) (0.42) (0.88)

6. Conclusions

In this paper, we have focused on reducing the execution time and computational complexity
of the traditional Max-SINR algorithm for 1A. The properties of the Max-SINR method have
been investigated, and the principle direction has been introduced, which is found to
approximately point to the convergence solutions. A rapid convergent low-complexity PDS
algorithm has been proposed that approaches the convergence point directly along the
principle direction. Furthermore, the analytical form of the optimal step size along this
direction has been formulated under the minimal interference leakage criterion. Numerical
results have verified that the proposed PDS algorithm can achieve a significantly higher
convergence rate and lower overall computational complexity than the conventional MiniL
and Max-SINR algorithms while maintaining the high sum rate. This paper has developed a
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rapid convergent algorithm and provided theoretical insight into the Max-SINR algorithm.
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Appendix A: Proof of Theorem 2

Proof: As shown by Schmidt et al. [11], the Max-SINR algorithm can suppress the
interference leakage to approximately zero and approach the 1A solutions in the high SNR
regime, i.e.,

= H i - -

DiH ;P =0,i# J. (A1)

Then, the desired signal and the interference-plus-noise covariance matrices of the Ith data
stream of the kth user for the forward and backward channels at the convergence point can be
expressed as:

Ay =HP P HE (A2)
Kk.zH D, 0, D Hee (A3)
ék,zi H,P,PI'H; + i HyPreiry Peery)  Hix + 071 (A4)
_ J:i, j=k r:l,;¢|
Bu = j_lzj;k HYD DYH, +r:1 y Hi Dy Dy Hi +07°1. (A.5)

Define the generalized eigenvalues and the associated generalized eigenvectors of Ak, and
B, as Wi 1 X 2o X nt and {Vy 1,V 50V} respectively. Similarly, define

the generalized eigenvalues and the corresponding generalized eigenvectors of Zm and §k|

ST v X 2o Xa myand {Vy, 1,V 5,V )}, respectively. From Theorem 1, there
is only ;)ne n(;nzero ge_neralized eige_nvalu_e, i.e., i

Zk|_1>01)(k|_2 =Xa 3=~ X N =0 (A.6)

}?kl_l>07;?kl_2 :)ad_s:---:)?kl_m =0. (A7)

From Theorem 1, If)k(l) should be the generalized eigenvector associated with the maximal

generalized eigenvalue of Ak, and I§kI ; |5k(,) should be the generalized eigenvector

associated with the maximal generalized eigenvalue of Au and L5>k| , 1.e.,

Isk(l) =V 1 (A.8)
Deay = Vi 1 (A.9)

Substitute (23) into (13), and B! can be expressed as
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. K ~ P ~ i—
B = Zkaj(Pj+AP} (P, + AP HY
IS
d . ~ .
+ > Hy Py + APEN P, oy + APEAN T HE + 671 (A.10)
r=1,r=l
= Bkl +ABE|]

where AB[! is given by

. K ~ . . ~ . .
ABY = > H [P, (APY )" + APIIP! 4 AP (API) THE

j=1,j=k

All
+ 3 Hy [P, (APEAY 1+ ARIIBE 4 AP (APL YA Y o
From (8) and (23), ;ﬁzralesired signal covariance matrix can be written as
AE|] =Hy PIEI(T)ll(Plgl(T)l])H Hﬁ'k
=Hy Py + AP (Pegy + APL)  HE (A12)
= A, +AAD
where AAL is given by
AAY = H,, [P, , (AP D" + APE TR, + APL(APE) ' THL . (A.13)

When p! is located within a small neighborhood of P, AP{ ) is a small item, and the

high order terms in (A.11) and (A.13) can be omitted. Thus, AAl and ABL! can be
approximated as

AAR ~ H [P, ) (AP )™ + APE P THE (A.14)
AB[l~ > Hy[P (AP + AP IPITHY
o (A.15)
+ > Hy [Py (APE)™ + APL TP TH,

r=1r=l
From Theorem 1, the decoding vector D[}, in the forward iteration is the generalized
eigenvector associated with the maximal generalized eigenvalue of Al and BY!. From the

eigenvalue perturbation theory, when AAY and AB}! are very small, D, can be
approximated as

H [i] H [i] [i]
. v, ,ABY'v N vy, (AAY — 2y ABLV
DEgl) ~ (1M1 kl_l)vkl_l+z K_n L it WAL V. (Al6)
2 n=2 X 1~ X _n
Substitute (A.6) and (A.9) into (A.16), and DY}, can be rewritten as
i I:N)kH(l)ABEﬂDk(n ~ & V; (AAE] —Xu 1ABEI])DK(I) = i
DEgl) ~ (Jff)ka +Z = = Vg n = Dk(l) +ADE2|)

n=2 Xu 1
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(A.17)
where ADY}, is given by:
i I:~)kH| AB|[<i|]|:~)k| = N vy L (AAY - 7 ABEI])DkI
AD}}, = —— 0 > UDy + Y —= p, = Oven  (A18)
n=2 Kl 1

Substitute (A.14) and (A.15) into (A.18), and the terms Dy, AB{'D, ,, vii ,AALD,,, and
Vg ,ABYD, in (A.18) can be expanded as:

K

f)l'j(l)ABEl]Dk(l)z z [DH ijlsj(APJ[iil])HHltJ!D

SH [-/HHHA
k() +D ijAPj Pj ijDk(,)]

) k() k(1)
i=Lj=#

d . ~ ~ - ~
+ > [DFyHiPrn (APL) T HE Dy ) + Didy Hu APL P

.
0 k(r) v Py Hic Py

r=1,r=l

(A.19)

Vz_nAAEI]Dk(I) ~ VE nHkkISk(I)(AP[iil])H Hlt:(f)k(l) +V|l;:_nHkkAPI<[i(;)l]ﬁkl-él)H|:Lf) (A.20)

k() k()

. ~ K ~ - ~
VE:_nAl-D’LIHDku)z Z [V;_nijPj(APj[l_l])HHkHjD
j=1, j=k

d . ~
+ Z [V;_nHkkPk(r)(APIEI(;)])HHRD

r=1,r#l

H [FURHHR
| iy T Vi o HGAP; P HD, ]

+vyy Hy APLTP

H &
k(r) k(r)Hkka(I)]'

k(1)

(A.21)

When the interference leakage at the convergence point is assumed to be approximately
zero as shown in (A1), the terms Dy(,H,;P;, P{'HD, 1y, DijyyHuPeiry - and Py HE Dy
in (A.19) and (A.21) can be ignored. Then, D}, ABY{/D,, and vj ,ABY/D,, can be

rewritten as

D:(_'(I)ABEI]Dk(I) ~0 (A.22)
. ~ K ~ R ~
V'I::_nABEI]Dk(I) ~ Z [V:(-:_nijPj (AP,'[ 1])HHkHjDk(I)]
Sk (A.23)

d . ~
+ z [VE_nHkkPk(r)(APIEI(j])HHEka(n]-

r=1rzl

Substitute (A.20), (A.22), and (A.23) into (A.18), and we have
i 1 3 5 i— ~ i-115 =
ADLgn ~ _z{[vz_nHkkPk(l) (AP[ 1])H HkaD + Vz_nHkkAPlE(l)l]PkH(l)HliDk(|)]Vk|_n}

k(1)
KI_1 n=2

N K _ 5
_Z{ z [V;_nijPj(APj[H])HHkHjDk(l)]Vkl_n}

n=2 j=1,j=k

N d 5 _ -
_Z{ Z [VE_nHkkPk(r)(APLP(;;])H HnDk(l)]Vkl_n}'

n=2 r=1r=l

k()

(A.24)
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The items that depend on the iterations i come from AP and (AP )" with j=1,

2,...,KandI=1,2, ..., d. Consequently, AD[}, can be represented by the linear combination

of Re{AP!} and Im{APY 1} . Therefore, there exists an iteration-independent

RZNdeZMKd ) that

AdM = T, AP Y. (A.25)

Similarly in the backward iteration, there exists an iteration-independent transformation
TopeR# 2K and AP can be approximated as

AP = T, AdM, (A.26)

From (A.25) and (A.26), the relationship of the precoding and the decoding vectors
between two successive iterations can be depicted as

transformation Tppe

Aa[i] ~ TPDTDPAa[iil] = TDAa[iil] (A.27)
Aﬁ[l] ~ TDPTPDAﬁ[Iil] = TPAﬁ[H] (A.28)
where
T, =T, T,, cRAKeae (A.29)
T, =T, T,, cRMKMKd (A.30)
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