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SMOOTHING APPROXIMATION TO [; EXACT PENALTY
FUNCTION FOR CONSTRAINED OPTIMIZATION
PROBLEMS'

NGUYEN THANH BINH

ABSTRACT. In this paper, a new smoothing approximation to the I; exact
penalty function for constrained optimization problems (COP) is presented.
It is shown that an optimal solution to the smoothing penalty optimization
problem is an approximate optimal solution to the original optimization
problem. Based on the smoothing penalty function, an algorithm is pre-
sented to solve COP, with its convergence under some conditions proved.
Numerical examples illustrate that this algorithm is efficient in solving
COP.
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1. Introduction
Consider the following COP:
(P) min f(z)

st gi(x) <0, i=1,2,...,m,
where f,g; : R* — R, i € I = {1,2,...,m} are continuously differentiable
functions and Xy = {x € R™ | g;(x) <0, i =1,2,...,m} is the feasible set to
(P).
To solve (P), many exact penalty function methods have been introduced in
literatures, see, [1, 3, 4, 5, 7, 13, 25]. In 1967, Zangwill [25] first the classical Iy
exact penalty function as follows:

Fi(z,p) = f()+py_ max{gi(x), 0}, (1)
i=1
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where p > 0 is a penalty parameter. Obviously, it is not a smooth function. In
many studies, another popular penalty function for (P) is defined as:

Fafa.p) = J(@) + p 3 max{gi(2). 01, @

which is called Il penalty function. Although Fy(x, p) is continuously differen-
tiable, it is not an exact penalty function.
In recent years, the lower order penalty function

Fh(z,p) = f(x) +p Z[max{gi(x), 0}*,  ke(0,1) 3)

has been introduced and investigated in [10, 11, 18]. Recently, Huang and Yang
[6, 23] and Rubinov et al. [14, 15, 16] discussed a nonlinear Lagrangian penalty
function,

k

File.p) = | 1)+ p Y max{ai(2), 0}* @

for some k € (0, +00).

It is noted that two penalty functions (3) and (4) (0 < k < 1) are exact, but
not smooth, which makes certain efficient methods (e.g., Newton methods) not
applicable. Therefore, the smoothing methods for these exact penalty functions
(1), (3) or (4) (0 < k < 1) attracts much attention, see, [2, 8, 9, 10, 11, 12,
18, 19, 20, 21, 22, 24, 26]. Chen et al. [2] introduced a smooth function to
approximate the classical {1 penalty function by integrating the sigmoid function
1/(1 + e ). Lian [8] and Wu et al. [19] proposed a smoothing approximation
to I; exact penalty function for inequality constrained optimization. Pinar et
al. [12] also proposed a smoothing approximation to [ exact penalty function
and an e-optimal minimum can be obtained by solving the smoothed penalty
problem. Xu et al. [21] discussed a second-order differentiability smoothing to
the classical l; exact penalty function for constrained optimization problems.

In this paper, we aim to smooth /; exact penalty function of the form (1).
First, we define a function p.(t) as follows:

0 if t <0,
t2
pe(t) = = ifo<t<e,
€ €
P Lt 5 s
2 4 =

It is easy to prove that p.(t) is continuously differentiable on R. Using p.(t)
as the smoothing function, a new smoothing approximation to l; exact penalty
function is obtained, based on the smoothed penalty function obtained thereafter
an algorithm for solving COP is given in this paper.
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The rest of this paper is organized as follows. In Section 2, we introduce a
smoothing function for the classical [; exact penalty function and some funda-
mental properties of the smoothing function. In Section 3, the algorithm based
on the smoothed penalty function is proposed and its global convergence is pre-
sented, with some numerical examples given. Finally, conclusions are given in
Section 4.

2. A smoothing penalty function

Let p(t) = max{t,0}. Then, the penalty function (1) is turned into
F(z,p) = f()+pY_p(gi(x)), (5)
i=1

where p > 0. The corresponding penalty optimization problem to F(z,p) is
defined as
(P,) min F(z,p), st. xz€R".

In order to p(t), we define function p.(t) : R* — R! as

0 if t <0,
t2
pe(t) =3 e if0<t<e,
P LTI
2 4 =

where € > 0 is a smoothing parameter.

Remark 2.1. Obviously, p.(t) has the following attractive properties: p.(t) is
continuously differentiable on R and liH(l) pe(t) = p(t).
e—

Figure 1 shows the behavior of p(t) (represented by the real line), po.s(t)
(represented by the dot line), pg.1(¢) (represented by the broken and dot line),
Po.001(t) (represented by the broken line).

Consider the penalty function for (P) given by

Fo(z,p) = f(x)+pY_pe (gi(x)). (6)
i=1
Clearly, F.(z, p) is continuously differentiable on R™. Applying (6), the following
penalty problem for (P) is obtained
(NP,.) min Fc(z,p), st.x € R".
Now, the relationship between (P,) and (NP, ) is studied.

Lemma 2.1. For any given x € R™, € > 0 and p > 0, we have

0< F(z,p) — Fula, p) < 222 (7)
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FIGURE 1. The behavior of p(t) and p.(t).

Proof. For x € R™ and i € I, by the definition of p.(¢), we have

0 , if g;(z) < 0,
P ~p o) = 902G 0 <
X e i) > e
That is,
0 p(@(@) —pelse) <2, i=12m
Thus,

i=1 i=1
which implies
" " dmpe
0<pd p(gi(®) = p)_pe(0i(x) < =
=1 =1
Therefore,

that is,
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The proof completes. O
A direct result of Lemma 2.1 is given as follows.

Corollary 2.2. Let {¢;} — 0 be a sequence of positive numbers and assume 7
is a solution to (NP, .) for some given p > 0. Let 2’ be an accumulation point
of the sequence {x7}. Then z' is an optimal solution to (P,).

Definition 2.3. For € > 0, a point z. € R" is called e-feasible solution to (P) if
gz(xe) S €, Vi € I

Definition 2.4. For ¢ > 0, a point z. € Xj is called e-approximate optimal
solution to (P) if

[f* = flzdl <

where f* is the optimal objective value of (P).

Theorem 2.5. Let z* be an optimal solution of problem (P,) and x’ be an
optimal solution to (NP, .) for some p >0 and € > 0. Then,

0< Flat,p) — Fula,p) < 2. (8)
Proof. From Lemma 2.1, for p > 0, we have that

05 Flat ) = Fila” ) < 2,

0< F(a',p) — Fo(2',p) < STZPE.

Under the assumption that 2* is an optimal solution to (P,) and 2’ is an optimal
solution to (NP,.), we get

F(z*, p) < F(', p),
Fe(2',p) < Fe(2™, p).
Therefore, we obtain that

0< F(I*,p) —Fe(m*,p) < F(x*,p) —Fe(l‘/,p)

< F(a!p) ~ B! p) < 20
That is,
0< Fa* )~ Fula'sp) < .
This completes the proof. O

Theorem 2.5 show that an approximate solution to (NP, ) is also an approx-
imate solution to (P,) when the error e is sufficiently small.

Lemma 2.6 ([20]). Suppose that x* is an optimal solution to (P,). If x* is
feasible to (P), then it is an optimal solution to (P).
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Theorem 2.7. Suppose that x* satisfies the conditions in Lemma 2.6 and x' be
an optimal solution to (NP, .) for some p > 0 and e > 0. If 2’ is e-feasible to
(P). Then,
Impe
<

0< fa) - fa) < T, ©)

that is, ©' is an approzimate optimal solution to (P).

Proof. Since ' is e-feasible to (P), it follows that

me

> peloa’) <
i=1
As z* is a feasible solution to (P), we have
m
> plgi(a) =0.
i=1
By Theorem 2.5, we get
N - N m ompe
0< {f(w )+ 0 plgila ))} - {f(w’)erZpe (gi(w’))} <=
i=1 i=1

Thus,

m 5mpe

pzpe (9:(2")) < f(z") = f(a') < pre (gi(=")) + :

4

That is,
3
0< fla®) - fa) < 55
By Lemma 2.6, z* is actually an optimal solution to (P). Thus 2’ is an approx-
imate optimal solution to (P). This completes the proof. O

By Theorem 2.7, an optimal solution to (NP, .) is an approximate optimal
solution to (P) if it is e-feasible to (P). Therefore, we can obtain an approximately
optimal solution to (P) by solving (NP, ) under some mild conditions.

3. Algorithm and numerical examples

In this section, using the smoothed penalty function F.(x,p), we propose an
algorithm to solve COP, defined as Algorithm 3.1.

Algorithm 3.1

Step 1: Choose 2%, € >0, ¢ >0, po >0, 0<n<1land N > 1, let j =0 and
go to Step 2.

Step 2: Use 27 as the starting point to solve

m

(NPPj7€j) mnel}%r}L FSJ'(xapj) :f(m)+pjzp€j (gl(x))
i=1
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Let 271 be the optimal solution obtained (277! is obtained by a quasi-
Newton method).

Step 3: If 27*! is e-feasible to (P), then stop and we have obtained an
approximate solution 27! of (P). Otherwise, let pj11 = Npj, €41 = n¢;
and j = j + 1, then go to Step 2.

Remark 3.1. In this Algorithm 3.1, as N > 1 and 0 < n < 1, the sequence
{¢;} = 0 (j = +00) and the sequence {p;} — +00 (j = +00).
In practice, it is difficult to compute 7! € arg mgl Fe,(x,pj). We generally
zER™

look for the local minimizer or stationary point of F¢,(x, p;) by computing I+l
such that VI, (z,p;) = 0. For z € R", we define
I°(x) = {i | gi(x) <0, i € I},
IF(x) ={i] gi(x) > ¢ i €T},
I7(z)={i|0<gi(x) <e i€}

Then, the following result is obtained.

Theorem 3.1. Assume that lim f(z) = +oo. Let {27} be the sequence

llz]|—+o0
generated by Algorithm 3.1. Suppose that the sequence {F., (x7,p;)} is bounded.
Then {27} is bounded and any limit point x* of {27} is feasible to (P), and
satisfies

AVf(2*) + > piVgi(z*) =0, (10)
iel
where A >0 and pu; >0, i =1,2,...,m.
Proof. First, we will prove that {27} is bounded. Note that
m
st(xj7pj):f($j)+pjzpej (gi(xj))7 J=0,1,2,..., (11)
i=1

and by the definition of p.(t), we have
> pe, (gi(27)) > 0. (12)
i=1

Suppose to the contrary that {27} is unbounded. Without loss of generality, we
assume that ||z7|] — 400 as j — +oc0. Then, _11111 f(27) = 400 and from (11)
J—+o0

and (12), we have
Fe,(2,pj) > f(a7) = 400, pj >0, j=0,1,2,...,

which results in a contradiction since the sequence {F,(z7,p;)} is bounded.
Thus {27} is bounded.
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We show next that any limit point 2* of {27} is feasible to (P). Without loss

of generality, we assume that _lirll 2J = x*. Suppose that z* is not feasible to
j—) o0

(P). Then there exits some ¢ € I such that g;(z*) > a > 0. Note that

] ] ) 1 _euG@).y Be,
Pl o) = £ty 3 (o) e T -5

_ 2 4
iEI:rj (x7)

gi(2?)*
P Z de:
i€l (a?) J

(13)

If j — +4oo, then for any sufficiently large j, the set {i | g;(27) > a} is not
empty. Because [ is finite, then there exists an iy € I that satisfies g;, (27) > a.
If j — +o0,p; = +00,¢; — 0, it follows from (13) that F (27, p;) — +oc,
which contradicts the assumption that {F, (27, p;)} is bounded. Therefore, *
is feasible to (P).

Finally, we show that (10) holds. By Step 2 in Algorithm 3.1, VF, (2, pj) =
0, that is

. 1 _ i) .
V(') + p; Z (1—26 <i H) Vgi(z?)

iEI:rj (x9)
1 . .
+p; Z %gi(xj)vgi(xj) =0. (14)

iele; (x9)

For j =1,2,..., let
1 7%?3.”& Pj j
i€l (a9) iels (29) 7

Then ; > 1. From (14), we have

(xd
1D
26

1 _ pj <1 - ,
—Vf@)+ Y Vgi(z?)

K iEIjj (x7) Vi
p-efl . .
+ Z %Qi(IJ)VQi(I]) =0. (16)
el (x7) J
Let

N = i,

i

—aia]) g
o (1 —g¢ 7 |

,LL'Z - ) (S I:;(xj)y

Vi
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-1
i_ Pi%
2

pl =0, del\ (1;(933‘) uz;(xj)) .

gi(z?), iEI;(xj),

Then we have
N+ oul =1, ), (17)
iel
pl >0, iel, Vj.
When j — oo, we have that A — X\ > 0, u{ — p; >0, Vi € I. By (16) and
(17), as j — +o00, we have
AVf(z*) + Y miVgi(z*) =0,
i€l
A+ Z wi = 1.
iel
For i € I°(z*), as j — +00, we get ,ug — 0. Therefore, p; =0, Vi € I%(z*). So,
(10) holds, and this completes the proof. O

Theorem 3.1 points out that the sequence {z7} generated by Algorithm 3.1
may converge to a K-T point to (P) under some conditions.

Now, we will solve some COP with Algorithm 3.1 on MATLAB. In each
example, we let € = 1075, then it is expected to get an e-solution to (P) with Al-
gorithm 3.1 on MATLAB. Numerical results show that Algorithm 3.1 yield some
approximate solutions that have a better objective function value in comparison
with some other algorithms.

Example 3.2. Consider the example in [§],
(COP1) min f(x) = 23 + 23 + 222 + 23 — 5z — bag — 21az + Tay
sit. g1(z) = 223 + 25 + 23 + 221 + 22 + 24 — 5 <0,
)= +oi+ai+ai o —aotaz—a4—8<0,
g3(w) = o3 + 223 + 23 + 223 — 2y — 24 —10<0.
Let 2° = (0,0,0,0), po = 4, N = 10, ¢ = 0.01, n = 0.05 and ¢ = 1075.

Numerical results of Algorithm 3.1 for solving (COP1) are given in Table 1.
Therefore, we get an approximate solution

x3 = (0.170768,0.827977, 2.011779, —0.960639)

at the 3’th iteration. One can easily check that 23 is a feasible solution since the
constraints of (COP1) at 23 are as follows:

g1(x3) =2 % 0.170768% 4 0.827977% + 2.011779? + 2 % 0.170768
+0.827977 — 0.960639 — 5 = —0.000001922981999,
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TABLE 1. Numerical results of Algorithm 3.1 with 0 = (0,0,0,0), po =

4, N=10
i P € f(=9) g1(z?) g2(27) g3(27) xJ
1 4 001 44256310  0.003740  0.009916  -1.872051  (0.169769,0.835551,

2.009753,-0.966244)
2 40 0.0005  -44.233949  0.000019 0.000050 -1.883070  (0.169561,0.835531,
2.008640,-0.964883)
3 400 0.000025 -44.233515  -0.000002  -0.000001 -1.916964  (0.170768,0.827977,
2.011779,-0.960639)

go(x3) =0.170768 4 0.827977% + 2.0117792 + (—0.960639)% + 0.170768
—0.827977 + 2.011779 + 0.960639 — 8 = —0.000001344484998,

g3(2®) =0.170768% + 2 * 0.8279772 + 2.011779% + 2 * (—0.960639)>
—0.170768 + 0.960639 — 10 = —1.916966143634999.

The objective function value is given by f(23) = —44.233515. The solution
we obtained is slightly better than the solution obtained in the 4’th iteration by
method in [8] (the objective function value f(z*) = —44.23040) for this example.

Now we change the initial parameters. Let 2° = (0,0,0,0), po = 8, N =
6, e¢ = 0.01, n = 0.03 and ¢ = 1075. Numerical results of Algorithm 3.1
for solving (COP1) are given in Table 2. Further, with the same parameters
po, N, €, n as above, we change the starting point to 2° = (8,8,8,8). New
numerical results are given in Table 3.

It is easy to see from Tables 2 and 3 that the convergence of Algorithm 3.1 is
the same and the objective function values are almost the same. That is to say,
the efficiency of Algorithm 3.1 does not completely depend on how to choose a
starting point in this example.

Note: j is the number of iteration in the Algorithm I.

p;j is constrain penalty parameter at the j'th iteration.
27 is a solution at the j’th iteration in the Algorithm I.
f(27) is an objective value at 27.

gi(z7) (i=1,...,m) is a constrain value at 27.

Example 3.3. Consider the example in [19],
(COP2) min f(x) = —2x1 — 629 + 27 — 2x129 + 223
s.t. x1 + 20 < 2,
—x1 + 2x2 < 2,
x1, xo9 > 0.
Let
g1(x) =x1 + 22— 2, ga(x) = —21 + 229 — 2,
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TABLE 2. Numerical results of Algorithm 3.1 with 0 = (0,0,0,0), po =

8 N=6
i pjo€ f(=9) g1 () g2(27) gs(ad) zJ
1 8 0.01 -44.245082 0.001869 0.004961 -1.877585 (0.169665,0.835541,

2.009194,-0.965561)
2 48 0.0003  -44.233893  0.000009 0.000025 -1.883098  (0.169561,0.835531,
2.008637,-0.964880)
3 288 0.000009 -44.232243 -0.000052  -0.000174 -1.921571  (0.162363,0.825936,
2.017343,-0.955283)

TABLE 3. Numerical results of Algorithm 3.1 with 20 = (8,8, 8,8), po =

8 N=6
i pj o€ f(=9) g1 () g2(27) gs(ad) zd
1 8 0.01 -44.245082 0.001869 0.004961 -1.877585 (0.169665,0.835541,

2.009194,-0.965561)
2 48 0.0003  -44.233893  0.000009 0.000025 -1.883098  (0.169561,0.835531,
2.008637,-0.964880)
3 288 0.000009 -44.233355 -0.000113  -0.000079  -1.900244  (0.166329,0.831255,
2.012529,-0.960615)

g3(z) = —w1, ga(w) = —wa.
Thus problem (COP2) is equivalent to the following problem:
(COP2’) min f(z) = —2x; — 6o + 23 — 21175 + 223

st.g1(z) =21 + 22 —2<0,
g2(x) = —x1 4+ 220 — 2 <0,
g3(r) = —z1 <0,
ga(x) = —x2 < 0.

Let 2° = (1,1), po =8, N =10, ¢y = 0.5, = 0.01 and € = 1075, Numerical
results of Algorithm 3.1 for solving (COP2’) are given in Table 4.

By Table 4, an approximate optimal solution to (COP2’) is obtained at the
3’th iteration, that is z* = (0.800000, 1.200000) with corresponding objective
function value f(x*) = —7.200000. The solution we obtained is similar with the
solution obtained in the 4’th iteration by method in [19] (the objective function
value f(z*) = —7.2000) for this example.

4. Conclusion

This paper has presented a smoothing approximation to the /; exact penalty
function and an algorithm based on this smoothed penalty problem. It is shown
that the optimal solution to the (NP, .) is an approximate optimal solution
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TABLE 4. Numerical results of Algorithm 3.1 with 20 = (1,1), po =

8, N =10
j P €j f(=@9) g1(z?) ga(z9) zd
1 8 0.5 -8.111111 0.333333 -0.333333 (1.000000,1.333333)
2 80 0.005 -7.200980 0.000350 -0.399930 (0.800210,1.200140)
3 800 0.00005 -7.200000 0.000000 -0.400000 (0.800000,1.200000)

to the original optimization problem under some mild conditions. Numerical
results show that the algorithm proposed here is efficient in solving some COP.

Acknowledgement

The author would like to thank the anonymous reviewers and the editor for
their insightful suggestions and comments which led to improvements of this
paper. This work is supported by National Natural Science Foundation of China
(Grant No.11371242).

REFERENCES

1. M.S. Bazaraa and J.J. Goode, Sufficient conditions for a globally exact penalty function
without convexity, Mathematical Programming Study, 19 (1982), 1-15.

2. C.H. Chen and O.L. Mangasarian, Smoothing methods for convex inequalities and linear
complementarity problems, Math. Program, 71 (1995), 51-69.

3. G. Di Pillo and L. Grippo, An ezact penalty function method with global conergence prop-
erties for nonlinear programming problems, Math. Program, 36 (1986), 1-18.

4. G. Di Pillo and L. Grippo, Ezact penalty functions in contrained optimization, SIAM J.
Control. Optim., 27 (1989), 1333-1360.

5. S.P. Han and O.L. Mangasrian, Ezact penalty function in nonlinear programming, Math.
Program, 17 (1979), 257-269.

6. X.X. Huang and X.Q. Yang, Convergence analysis of a class of nonlinear penalization
methods for constrained optimization via first-order necessary optimality conditions, J.
Optim. Theory Appl., 116 (2003), 311-332.

7. J.B. Lasserre, A globally convergent algorithm for exact penalty functions Eur. J. Oper.
Res., 7 (1981), 389-395.

8. S.J. Lian, Smoothing approximation to l1 exact penalty function for inequality constrained
optimization, Appl. Math. Comput., 219 (2012), 3113-3121.

9. B.Z. Liu, On smoothing exact penalty functions for nonlinear constrained optimization
problems, J. Appl. Math. Comput., 30 (2009), 259-270.

10. Z.Q. Meng, C.Y. Dang and X.Q. Yang, On the smoothing of the square-root exact penalty
function for inequality constrained optimization, Comput. Optim. Appl., 35 (2006), 375-
398.

11. K.W. Meng, S.J. Li and X.Q. Yang, A robust SQP method based on a smoothing lower
order penalty function, Optimization, 58 (2009), 22-38.

12. M.C. Pinar and S.A. Zenios, On smoothing exact penalty function for convexr constrained
optimization, SIAM J. Optim., 4 (1994), 486-511.

13. E. Rosenberg, Fzact penalty functions and stability in locally Lipschitz programming,
Math. Program 30 (1984), 340-356.



Smoothing approximation to l; exact penalty function 399

14. A.M. Rubinov, B.M. Glover and X.Q. Yang, Eztended Lagrange and penalty function in
continuous optimization, Optimization, 46 (1999), 327-351.

15. A.M. Rubinov, X.Q. Yang and A.M. Bagirov, Penalty functions with a small penalty
parameter, Optim. Methods Softw., 17 (2002), 931-964.

16. A.M. Rubinov and X.Q. Yang, Nonlinear Lagrangian and Penalty Functions in Optimiza-
tion, Kluwer Academic, Dordrecht, 2003.

17. X.L. Sun and D. Li, Value-estimation function method for constrained global optimization,
J. Optim. Theory Appl., 24 (1999), 385-409.

18. Z.Y. Wu, F.S. Bai, X.Q. Yang and L.S. Zhang, An ezact lower order penalty function and
its smoothing in nonlinear programmaing, Optimization, 53 (2004), 57-68.

19. Z.Y. Wu, HW.J. Lee, F.S. Bai, L.S. Zhang and X.M. Yang, Quadratic smoothing approxi-
mation to l1 exact penalty function in global optimization, J. Ind. Manag. Optim., 1 (2005),
533-547.

20. X.S. Xu, Z.Q. Meng, J.W. Sun and R. Shen, A penalty function method based on smoothing
lower order penalty function, J. Comput. Appl. Math., 235 (2011), 4047-4058.

21. X.S. Xu, Z.Q. Meng, J.W. Sun, L.Q. Huang and R. Shen, A second-order smooth penalty
function algorithm for constrained optimization problems, Comput. Optim. Appl., 55
(2013), 155-172.

22. X.Q. Yang, Smoothing approzimations to monsmooth optimization problems, J. Aust.
Math. Soc. B, 36 (1994), 274-285.

23. X.Q. Yang and X.X. Huang, A nonlinear Lagrangian approach to constrained optimization
problems, SIAM J. Optim., 11 (2001), 1119-1144.

24. X.Q. Yang, Z.Q. Meng, X.X. Huang and G.T.Y. Pong, Smoothing nonlinear penalty func-
tion for constrained optimization, Numer. Funct. Anal. Optim., 24 (2003), 357-364.

25. W.I. Zangwill, Nonlinear programming via penalty function, Mgmt. Sci., 13 (1967), 334-
358.

26. S.A. Zenios, M.C. Pinar and R.S. Dembo, A smooth penalty function algorithm for
network-structured problems, Eur. J. Oper. Res., 64 (1993), 258-277.

Nguyen Thanh Binh received M.Sc. from Thai Nguyen University of Education. He is
also studying in Ph.D degree at Department of Mathematics, Shanghai University, China.
His research interests include nonlinear optimization and computational mathematics.

Department of Mathematics, Shanghai University, Shanghai, 200444, China.
e-mail: bingbongyb@gmail.com



