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Abstract. In this note, we extend the definition of harmonic and biharmonic maps via

the variation of energy and bienergy between two Riemannian manifolds. In particular we

present some new properties for the generalized stress energy tensor and the divergence of

the generalized stress bienergy.

1. Introduction

Harmonic maps are critical points of the energy functional defined on the space
of smooth maps between Riemannian manifolds. There are many studies on har-
monic maps. Also, p-harmonic maps and exponentially harmonic maps have been
developed by J. Eells and J. H. Sampson [10],[9] and biharmonic maps G. Y. Jiang
[12], and E. Loubeau and C. Oniciuc [13]. The F-harmonic map has dveloped by
F. Ara [1], recently the notion of f-harmonic maps has introduced by N. Course [5]
and M. Djaa and S. Ouakkas [15],[8] and developed by Y. J. Chiang [3], Y. L. Ou
[16], S. Feng [11] and other.

The goal in this work is the characterization of the Euler-Lagrange equations
in the general case of Riemannian manifolds. First we establish the first energy
variation (Theorem 3.1) and the second energy variation (Theorem 4.1). Our results
are extensions of harmonic maps, p-harmonic and exponentially harmonic maps,
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biharmonic maps, F-harmonic maps, f-harmonic maps and and bi-f-harmonic maps.
In particular we present some new properties for the generalized stress energy tensor
(Theorem 5.1) and the divergence of the generalized stress bienergy (Theorem 5.2).

2. L-Harmonic Maps

Consider a smooth map ϕ : (M, g) → (N,h) between Riemannian manifolds,

(2.1) L : M ×N × R→ (0,∞), (x, y, r) 7→ L(x, y, r),

be a smooth positive function, for any compact domain D of M the L-energy
functional of ϕ is defined by

(2.2) EL(ϕ; D) =
∫

D

L
(
x, ϕ(x), e(ϕ)(x)

)
vg,

where e(ϕ) is the energy density of ϕ defined by

(2.3) e(ϕ) =
1
2

h
(
dϕ(ei), dϕ(ei)

)
,

vg is the volume element, here {ei} is a orthonormal frame on (M, g).

Definition 2.1. A map is called L-harmonic if it is a critical point of the L-energy
functional over any compact subset D of M .

3. The First Variation of the L-Energy Functional

Let L : M ×N × R→ (0,∞), (x, y, r) 7→ f(x, y, r), we denote by

∂r = ∂/∂r, L′ = ∂r(L), L′′ = ∂r

(
∂r(L)

)

and let L′ϕ, L′′ϕ ∈ C∞(M) defined by

(3.1) L′ϕ(x) = L′
(
x, ϕ(x), e(ϕ)(x)

)
, L′′ϕ(x) = L′′

(
x, ϕ(x), e(ϕ)(x)

)
.

Theorem 3.1. Let ϕ : (M, g) → (N,h) be a smooth map and let {ϕt}t∈(−ε,ε) be a
smooth variation of ϕ supported in D. Then

(3.2)
d

dt
EL(ϕt; D)

∣∣∣
t=0

= −
∫

D

h(τL(ϕ), v) vg,

where v =
∂ϕt

∂t

∣∣∣
t=0

denotes the variation vector field of ϕ,

(3.3) τL(ϕ) = L′ϕ τ(ϕ) + dϕ
(
gradM L′ϕ

)− (gradN L) ◦ ϕ,
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and τ(ϕ) is the tension field of ϕ given by

(3.4) τ(ϕ) = trace∇dϕ.

Proof. Define φ : M × (−ε, ε) → N by

(3.5) φ(x, t) = ϕt(x), (x, t) ∈ M × (−ε, ε),

let ∇φ denote the pull-back connection on φ−1TN . Note that, for any vector field
X on M considered as a vector field on M × (−ε, ε), we have

(3.6) [∂t, X] = 0.

Using (2.2) we obtain

(3.7)
d

dt
EL(ϕt; D)

∣∣∣
t=0

=
∫

D

∂t

(
L

(
x, ϕt(x), e(ϕt)(x)

))∣∣∣
t=0

vg,

first, note that

(3.8) ∂t

(
L

(
x, ϕt(x), e(ϕt)(x)

))∣∣∣
t=0

= dL
(
dφ(∂t)

)∣∣∣
t=0

+ dL
(
∂t(e(ϕt))

)∣∣∣
t=0

,

the first term on the left-hand side of (3.8) is

(3.9) dL
(
dφ(∂t)

)∣∣∣
t=0

= h
(
(gradN L) ◦ ϕ, v

)
.

Calculating in a normal frame at x ∈ M , we have

∂t(e(ϕt)) = h
(∇φ

∂t
dϕt(ei), dϕt(ei)

)

= h
(∇φ

ei
dφ(∂t), dϕt(ei)

)
,(3.10)

the second term on the left-hand side of (3.8) is

dL
(
∂t(e(ϕt))

)∣∣∣
t=0

= L′ϕ h
(∇ϕ

ei
v, dϕ(ei)

)

= ei

(
h(v, L′ϕ dϕ(ei))

)− h
(
v,∇ϕ

ei
L′ϕ dϕ(ei)

)
,(3.11)

where the last equality holds since dφ(∂t)
∣∣∣
t=0

= v, define a 1-form on M by

(3.12) ω(X) = h(v, L′ϕ dϕ(X)), X ∈ Γ(TM),

by (3.11) and (3.12) we get

dL
(
∂t(e(ϕt))

)∣∣∣
t=0

= div ω − h
(
v, dϕ(gradM L′ϕ)

)
(3.13)

−h
(
v, L′ϕ τ(ϕ)

)
.
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Substituting (3.8), (3.9) and (3.13) in (3.7), and consider the divergence theorem,
the Theorem 3.1 follows. 2

From Theorem 3.1 and Definition 2.1, we obtain

Corollary 3.1. A smooth map ϕ : (M, g) → (N, h) between Riemannian manifolds,
is L-harmonic if and only if

(3.14) τL(ϕ) = L′ϕ τ(ϕ) + dϕ
(
gradM L′ϕ

)− (gradN L) ◦ ϕ = 0.

Remark 3.1. If L(x, y, t) = F (t), then

τF (ϕ) = τF (ϕ) = F ′
(
e(ϕ)

)
τ(ϕ) + dϕ

(
gradM F ′

(
e(ϕ)

))
.

Theorem 3.2. Let ϕ : M → N be a smooth map of two Riemannian manifolds
and let i : N ↪→ P be the inclusion map of a submanifold, then ϕ is f -harmonic
if and only if τf (i ◦ ϕ) is normal to N , where f ∈ C∞(M × P × R) be a smooth
positive function.

Proof. The L-tension field of the composition i ◦ ϕ : M → P is given by

τL(i ◦ ϕ) = L′i◦ϕτ(i ◦ ϕ) + di(dϕ(gradM L′i◦ϕ))− (gradP L) ◦ i ◦ ϕ,

where L′i◦ϕ : M → (0,∞) defined by

L′i◦ϕ(x) = L′(x, i(ϕ(x)), e(i ◦ ϕ)(x)) = L′(x, ϕ(x), e(ϕ)(x)) = L′ϕ(x),

for all x ∈ M , because the energy density of i ◦ ϕ is e(ϕ), thus

τL(i ◦ ϕ) = L′ϕτ(i ◦ ϕ) + di(dϕ(gradM L′ϕ))− (gradP L) ◦ i ◦ ϕ,

since the tension field of the composition i ◦ ϕ is given by

τ(i ◦ ϕ) = di(τ(ϕ)) + trace ∇di(dϕ, dϕ),

and (gradP L) ◦ i ◦ ϕ = di(gradN L) ◦ ϕ + (gradP L)⊥ ◦ i ◦ ϕ, we obtain

τL(i ◦ ϕ) = L′ϕdi(τ(ϕ)) + L′ϕ trace ∇di(dϕ, dϕ)

+di(dϕ(gradM L′ϕ))− di(gradN L) ◦ ϕ

−(gradP L)⊥ ◦ i ◦ ϕ

= di(τL(ϕ)) + L′ϕ trace ∇di(dϕ, dϕ)

−(gradP L)⊥ ◦ i ◦ ϕ.

So τL(i ◦ ϕ)− di(τL(ϕ)) is normal to N . 2

4. The Second Variation of the L-Energy Functional
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Theorem 4.1. Let ϕ : (M, g) → (N,h) be an f -harmonic map between Riemannian
manifolds and {ϕt,s}t,s∈(−ε,ε) be a two-parameter variation with compact support in
D. Set

(4.1) v =
∂ϕt,s

∂t

∣∣∣
t=s=0

, w =
∂ϕt,s

∂s

∣∣∣
t=s=0

.

Under the notation above we have the following

(4.2)
∂2

∂t∂s
E(ϕt,s; D)

∣∣∣
t=s=0

=
∫

D

h(Jϕ,L(v), w) vg,

where Jϕ,L(v) ∈ Γ(ϕ−1TN) given by

Jϕ,L(v) = −L′ϕ trace RN (v, dϕ)dϕ− trace ∇ϕ L′ϕ∇ϕ v

+
(∇N

v gradN f
) ◦ ϕ+ < ∇ϕ v, dϕ > (gradN L′) ◦ ϕ

− trace ∇ϕ < ∇ϕ v, dϕ > L′′ϕ dϕ.(4.3)

Here < , > denote the inner product on T ∗M ⊗ ϕ−1TN and RN is the curvature
tensor on (N,h).

Proof. Define φ : M × (−ε, ε)× (−ε, ε) → N by

(4.4) φ(x, t, s) = ϕt,s(x), (x, t, s) ∈ M × (−ε, ε)× (−ε, ε),

let ∇φ denote the pull-back connection on φ−1TN . Note that, for any vector field
X on M considered as a vector field on M × (−ε, ε)× (−ε, ε), we have

(4.5) [∂t, X] = 0, [∂s, X] = 0, [∂t, ∂s] = 0,

Then, by (2.2) we obtain

(4.6)
∂2

∂t∂s
EL(ϕt,s; D)

∣∣∣
t=s=0

=
∫

D

∂2

∂t∂s
f
(
x, ϕt,s(x), e(ϕt,s)(x)

)∣∣∣
t=s=0

vg,

first, note that

(4.7)
∂

∂t
f
(
x, ϕt,s(x), e(ϕt,s)(x)

)
= dL(dφ(∂t)) + dL(∂t(e(ϕt,s))),

(4.8) dL(dφ(∂t)) = h(dφ(∂t), (gradN f) ◦ ϕ),

(4.9) dL(∂t(e(ϕt,s))) = h(∇φ
∂t

dφ(ei), dφ(ei))L′ϕt,s
,
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when we pass to the seconde derivative, we get

∂2

∂t∂s
L

(
x, ϕt,s(x), e(ϕt,s)(x)

)
= h(∇φ

∂s
dφ(∂t), (gradN L) ◦ ϕ)

+h(dφ(∂t),∇φ
∂s

(gradN L) ◦ ϕ)

+h(∇φ
∂s
∇φ

∂t
dφ(ei), dφ(ei))L′ϕt,s

+h(∇φ
∂t

dφ(ei),∇φ
∂s

dφ(ei))L′ϕt,s

+h(∇φ
∂t

dφ(ei), dφ(ei)) ∂s(L′ϕt,s
).(4.10)

by (4.1) and the property of the gradient operator we have

(4.11) h(dφ(∂t),∇φ
∂s

(gradN L) ◦ ϕ)
∣∣∣
t=s=0

= h(w, (∇N
v gradN L) ◦ ϕ),

by (6.5) and the definition of the curvature tensor of (N,h) we have

h(∇φ
∂s
∇φ

∂t
dφ(ei), dφ(ei))L′ϕt,s

∣∣∣
t=s=0

= L′ϕ h(RN (w, dϕ(ei))v, dϕ(ei))

+L′ϕ h(∇φ
ei
∇φ

∂s
dφ(∂t), dϕ(ei))

∣∣∣
t=s=0

,

(4.12)

by (4.13), the property of the curvature tensor of (N, h) and the compatibility of
∇φ with the metric h we have

h(∇φ
∂s
∇φ

∂t
dφ(ei), dφ(ei))L′ϕt,s

∣∣∣
t=s=0

= −L′ϕ h(RN (v, dϕ(ei))dϕ(ei), w)

+ei(h(∇φ
∂s

dφ(∂t), L′ϕ dϕ(ei)))
∣∣∣
t=s=0

,

−h(∇φ
∂s

dφ(∂t),∇ϕ
ei

L′ϕ dϕ(ei))
∣∣∣
t=s=0

,

(4.13)

h(∇φ
∂t

dφ(ei),∇φ
∂s

dφ(ei))L′ϕt,s

∣∣∣
t=s=0

= ei(h(L′ϕ∇ϕ
ei

v, w))− h(∇ϕ
ei

L′ϕ∇ϕ
ei

v, w).

(4.14)

Note that

∂s(L′ϕt,s
) = ∂s

(
L′(x, ϕt,s(x), e(ϕt,s)(x))

)

= dL′
(
dφ(∂s)

)
+ dL′

(
∂s(e(ϕt,s))

)
,(4.15)

by a simple calculation we have

(4.16) dL′
(
dφ(∂s)

)∣∣∣
t=s=0

= h(w, (gradN L′) ◦ ϕ),
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(4.17) dL′
(
∂s(e(ϕt,s))

)∣∣∣
t=s=0

= L′′ϕ h(∇ϕ
ei

w, dϕ(ei)),

then we get

h(∇φ
∂t

dφ(ei), dφ(ei))∂s(L′ϕt,s
)
∣∣∣
t=s=0

= < ∇ϕv, dϕ > h(w, (gradN L′) ◦ ϕ)

+ < ∇ϕv, dϕ > L′′ϕ h(∇ϕ
ei

w, dϕ(ei))

= h(w, < ∇ϕv, dϕ > (gradN L′) ◦ ϕ)
+ei(h(w,< ∇ϕv, dϕ > L′′ϕ dϕ(ei)))
−h(w,∇ϕ

ei
< ∇ϕv, dϕ > L′′ϕ dϕ(ei)).

(4.18)

From the formulas (6.5), (4.10), (4.11), (4.13), (4.14), (4.18), the divergence theorem
and the L-harmonicity of ϕ, the Theorem 4.1 follows. 2

Corollary 4.1. If L(x, y, r) = F (r), then we obtain:

∂2

∂t∂s
E(ϕt,s; D)

∣∣∣
t=s=0

=
∫

D

F ′′
( |dϕ|2

2

)
< ∇ϕv, dϕ >< ∇ϕw, dϕ > vg

−
∫

D

F ′
( |dϕ|2

2

)
h(trace RN (v, dϕ)dϕ,w) vg

+
∫

D

F ′
( |dϕ|2

2

)
< ∇ϕv,∇ϕw > vg(4.19)

(We recover the result obtained by M. Ara in [1].)

Proof. we have:

Jϕ,L(v) = −L′ϕ trace RN (v, dϕ)dϕ− trace ∇ϕ L′ϕ∇ϕ v

+
(∇N

v gradN L
) ◦ ϕ+ < ∇ϕ v, dϕ > (gradN L′) ◦ ϕ

− trace ∇ϕ < ∇ϕ v, dϕ > L′′ϕ dϕ

= −L′ϕ trace RN (v, dϕ)dϕ− trace ∇ϕ L′ϕ∇ϕ v

− trace ∇ϕ < ∇ϕ v, dϕ > L′′ϕ dϕ(4.20)

remark that :

L′ϕ = F ′
( |dϕ|2

2

)
(4.21)

L′′ϕ = F ′′
( |dϕ|2

2

)
(4.22)

−h(trace ∇ϕ L′ϕ∇ϕ v, w) = −h(∇ϕ
ei

L′ϕ∇ϕ
ei

v, w)

= −ei

(
h(L′ϕ∇ϕ

ei
v, w)

)
+ h(L′ϕ∇ϕ

ei
v,∇ϕ

ei
w)

= −div ω + L′ϕ < ∇ϕ v,∇ϕ w >(4.23)
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where: ω(X) = L′ϕ h(∇ϕ
X v, w) .

− h(trace ∇ϕ < ∇ϕ v, dϕ > L′′ϕ dϕ,w)
= −h(∇ϕ

ei
< ∇ϕ v, dϕ > L′′ϕ dϕ(ei), w)

= −ei

(
h(< ∇ϕ v, dϕ > L′′ϕ dϕ(ei), w)

)

+h(< ∇ϕ v, dϕ > L′′ϕ dϕ(ei),∇ϕ
ei

w)
= − div η + L′′ϕ < ∇ϕ v, dϕ >< ∇ϕ w, dϕ >(4.24)

where: η(X) = L′′ϕ < ∇ϕ v, dϕ > h(dϕ(X), w).

Substituting (4.20),(4.21),(4.22),(4.23),(4.24) in (4.2) we obtain (4.19). 2

5. L-Biharmonic Maps.

Definition 5.1. A natural generalization of L-harmonic maps is given by integrat-
ing the square of the norm of the L-tension field. More precisely, the L-bienergy
functional of a smooth map ϕ : (M, g) → (N, h) is defined by

(5.1) E2,L(ϕ; D) =
1
2

∫

D

|τL(ϕ)|2 vg.

Definition 5.2. A map is called L-biharmonic if it is a critical point of the L-energy
functional over any compact subset D of M .

Theorem 5.1. (First variation of the L-bienergy functional)
Let ϕ : (M, g) → (N, h) be a smooth map between Riemannian manifolds, D a
compact subset of M and let {ϕt}t∈(−ε,ε) be a smooth variation with compact support
in D. Then

(5.2)
d

dt
E(ϕt; D)

∣∣∣
t=0

=
∫

D

h(τ2,L(ϕ), v) vg,

where in normal frame at x ∈ M , we have

τ2,L(ϕ) = −L′ϕ trace RN (τL(ϕ), dϕ)dϕ− trace ∇ϕ L′ϕ∇ϕ τL(ϕ)

+
(∇N

τL(ϕ) gradN L
) ◦ ϕ+ < ∇ϕ τL(ϕ), dϕ > (gradN L′) ◦ ϕ

− trace ∇ϕ < ∇ϕ τL(ϕ), dϕ > L′′ϕ dϕ.(5.3)

Proof. Define φ : M × (−ε, ε) → N by φ(x, t) = ϕt(x). First note that

(5.4)
d

dt
E2,L(ϕt;D) =

∫

D

h(∇φ
∂t

τL(ϕt), τL(ϕt)) vg.

Calculating in a normal frame at x ∈ M we have

(5.5) ∇φ
∂t

τL(ϕt) = ∇φ
∂t
∇φ

ei
L′ϕt

dϕt(ei)−∇φ
∂t

(gradN L) ◦ ϕt,
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by the definition of the curvature tensor of (N, h) we have

(5.6) ∇φ
∂t
∇φ

ei
L′ϕt

dϕt(ei) = L′ϕt
RN (dφ(∂t), dϕt(ei))dϕt(ei) +∇φ

ei
∇φ

∂t
L′ϕt

dϕt(ei),

by the compatibility of ∇φ with h we have

h(∇φ
ei
∇φ

∂t
L′ϕt

dϕt(ei), τL(ϕt)) = ei

(
h(∇φ

∂t
L′ϕt

dϕt(ei), τL(ϕt))
)

−h(∇φ
∂t

L′ϕt
dϕt(ei),∇φ

ei
τL(ϕt)),(5.7)

the second term on the left-hand side of (6.16) is

−h(∇φ
∂t

L′ϕt
dϕt(ei),∇φ

ei
τL(ϕt)) = −∂t(L′ϕt

)h(dϕt(ei),∇φ
ei

τL(ϕt))

−L′ϕt
h(∇φ

∂t
dϕt(ei),∇φ

ei
τL(ϕt)),(5.8)

be a simple calculation we have

(5.9) ∂t(L′ϕt
) = dφ(∂t)(L′) + L′′ϕt

h(∇φ
ej

dφ(∂t), dϕt(ej)),

then the first term on the left-hand side of (6.17) is

−∂t(L′ϕt
)h(dϕt(ei),∇φ

ei
τL(ϕt))(5.10)

= −h(dϕt(ei),∇φ
ei

τL(ϕt)) h((gradN L′) ◦ ϕt, dφ(∂t))

−ej

(
h(dφ(∂t), L′′ϕt

h(dϕt(ei),∇φ
ei

τL(ϕt)) dϕt(ej))
)

+h
(
dφ(∂t),∇φ

ej
L′′ϕt

h(dϕt(ei),∇φ
ei

τL(ϕt)) dϕt(ej)
)
,

(5.11)

the second term on the left-hand side of (6.17) is

−L′ϕt
h(∇φ

∂t
dϕt(ei),∇φ

ei
τL(ϕt)) = −ei

(
h(dφ(∂t), L′ϕt

∇φ
ei

τL(ϕt))
)
,

+h(dφ(∂t),∇φ
ei

L′ϕt
∇φ

ei
τL(ϕt))

)
,(5.12)

and notice that

−h
(∇φ

∂t
(gradN L) ◦ ϕt, τL(ϕt)

)
= −h

(
(∇N

τL(ϕt)
gradN L) ◦ ϕt, dφ(∂t)

)
.

(5.13)

From (6.13), (6.14), (6.15), (6.16), (6.17), (6.19), (6.20), (6.21), v = dφ(∂t) when
t = 0 and the divergence theorem, we deduce the Theorem 5.1. 2

Remark 5.1. If L(x, y, r) = L̃(x, y) r for all (x, y, r) ∈ M × N × R, by a simple
calculation the term (∇N

τL(ϕ) gradN L
) ◦ ϕ

is replaced by
e(ϕ)

(∇N
τL̃(ϕ) gradN f̃

) ◦ ϕ− trace ∇ϕv(L̃) dϕ.
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6. Stress L-Energy and L-Bienergy Tensors

Let ϕ : (M, g) → (N, h) be a smooth map between two Riemannian manifolds
and f ∈ C∞(M×N×R), (x, y, r) 7→ f(x, y, r) be a smooth positif function, consider
a smooth one-parameter variation of the metric g, i.e. a smooth family of metrics
(gt) (−ε < t < ε) such that g0 = g, write δ = ∂

∂t

∣∣∣
t=0

, then δg ∈ Γ(¯2T ∗M) is

a symmetric 2-covariant tensor field on M ([2]). Take local coordinates (xi) on
M , and write the metric on M in the usual way as gt = gij(t, x) dxi dxj , we now
compute

d

dt
EL(ϕ;D)

∣∣∣
t=0

=
∫

D

δ
(
L(x, ϕ(x), e(ϕ)(x))

)
vg

+
∫

D

L(x, ϕ(x), e(ϕ)(x)) δ(vgt
),(6.1)

using the previous notation, we obtain

(6.2)
d

dt
EL(ϕ; D)

∣∣∣
t=0

=
∫

D

δ
(
e(ϕ))

)
L′ϕ vg +

∫

D

Lϕ δ(vgt),

let 〈 , 〉 the induced Riemannian metric on ⊗2T ∗M , we have

(6.3) δ
(
e(ϕ)

)
= −1

2
〈ϕ∗h, δg〉, δ(vgt) =

1
2
〈g, δg〉vg,

where ϕ∗h is the pull-back of the metric h, by (6.2) and (6.3), we get

Theorem 6.1.

(6.4)
d

dt
EL(ϕ; D)

∣∣∣
t=0

=
1
2

∫

D

< Lϕ g − L′ϕ ϕ∗h, δg > vg,

Definition 6.1. A stress L-energy tensor of the smooth map ϕ is defined by

(6.5) SL(ϕ) = Lϕ g − L′ϕ ϕ∗h.

Special cases of stress L-energy tensors

1. If L(x, y, r) = r for all (x, y, r) ∈ M × N × R, the stress L-energy tensor of
the smooth map ϕ : (M, g) → (N, h) between Riemannian manifolds given
by ([14])

(6.6) SL(ϕ) = S(ϕ) = e(ϕ) g − ϕ∗h.

2. Let L1 be a smooth positif function in M , if L(x, y, r) = L1(x) r for all
(x, y, r) ∈ M × N × R, the stress L-energy tensor of the smooth map ϕ :
(M, g) → (N,h) between Riemannian manifolds given by ([15])

(6.7) SL(ϕ) = SL1(ϕ) = L1 e(ϕ) g − L1 ϕ∗h.
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3. Let L1 be a smooth positif function in M × N , if L(x, y, r) = L1(x, y) r for
all (x, y, r) ∈ M × N × R, the stress L-energy tensor of the smooth map
ϕ : (M, g) → (N,h) between Riemannian manifolds given by ([7])

(6.8) SL(ϕ) = SL1(ϕ) = (L1)ϕ e(ϕ) g − (L1)ϕ ϕ∗h,

4. Let F be a smooth positif function in R, if L(x, y, r) = F (r) for all (x, y, r) ∈
M ×N ×R, the stress L-energy tensor of a smooth map ϕ : (M, g) → (N, h)
between Riemannian manifolds is given by

(6.9) SL(ϕ) = SF (ϕ) = F
(
e(ϕ)

)
g − F ′

(
e(ϕ)

)
ϕ∗h.

Stress L-bi-energy tensors.

Let ϕ : (M, g) → (N,h) be a smooth map between two Riemannian manifolds
and f ∈ C∞(M × N × R), (x, y, r) 7→ f(x, y, r) be a smooth positif function.
Consider the f -bi-energy functional

(6.10) E2,f (ϕ; D) =
1
2

∫

D

|τf (ϕ)|2vg,

where τf (ϕ) = f ′ϕ τ(ϕ) + dϕ
(
gradM f ′ϕ

)− (gradN f) ◦ ϕ is the f -tension field of ϕ.
Take local coordinates (xi) on M , and write the metric on M in the usual way as
gt = gij(t, x) dxi dxj , we have

(6.11)
d

dt
E2,L(ϕ; D)

∣∣∣
t=0

=
1
2

∫

D

δ(|τL(ϕ)|2)vg +
1
2

∫

D

|τL(ϕ)|2δ(vgt),

the calculation of the first term breaks down in three lemmas.

Lemma 6.1. The vector field ξ = (divM δg)] − 1
2 gradM (trace δg) satisfies

δ(|τL(ϕ)|2) = −L′′ϕh(τ(ϕ), τL(ϕ)) < ϕ∗h, δg > −2L′ϕ < h(∇dϕ, τL(ϕ)), δg >

−2L′ϕh(dϕ(ξ), τL(ϕ))− h(dϕ(gradM L′′ϕ), τL(ϕ)) < ϕ∗h, δg >

+h(gradN L′, τL(ϕ)) < ϕ∗h, δg > −2 < dL′ϕ ¯ h(dϕ, τL(ϕ)), δg >

−L′′ϕh(dϕ(gradM < ϕ∗h, δg >), τL(ϕ)).

Proof. In local coordinates (xi) on M and (yα) on N , we have

(6.12) δ(|τL(ϕ)|2) = δ
(
τL(ϕ)ατL(ϕ)βhαβ

)
= 2 δ(τL(ϕ)α)τL(ϕ)βhαβ ,

first, note that

δ(τL(ϕ)α) = δ
(
L′ϕτ(ϕ)α + θα − ηα

)

= δ(L′ϕ) τ(ϕ)α + L′ϕ δ(τ(ϕ)α) + δ(θα)− δ(ηα)(6.13)
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where τ(ϕ)α = gij
(
ϕα

i,j +N Γα
µσϕµ

i ϕσ
j −M Γk

ijϕ
α
k

)
is the component of τ(ϕ),

θα = gij(L′ϕ)iϕ
α
j , ηα = hαµLµ

by (6.2), the first term in the right-hand side of (6.13) is

(6.14) δ(L′ϕ) τ(ϕ)α = δ(e(ϕ))L′′ϕ τ(ϕ)α = −1
2

< ϕ∗h, δg > L′′ϕ τ(ϕ)α,

by ([14]), the second term on the right-hand side of (6.13) is

(6.15) L′ϕ δ(τ(ϕ)α) = −L′ϕgaigbjδ(gab)(∇dϕ)α
ij − L′ϕξkϕα

k ,

the third term on the right-hand side of (6.13) is

δ(θα) = δ(gij)(L′ϕ)iϕ
α
j + gijδ

(
(L′ϕ)i

)
ϕα

j

= δ(gij)(L′ϕ)iϕ
α
j + gij

(
δ(L′ϕ)

)
i
ϕα

j

= δ(gij)(L′ϕ)iϕ
α
j + gij

(
δ(e(ϕ))L′′ϕ

)
i
ϕα

j

= δ(gij)(L′ϕ)iϕ
α
j −

1
2
gij

(
< ϕ∗h, δg > L′′ϕ

)
i
ϕα

j

= δ(gij)(L′ϕ)iϕ
α
j −

1
2
gij < ϕ∗h, δg >i L′′ϕϕα

j

−1
2
gij < ϕ∗h, δg > (L′′ϕ)iϕ

α
j ,(6.16)

the fourth term on the right-hand side of (6.13) is

−δ(ηα) = −hαµδ(Lµ) = −hαµδ(e(ϕ))L′µ =
1
2
hαµ < ϕ∗h, δg > L′µ,(6.17)

and note that

2 δ(L′ϕ) τ(ϕ)ατL(ϕ)βhαβ = − < ϕ∗h, δg > L′′ϕ τ(ϕ)ατL(ϕ)βhαβ

= −L′′ϕh(τ(ϕ), τL(ϕ)) < ϕ∗h, δg >,(6.18)

2 L′ϕ δ(τ(ϕ)α)τL(ϕ)βhαβ = −2L′ϕgaigbjδ(gab)(∇dϕ)α
ijτL(ϕ)βhαβ

−2L′ϕξkϕα
k τL(ϕ)βhαβ

= −2L′ϕ < h(∇dϕ, τL(ϕ)), δg >

−2L′ϕh(dϕ(ξ), τL(ϕ)),(6.19)

2 δ(θατL(ϕ)βhαβ = 2δ(gij)(L′ϕ)iϕ
α
j τL(ϕ)βhαβ

−gij < ϕ∗h, δg >i L′′ϕϕα
j τL(ϕ)βhαβ

−gij < ϕ∗h, δg > (L′′ϕ)iϕ
α
j τL(ϕ)βhαβ

= −2 < dL′ϕ ¯ h(dϕ, τL(ϕ)), δg >

−L′′ϕh(dϕ(gradM < ϕ∗h, δg >), τL(ϕ))

−h(dϕ(gradM L′′ϕ), τL(ϕ)) < ϕ∗h, δg >,(6.20)
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−2 δ(ηα)τL(ϕ)βhαβ = hαµ < ϕ∗h, δg > L′µτL(ϕ)βhαβ

= h(gradN L′, τL(ϕ)) < ϕ∗h, δg > .(6.21)

Substituting (6.13), (6.18), (6.19), (6.20) and (6.21) in (6.12), the Lemma 6.1 fol-
lows. 2

Lemma 6.2.([7])
∫

D

L′ϕh(dϕ(ξ), τL(ϕ))vg =
∫

D

〈− sym
(∇L′ϕh(dϕ, τL(ϕ))

)

+
1
2

divM
(
L′ϕh(dϕ, τL(ϕ))]

)
g, δg〉 vg.

Lemma 6.3. Let ω = L′′ϕ h(dϕ, τL(ϕ)), then

−
∫

D

L′′ϕh(dϕ(gradM < ϕ∗h, δg >), τL(ϕ)) vg =
∫

D

< ϕ∗h, δg > div ω vg.

Proof. Note that

div(< ϕ∗h, δg > ω) =< ϕ∗h, δg > div ω + ω(gradM < ϕ∗h, δg >),

and consider the divergence theorem, the Lemma 3.1 follows. 2

Theorem 6.2. Let ϕ : (M, g) → (N, h) be a smooth map and let {gt} a one
parameter variation of g. Then

d

dt
E2,L(ϕ; D)

∣∣∣
t=0

=
1
2

∫

D

< S2,L(ϕ), δg > vg,

where S2,L(ϕ) ∈ Γ(¯2T ∗M) is given by

S2,L(ϕ)(X,Y ) = −1
2
|τf (ϕ)|2g(X, Y )− L′ϕ < dϕ,∇ϕτL(ϕ) > g(X, Y )

+L′ϕh(dϕ(X),∇ϕ
Y τL(ϕ)) + L′ϕh(dϕ(Y ),∇ϕ

XτL(ϕ))
−τL(ϕ)(L)g(X, Y )− τL(ϕ)(L′)h(dϕ(X), dϕ(Y ))
+L′′ϕ < dϕ,∇ϕτL(ϕ) > h(dϕ(X), dϕ(Y )).

S2,L(ϕ) is called the stress f -bi-energy tensor of ϕ.

Proof. By (6.2), (6.11), lemma 6.1, lemma 6.2 and lemma 6.3, we obtain

S2,L(ϕ) = −L′′ϕh(τ(ϕ), τL(ϕ))ϕ∗h− 2L′ϕh(∇dϕ, τL(ϕ))

+2 sym
(∇L′ϕh(dϕ, τL(ϕ))

)− divM
(
L′ϕh(dϕ, τL(ϕ))]

)
g

−h(dϕ(gradM L′′ϕ), τL(ϕ))ϕ∗h + h(gradN L′, τL(ϕ))ϕ∗h

−2dL′ϕ ¯ h(dϕ, τL(ϕ)) + div
(
L′′ϕ h(dϕ, τL(ϕ))

)
ϕ∗h

+
1
2
|τL(ϕ)|2g,(6.22)
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note that, for all X, Y ∈ Γ(TM), we have

2 sym
(∇L′ϕh(dϕ, τL(ϕ))

)
(X, Y ) = 2L′ϕh(∇dϕ(X, Y ), τL(ϕ))

+L′ϕh(dϕ(X),∇ϕ
Y τL(ϕ))

+L′ϕh(dϕ(Y ),∇ϕ
XτL(ϕ))

+X(L′ϕ)h(dϕ(Y ), τL(ϕ))
+Y (L′ϕ)h(dϕ(X), τL(ϕ)),(6.23)

−2dL′ϕ ¯ h(dϕ, τL(ϕ))(X, Y ) = −X(L′ϕ)h(dϕ(Y ), τL(ϕ))
−Y (L′ϕ)h(dϕ(X), τL(ϕ)),(6.24)

calculating in a normal frame at x, we have

div
(
L′ϕh(dϕ, τL(ϕ))]

)
= ei(g(L′ϕh(dϕ, τL(ϕ))], ei))
= ei(L′ϕh(dϕ(ei), τL(ϕ)))
= ei(L′ϕ)h(dϕ(ei), τL(ϕ)) + L′ϕh(∇ϕ

ei
dϕ(ei), τL(ϕ))

+L′ϕh(dϕ(ei),∇ϕ
ei

τL(ϕ))

= h(dϕ(gradM L′ϕ), τL(ϕ)) + L′ϕh(τ(ϕ), τL(ϕ))
+L′ϕ < dϕ,∇ϕτL(ϕ) >,(6.25)

let τL(ϕ) = L′ϕτ(ϕ) + dϕ(gradM L′ϕ)− (gradN L) ◦ ϕ, so

div
(
L′ϕh(dϕ, τL(ϕ))]

)
= |τL(ϕ)|2 + τL(ϕ)(L) + L′ϕ < dϕ,∇ϕτL(ϕ) >,

(6.26)

with the same method of (6.25), we find that

div
(
L′′ϕh(dϕ, τL(ϕ))

)
= h(dϕ(gradM L′′ϕ), τL(ϕ)) + L′′ϕh(τ(ϕ), τL(ϕ))

+L′′ϕ < dϕ,∇ϕτL(ϕ) > .(6.27)

Substituting (6.23), (6.24), (6.26) and (6.27) in (6.22), the Theorem 6.2 follows.2

Special cases of stress L-bi-energy tensors

1. If L(x, y, r) = r for all (x, y, r) ∈ M × N × R, the stress L-bi-energy tensor
of the smooth map ϕ : (M, g) → (N, h) between Riemannian manifolds given
by ([14])

S2,L(ϕ)(X, Y ) = S2(ϕ)(X,Y )

= −1
2
|τ(ϕ)|2g(X,Y )− < dϕ,∇ϕτ(ϕ) > g(X,Y )

+h(dϕ(X),∇ϕ
Y τ(ϕ)) + h(dϕ(Y ),∇ϕ

Xτ(ϕ)).
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2. Let L1 be a smooth positif function in M , if L(x, y, r) = L1(x) r for all
(x, y, r) ∈ M × N × R, the stress L-bi-energy tensor of the smooth map
ϕ : (M, g) → (N,h) between Riemannian manifolds given by ([15])

S2,L(ϕ)(X, Y ) = S2,L1(ϕ)(X,Y )

= −1
2
|τL1(ϕ)|2g(X, Y )− L1 < dϕ,∇ϕτL1(ϕ) > g(X,Y )

+L1h(dϕ(X),∇ϕ
Y τL1(ϕ)) + L1h(dϕ(Y ),∇ϕ

XτL1(ϕ)).

3. Let L1 be a smooth positif function in M × N , if L(x, y, r) = L1(x, y) r for
all (x, y, r) ∈ M × N × R, the stress L-bi-energy tensor of the smooth map
ϕ : (M, g) → (N,h) between Riemannian manifolds given by ([7])

S2,L(ϕ)(X, Y ) = S2,L1(ϕ)(X, Y )

= −1
2
|τL1(ϕ)|2g(X, Y )− (L1)ϕ < dϕ,∇ϕτL1(ϕ) > g(X,Y )

+(L1)ϕh(dϕ(X),∇ϕ
Y τL1(ϕ)) + (L1)ϕh(dϕ(Y ),∇ϕ

XτL1(ϕ))
−τL1(ϕ)(L1)e(ϕ)g(X, Y ) + τL1(ϕ)(L1)h(dϕ(X), dϕ(Y )).

4. Let F be a smooth positif function in R, if L(x, y, r) = F (r) for all (x, y, r) ∈
M × N × R, the stress L-bi-energy tensor of the smooth map ϕ : (M, g) →
(N, h) between Riemannian manifolds given by ([1])

S2,L(ϕ)(X, Y )
= S2,F (ϕ)(X, Y )

= −1
2
|τF (ϕ)|2g(X,Y )− F ′

(
e(ϕ)

)
< dϕ,∇ϕτF (ϕ) > g(X,Y )

+F ′
(
e(ϕ)

)
h(dϕ(X),∇ϕ

Y τF (ϕ)) + F ′
(
e(ϕ)

)
h(dϕ(Y ),∇ϕ

XτF (ϕ))

+F ′′
(
e(ϕ)

)
< dϕ,∇ϕτF (ϕ) > h(dϕ(X), dϕ(Y )).
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