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Abstract. The aim of this paper is to prove strong convergence theorem by a modified

three step iterative process with errors for three nonexpansive mappings in the frame work

of uniformly smooth Banach spaces. The main feature of this scheme is that its special

cases can handle both strong convergence like Halpern type and weak convergence like

Ishikawa type iteration schemes. Our result extend and generalize the result of S. H. Khan

[10], Kim and Xu [12] and many other authors.

1. Introduction

Throughout this paper, let E be a normed linear space, C a nonempty closed
convex subset of E, and T : C → C is a nonlinear mapping.
Recall that T is said to be nonexpansive, if

‖Tx− Ty‖ ≤ ‖x− y‖, for all x, y ∈ C.

A point x ∈ C is a fixed point of T provided Tx = x. Denote F (T ), the set of fixed
point, that is, F (T ) = {x ∈ C : Tx = x}. It is assumed throughout the paper that
T is nonexpansive such that F (T ) 6= φ.
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In recent years, fixed point iteration process for nonexpansive mappings in Ba-
nach space including Halpern type, Mann type, Ishikawa type for one mapping and
Das-Debata type for two mappings have been studied extensively by many authors
to solve the nonlinear operator equations as well as variational inequalities in Hilbert
spaces and Banach spaces. Noor [14] and Xu and Noor [22] suggested and analyzed
three step iterative methods for solving different classes of variational inequalities.
It has been shown that three step schemes are numerically better than two step
and one step methods. Related to the variational inequalities, it is the problem
of finding the fixed points of the nonexpansive mappings, which is the subject of
current interest in functional analysis.

Let us have a look at these schemes one by one.

In 1967, Halpern [7] first introduced the following iteration scheme (see also
Browder [2])

x0 = x ∈ C, chosen arbitrarily,

xn+1 = αnu + (1− αn)Txn, n ≥ 0(1.1)

He pointed out that the conditions limn→∞ αn = 0, and
∑∞

n=1 αn = ∞ are
necessary in the sense that, if the iteration scheme (1.1) converges to a fixed point
of T , then these conditions must be satisfied. It is also an important fact about
this scheme is that even if we do not have the strong convergence of a convex
combination of Txn and x0.
On the other hand, Mann [13] introduced the following iteration scheme:

(1.2) xn+1 = αnxn + (1− αn)Txn, n ≥ 0

where the initial guess x0 is taken in C arbitrarily and the sequence {αn}∞n=0 is in
the interval [0,1].
The third iteration process is referred to as Ishikawa’s iteration process [8]

yn = βnxn + (1− βn)Txn

xn+1 = αnxn + (1− αn)Tyn, n ≥ 0(1.3)

where the initial guess x0 is taken in C arbitrarily, {αn} and {βn} are sequences in
the interval [0,1].
It is pointed out that both (1.2)and (1.3) have only weak convergence in general (
see [6],[20]for an example). For example, Reich [15] showed that if E is uniformly
convex and has a Frechet differentiable norm and if the sequence {αn} is such that
αn(1− αn) = ∞, then the sequence {xn} generated by (1.2) converges weakly to a
point in F (T ).
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In [4], Das and Debata introduced the following scheme for two mappings T and S:

x0 = x ∈ C,

zn = α
′
nSxn + β

′
nxn,

xn+1 = αnTzn + βnxn,(1.4)

where α
′
n + β

′
n = 1 = αn + βn.

Khan [9] introduced the following iteration scheme:

x1 = x ∈ C,

xn+1 = anx + (1− an)yn,

yn = bnxn + (1− bn)Tzn,

zn = cnxn + (1− cn)Sxn, n ∈ N.(1.5)

On the other hand, Kim and Xu [12] gave the following iteration scheme:

x1 = x ∈ C,

xn+1 = anω + (1− an)yn,

yn = bnxn + (1− bn)Txn, n ∈ N;(1.6)

where x1 and ω are given but fixed usually different elements of C.
Note that the scheme (1.6) is a special case of (1.5) when S = I and x1 in
xn+1 = anx + (1− an)yn, is taken as ω. However, the converse is not true.

Khan [10] presented a new iteration scheme by generalizing (1.5) to the one
with error terms but taking the idea of x1 6= ω in general, from (1.6):

x1 = x ∈ C,

xn+1 = anω + (1− an)yn,

yn = αnTzn + βnxn + γnun,

zn = α
′
nSxn + β

′
nxn + γ

′
nvn, n ∈ N.(1.7)

Motivated by Khan [10], in this paper we introduce a general modified four
step iteration process for finding a common fixed point of three nonexpansive map-
pings. Our purpose in this paper is to establish the strong convergence theorem
under some mild conditions for three nonexpansive mappings in the framework of
uniformly smooth Banach spaces.

In this paper, we introduce the following modified iteration scheme: Let
R, S, T : C → C be three self mappings, then the modified four step iteration
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scheme is defined as follows:

x0 = x ∈ C

wn = α
′′
nxn + β

′′
nRxn + γ

′′
nδn

zn = α
′
nxn + β

′
nSwn + γ

′
nvn

yn = αnxn + βnTzn + γnun

xn+1 = anω + a
′
nxn + a

′′
nyn, n ≥ 0(1.8)

where the initial guess x0 is taken in C arbitrarily, ω ∈ C is an arbitrary but fixed
element in C and sequence {αn}, {α′n}, {α

′′
n}, {βn}, {β′n}, {β

′′
n}, {γn}, {γ′n}, {γ

′′
n},

{an}, {a′n}, {a
′′
n} are sequences in [0, 1] and {un}, {vn}, {δn} are bounded sequence

in C. We prove, under certain appropriate assumption on the control sequences,
that {xn} defined by (1.8) converges strongly to a fixed point of R, S, & T .

2. Preliminaries

Let E be a real Banach space and let J denote the duality mapping from E
into 2E∗ given by

J(x) = {f ∈ E∗ : 〈x, f〉 = ‖x‖2 = ‖f‖2}, x ∈ E

where E∗ denotes the dual space of E and 〈·, ·〉 denotes the generalized duality
pairing.
The norm of E is said to be Gâteaux differentiable ( and E is said to be smooth),
if

(2.1) lim
t→0

‖x + ty‖ − ‖x‖
t

exist for each x, y in its unit sphere U = {x ∈ E : ‖x‖ = 1}. It is said to be
uniformly Fréchet differentiable ( and E is said to be uniformly smooth), if the
limit in (2.1) is attained uniformly for (x, y) ∈ U × U .
In what follows, we shall make use of the following lemmas:

Lemma 2.1. If E is uniformly smooth then the duality mapping is single-valued
and norm to norm uniformly continuous on each bounded subset of E.

Lemma 2.2.([12]) If E is a Banach space, then

‖x + y‖2 ≤ ‖x‖2 + 2〈y, j(x + y)〉
holds where j(x + y) ∈ J(x + y).

Recall that, if C and D are nonempty subsets of a Banach space E such that
C is nonempty closed convex and D ⊂ C , then a map Q : C → D is sunny
[5],[17] provided Q(x + t(x − Q(x))) = Q(x) for all x ∈ C and t ≥ 0 whenever
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x + t(x − Q(x)) ∈ C. A sunny nonexpansive retraction plays an important role
in our argument. They are characterized as follows [1],[5],[17]: if E is a smooth
Banach space, then Q : C → D is a sunny nonexpansive retraction if and only if
there holds the inequality:

〈x−Qx, J(y −Qx)〉 ≤ 0, ∀x ∈ C, y ∈ D

Reich [16] showed that, if E is uniformly smooth and if D is the fixed point set
of a nonexpansive mapping from C into itself, then there is a sunny nonexpansive
retraction from C into D and it can be constructed as follows:

Lemma 2.3. Let E be a uniformly smooth Banach space and C a nonempty closed
convex subset of E. Let T be a nonexpansive mapping from C into itself such that
F (T ) 6= φ. For each fixed u ∈ C and every t ∈ (0, 1), the unique fixed point xt ∈ C
of the contraction C 3 x 7→ tu + (1 − t)Tx converges strongly as t → 0 to a fixed
point of T . Define Q : C → F (T ) as Qu = limt→0 xt. Then Q is the unique sunny
nonexpansive retract from C onto F (T ); that is, Q satisfies:

〈u−Qu, J(z −Qu)〉 ≤ 0, u ∈ C, z ∈ F (T ).

Lemma 2.4.([21]) Let {αn} be a sequence of nonnegative real numbers satisfying
the property

αn+1 ≤ (1− γn)αn + γnσn, n ≥ 0,

where {γn}∞n=0 ⊂ (0, 1) and {σn}∞n=0 such that

(i) limn→∞ γn = 0 and
∑∞

n=0 γn = ∞,

(ii) either lim supn→∞ σn ≤ 0 or
∑∞

n=0 |γnσn| < ∞.

Then {αn}∞n=0 converges to zero.

3. Main Results

Theorem 3.1. Let E be a uniformly smooth Banach space and C be closed con-
vex subset of E. Let R, S, and T be nonexpansive mappings from C into it-
self such that F = F (R) ∩ F (S) ∩ F (T ) 6= φ. Furthermore, let {xn} be defined
by (1.8), where {un}, {vn}, {δn} are bounded sequences in C. The parame-
ters αn, α

′
n, α

′′
n, βn, β

′
n, β

′′
n , γn, γ

′
n, γ

′′
n , an, a

′
n and a

′′
n in [0, 1] such that

αn + βn + γn = α
′
n + β

′
n + γ

′
n = α

′′
n + β

′′
n + γ

′′
n = an + a

′
n + a

′′
n = 1. Also assume

that

(i)
∑∞

n=0 an = ∞, limn→∞ an = 0;

(ii) 0 < lim infn→∞ a
′
n ≤ lim supn→∞ a

′
n < 1;

(iii)
∑∞

n=0 |αn+1 − αn| < ∞,
∑∞

n=0 |α
′
n+1 − α

′
n| < ∞,

∑∞
n=0 |α

′′
n+1 − α

′′
n| < ∞;

(iv)
∑∞

n=0 |βn+1 − βn| < ∞,
∑∞

n=0 |β
′
n+1 − β

′
n| < ∞,

∑∞
n=0 |β

′′
n+1 − β

′′
n | < ∞;
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(v)
∑∞

n=0 γn < ∞,
∑∞

n=0 γ
′
n < ∞,

∑∞
n=0 γ

′′
n < ∞.

Then {xn} converges strongly to a common fixed point of R, S, and T .

Proof. First, we observe that {xn}∞n=0 is bounded. Indeed, taking a fixed point
p ∈ F . Since {un}, {vn} and {δn} are bounded sequences in C. So without loss of
generality we may assume that there exists M > 0 such that

max{sup
k≥1

{‖uk − q‖, ‖vk − q‖, ‖δk − q‖, ‖ω − q‖, ‖x1 − q‖}} ≤ M.

Now by mathematical induction, we shall prove that ‖xn−q‖ ≤ M for all n ∈ N .The
assertion is true for n = 1. Suppose that the assertion is true for n = k, for some
positive integer k, i.e. suppose that ‖xk − q‖ ≤ M for some positive integer k. We
now prove that ‖xk+1 − q‖ ≤ M . We have

‖wk − q‖ = ‖α′′kxk + β
′′
k Rxk + γ

′′
k δk − q‖

≤ α
′′
k‖xk − q‖+ β

′′
k ‖xk − q‖+ γ

′′
k ‖δk − q‖

≤ M,

‖zk − q‖ = ‖α′kxk + β
′
kSwk + γ

′
kvk − q‖

≤ α
′
k‖xk − q‖+ β

′
k‖wk − q‖+ γ

′
k‖vk − q‖

≤ M,

and

‖yk − q‖ = ‖αkxk + βkTzk + γkuk − q‖
≤ αk‖xk − q‖+ βk‖zk − q‖+ γk‖uk − q‖
≤ M.

So that

‖xk+1 − q‖ = ‖akω + a
′
kxk + a

′′
kyk − q‖

≤ ak‖ω − q‖+ a
′
k‖xk − q‖+ a

′′
k‖yk − q‖

≤ M.

This shows that {xn} is a bounded sequence. So are {yn}, {zn} and {wn}.
Next we claim that

(3.1) lim
n→∞

‖xn+1 − xn‖ = 0.

In order to prove, (3.1), put

K = {‖ω‖, ‖Rxn‖, ‖Swn‖, ‖Tzn‖, ‖xn‖, ‖un‖, ‖un‖, ‖vn‖, ‖δn‖},
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and consider

‖wn − wn−1‖ = ‖α′′nxn + β
′′
nRxn + γ

′′
nδn

− α
′′
n−1xn−1 − β

′′
n−1Rxn−1 − γ

′′
n−1δn−1‖

= ‖α′′nxn − α
′′
nxn−1 + β

′′
nRxn − β

′′
nRxn−1

− α
′′
n−1xn−1 + α

′′
nxn−1 − β

′′
n−1Rxn−1

+ β
′′
nRxn−1 + γ

′′
nδn − γ

′′
n−1δn−1‖

= ‖α′′n(xn − xn−1) + β
′′
n(Rxn −Rxn−1) + (α

′′
n − α

′′
n−1)xn−1

+ (β
′′
n − β

′′
n−1)Rxn−1 + γ

′′
nδn − γ

′′
n−1δn−1‖

≤ α
′′
n‖xn − xn−1‖+ β

′′
n‖xn − xn−1‖+ |α′′n − α

′′
n−1|‖xn−1‖

+ |β′′n − β
′′
n−1|‖Rxn−1‖+ |γ′′n |‖δn‖+ |γ′′n−1|‖δn−1‖

≤ (1− γ
′′
n)‖xn − xn−1‖+ η

′′
K

≤ ‖xn − xn−1‖+ η
′′
K,

where η
′′

= |α′′n − α
′′
n−1|+ |β′′n − β

′′
n−1|+ |γ′′n |+ |γ′′n−1|,

‖zn − zn−1‖ = ‖α′nxn + β
′
nSwn + γ

′
nvn

− α
′
n−1xn−1 − β

′
n−1Swn−1 − γ

′
n−1vn−1‖

= ‖α′n(xn − xn−1) + β
′
n(Swn − Swn−1) + (α

′
n − α

′
n−1)xn−1

+ (β
′
n − β

′
n−1)Swn−1 + γ

′
nvn − γ

′
n−1vn−1‖

≤ α
′
n‖xn − xn−1‖+ β

′
n‖wn − wn−1‖+ |α′n − α

′
n−1|‖xn−1‖

+ |β′n − β
′
n−1|‖Swn−1‖+ |γ′n|‖vn‖+ |γ′n−1|‖vn−1‖

≤ α
′
n‖xn − xn−1‖+ β

′
n[‖xn − xn−1‖+ η

′′
K] + η

′
K

≤ (1− γ
′
n)‖xn − xn−1‖+ (η

′
+ η

′′
)K

≤ ‖xn − xn−1‖+ (η
′
+ η

′′
)K,

where η
′
= |α′n − α

′
n−1|+ |β′n − β

′
n−1|+ |γ′n|+ |γ′n−1|,
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and

‖yn − yn−1‖ = ‖αnxn + βnTzn + γnun − αn−1xn−1

− βn−1Tzn−1 − γn−1un−1‖
≤ αn‖xn − xn−1‖+ βn‖zn − zn−1‖+ |αn − αn−1|‖xn−1‖

+ |βn − βn−1|‖Tzn−1‖+ |γn|‖un‖+ |γn−1|‖un−1‖
≤ αn‖xn − xn−1‖+ βn[‖xn − xn−1‖+ (η

′
+ η

′′
)K] + ηK,

≤ ‖xn − xn−1‖+ (η + η
′
+ η

′′
)K,

where η = |αn − αn−1|+ |βn − βn−1|+ |γn|+ |γn−1|,
and so

‖xn+1 − xn‖ = ‖anω + a
′
nxn + a

′′
nyn − an−1ω

− a
′
n−1xn−1 − a

′′
n−1yn−1‖

= ‖(an − an−1)ω + a
′
n(xn − xn−1) + a

′′
n(yn − yn−1)

+ (a
′
n − a

′
n−1)xn−1 + (a

′′
n − a

′′
n−1)yn−1‖

≤ |an − an−1|‖ω‖+ a
′
n‖xn − xn−1‖+ a

′′
n‖yn − yn−1‖

+ |a′n − a
′
n−1|‖xn−1‖+ |a′′n − a

′′
n−1|‖yn−1‖

≤ [|an − an−1|+ |a′n − a
′
n−1|+ |a′′n − a

′′
n−1|]K + a

′
n‖xn − xn−1‖

+ a
′′
n−1[‖xn − xn−1‖+ (η + η

′
+ η

′′
)K].

Applying Lemma 2.4, we get,

lim
n→∞

‖xn+1 − xn‖ = 0.

Observing that,

‖yn − xn‖ ≤ ‖xn+1 − xn‖+ ‖xn+1 − yn‖
≤ ‖xn+1 − xn‖+ αn‖γf(xn)−Ayn‖+ α

′
n‖xn − yn‖,

and by condition (i) and (ii), we can easily get,

lim
n→∞

‖yn − xn‖ = 0.
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Also

‖Txn − xn‖ ≤ ‖xn+1 − xn‖+ ‖xn+1 − yn‖+ ‖yn − Txn‖
≤ ‖xn+1 − xn‖+ an‖ω − yn‖+ a

′
n‖xn − yn‖+ αn‖Tzn‖

+ βn‖xn − Txn‖+ γn‖un‖
→ 0.

Now we claim that lim supn→∞〈ω − p, J(xn − p)〉 ≤ 0.
By Lemma 2.3, p = Qω = limt→0 pt with pt being the fixed point of the contraction
x 7→ tu + (1− t)Tx.
From that pt solves the fixed point equation

pt = tω + (1− t)Tpt.

We have
‖pt − xn‖ = ‖(1− t)(Tpt − xn + t(ω − xn))‖.

It follows from Lemma 2.2, that

‖pt − xn‖2 ≤ (1− t)2‖Tpt − xn‖2 + 2t〈ω − xn, J(pt − xn)〉
≤ (1− t)2(‖Tpt − Txn‖+ ‖Txn − xn‖)2 + 2t〈ω − xn, J(pt − xn)〉
≤ (1− 2t + t2)‖pt − xn‖2 + fn(t)

+ 2t〈pt − ω, J(pt − xn)〉+ 2t‖pt − xn‖2,

where

(3.2) lim
n→∞

fn(t) = (2‖pt − xn‖+ ‖xn − Txn‖)‖xn − Txn‖ = 0.

It follows that

〈pt − ω, J(pt − xn)〉 ≤ t

2
‖pt − xn‖2 +

1
2t

fn(t).

Letting n →∞ and noting (3.2), we obtain

(3.3) lim sup
n→∞

〈pt − ω, J(pt − xn)〉 ≤ t

2
L,

where L > 0 is a constant such that L ≥ ‖pt − xn‖2 for all t ∈ (0, 1), n ≥ 1.
Since {pt−xn} is a bounded sequence and J is norm-to-norm continuous uniformly
on each bounded subset of E by Lemma 2.1 and pt → p as t → 0, therefore letting
t → 0 in (3.2), we get

〈ω − p, J(xn − p)〉 ≤ 0.
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Finally, we show that xn → p. From Lemma 2.2, we obtain

‖xn+1 − p‖2 = ‖a′′n(yn − p) + a
′
n(xn − p) + an(ω − p)‖2

≤ ‖a′′n(yn − p) + a
′
n(xn − p)‖2 + 2an〈ω − p, J(xn+1 − p)〉

≤ (1− an)‖xn − p‖2 + 2an〈ω − p, J(xn+1 − p)〉

By Lemma 2.4, it is easy to see that ‖xn − p‖2 → 0 as n →∞.
This completes the proof of the theorem. 2

Our theorem generalizes Theorem 1 of Kim and Xu [12] as follows:

Corollary 3.1. Let C be a closed and convex subset of a uniformly smooth Banach
space E. Let T be a nonexpansive mapping from C into itself such that F (T ) 6= φ.
Further, let {xn} defined by (1.5) satisfy

0 < an < 1, an → 0,

∞∑
n=1

an = ∞,

∞∑
n=1

|an+1 − an| < ∞,

0 < bn < 1, bn → 0,

∞∑
n=1

bn = ∞,

∞∑
n=1

|bn+1 − bn| < ∞,

for all n ∈ N . Then {xn} converges strongly to a fixed point of T .

Remark 3.1.

1. It is also worth mentioning that unlike Kim and Xu [12], we do not need the
condition

∑∞
n=1 bn = ∞.

2. The schemes (1.2),(1.3),(1.4) requiring an = 0 are already covered by Theo-
rem 2 proved by Khan and Fukhar-ud-din [11]. Our scheme (1.8) also gener-
alizes the corresponding results of S. H. Khan [10]

3. Results proved under similar conditions using schemes (1.1), (1.5),(1.6),(1.7)
are also covered by our theorem.

4. If f : C → C is a contraction map and we replace u by f(xn) in the recur-
sion formula (1.8), we obtain what some authors now call viscosity iteration
method. We note that our theorem in this paper carry over trivially to the
so-called viscosity process. One simply replace u by f(xn) and using the fact
that f is a contraction map, one can repeat the argument of this paper.

Acknowledgements. The authors are extremely grateful to the referee for their
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