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ABSTRACT. We present some estimates for the polynomial numerical index of I, (1 < p <

1. Introduction

Given a Banach space E we write Bg for its unit ball and Sg for its unit sphere.
The dual space of E is denoted by E* and let

I(E) ={(z,2") : z€ Sg, 2" € Sg~,z"(x) =1}.

A mapping P : E — FE is called a (continuous) k-homogeneous polynomial
if there is a (continuous) k-linear mapping A : E x --- x E — E such that
P(z) = Az, ,2) for every z € E. Let P(*E : E) denote the Banach space
of all k-homogeneous polynomials from E to itself, endowed with the polynomial
norm ||P|| = sup,cp, [[P(x)||. We refer to a book [6] by Dineen for background
on polynomials. It is natural to generalize the concepts of numerical range and
numerical radius of linear operators to homogeneous polynomials. The numerical
range of P € P(*E : E) is defined to be the set of scalars

V(P) :={«*(Px) : (z,2%) e II(E)}
and the numerical radius of P is defined by

v(P):=sup {|\|: A e V(P)}.
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Clearly, v(-) is a semi-norm on P(*E : E), and v(P) < | P|| for every P € P(*E : E).
As in the linear case, the author et al. [3] introduced the concept of the polynomial
numerical index of order k of E to be the constant

n®)(E) = inf{v(P): PeP*E:E),|P| =1}
= sup{M >0:|P| < %U(P) for all P € P(*E : E)}.

Of course, n(*)(E) coincides with the usual numerical index of the space E. Note
that 0 < n®)(F) < 1, and n®)(E) > 0 if and only if v(-) is a norm on P(*FE :
E) equivalent to the usual norm. It is obvious that if Ej, Fy are isometrically
isomorphic Banach spaces, then n*) (E;) = n(®)(E,).

The concept of the numerical index was first suggested by G. Lumer in 1968
(see [14]). The author et al. [3] introduced and studied the concept of the polyno-
mial numerical index of order k of a Banach space, generalizing to k-homogeneous
polynomials the classical numerical index. Recently, the author et al. [11] com-
puted that 1 = n®(co) = n?(l;) = n? (I for the real spaces co, 1 and ls. Very
recently, Garcia et al. [9] gave estimates for the polynomial numerical indices of
C(K) and Ly (u). For general information and background on polynomial numerical
index, we refer to ([1]-[4], [7]-[15]).

In this paper, we present some inequality for the norm of 2-homogeneous poly-
nomials from the real space [, (1 < p < 00) to itself in terms of their coefficients.
Using this we give a lower bound for n(? (Ip). We also present some upper bounds
for n(®)(1,).

2. Norm and Numerical Radius of 2-Homogeneous Polynomial on [,
Theorem 2.1. Let 1 < p < 0,1 = %—l—% and P(z,y) = (Pi(z,y), P2(z,y)) €
P12 - 12), where Py(x,y) = arx® + bpy® + ey for k=1,2 and (z,y) € I2. Then
(1) PP = sup [Pr(A, (1= X)7)P + [Pa(A7, (1= 0)7)P7;
0<A<1
(2) v(P)z sup INTP (A7, (1= A)7) + (1= A)aPy(A7, (1 — A7)

Corollary 2.2. Let 1 < p < 00,1 = %Jré and P(x,y) = (Pi(z,y), P2(z,y)) €
PRI 12), where Pyp(x,y) = apa® + bry® + ey for k= 1,2 and (2,y) € I2. Then

11— —b 1
W PP s [P Dbl
0<A<1,k=1,2 (lex|P + |ax — bg|P) >
(1 — \)|ax — by (1= XN)|ag — by

|7

J9)P + [Pa () +

1 1
(|cx[P + ax — bx[P) > (Jex [P + [ar — bx[P)»
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1—MNlar —b 1
1 (L= Mlaw = bl
(|cxlP + [ax — bg[P) >
1— - )
@) > s (el
0<A<1,k=1,2 (leklP + |ag — bk|P)?
1—X —b 1 1—X —b 1
Puir + ( )|ax k';]’%[l— ( )|ax k';]”)
(Jex [P + [ar — bx[P)? (lexl? + |ax — bx[P)>
oA (1_)‘)|ak_bk|l]§xpg([/\ (1_/\)|ak_bk‘l%
(|ex [P + lag — bx|P) > (|ex|P + lag — bx|P) 7
1—XNlagp —b 1
(k)| LSS
(|exl? + lak — bx[P) >

Corollary 2.3. Let1 < p < 00,1 = I%—Fé and P(z,y) = (Pi(x,y), Pa(z,y)) €
P2 - 12), where Py(x,y) = arz® + bpy® + cray for k=1,2 and (z,y) € I2. Then

1 |ax — b 1.1 |ax — by 1
(1) [[P|P > sup {|Pi([=+ 717, [=— 7P
k=1,2 Pooq(lexlP + |ar — be[P)» 9 q(ex [P + |ag — bg[P)>
1 |ak — bk| 1 1 |ak — bk| 1
+|P2([7+ ;}pv[f_ ;}p)‘pv
Poq(lerl? +lax = be[P)r 0 q(lex|? + |ar — br[P)>
1 \ak—bk| 11 \ak—bk\ 1
|Pr([- — |7, [= —|7)P
T q(lerP +lar —beP)r P qlferl? + ax — bi[P)7
1 ar — by 1.1 ar — by 1
TR N Ll R R UL —
¢ q(lexlP + |ar = belP)? P q(lek|P + |ax — b[P)?
1 —-b 1 1 —-b 1
@ o(P) = sup {2+ — =Bl il loe bl 3
k=12 P q(|ck|P + agx — bx|P)? P qlex|P + |ar — br|P) ¥
1 ap, — by 1 1 ap — by 1
TSR . L ST YN S— U S
7 q(lex|P + |ak — bg|P)> 4 q(|exlP + |ar — br|P)?
1 \ak—bk\ 1 1 \ak—bk\ 1
XP?([7+ ;]pv[ff ;]p)|a
PqlexlP +lax —0x[P)> 9 q(ler]? + |ar — b [P)?
1 |ak—bk| 1 1 |ak—bk| 1
|[7_ l]qu([f_ l]p’
7 q(lex|? + |ar — bg|P)> 7 q(lex|? + |ar — bg|P)?
1 |ax — by 1 1 lax, — by 1
[* ;]”) -+ ;]q
P q(lek|P + ak — b |P)? P q(lekP + [ax — blP)®
1 \ak—bk| 1 1 \ak—bk\ 1
xPy([~ — 17, [= 7))}
T qllexl? +lar = belP)»" P q|exlP + |ax = by[P)7

)
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3. Estimates for the Polynomial Numerical Index of [,

Theorem 3.1. Let 1 < p < 00,1 = I%—i—% and P(x) =

where

Then

Pl <

(S (a1 + 5 Z| . S (las
k=1
S (o)

k=1

Za zix; (x=(zn)neq € 1p).

1<j

o0

Proof. Tt follows that

1Pl

IN

IN

IN

IN

1<J k=1 2<]
S+ Z latal + 5 Z las Dy ) lla-
m<n n<]

sup (D [Pula)?)!/?

x:(In)GSlP k=1

= k k
sup <Z<Z al llzif? + 3" Jal @il ] )P

z=(2n)€S, L_1

i=1 1<j
2 (k)
sup Z Zla s+ lag [l |25 )
z=(zn)ES51, ;.1 i=1 1<j

sap 30 (oo + 3 ja

r=(zn)€S lp k=1 i=1 1<j
> k 1 k
sup 3 (ot [+ 5 D lag) Dlas
r=(xn)€S, 1<j
k k
+3 (labs >|+f| ®) 42 5 lag) Dol
k=1 2<j
> k
+o kY ()] + Z|a<k>\+ Z|a”| s | +
k=1 m<n n<jg
= k 1 k
sup [D_ (laiy [+ 5 D laiy Dl
o=(@n)€Sy, =1 1<j
= k 1
£3° (a1 + lalf] + 5 3 laf) Dl
k=1 2<]

bk 3 (a5 S a5 S Jel D+ -
k=1

m<n TL<J

k
|+f|”|+ )

(Pe(2))72, € ?(glp

-]

‘]
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8

oo

k k 1 k 1 k
O3 a1+ 5 S 1all D, S0l + Slald 1+ 5 1), -
k=1 1<] k=1 2<j
k
Zua(’m S e+ Z\am, ) - O
k=1 m<n n<j

Theorem 3.2. Let 1 <p < oo,1= % + %. Then

n® ) >
1 p (l)
£ buPnEN( ) |Zl 1ZL<J ij .
ICSpo, (el T+ a5 1688, o (\aﬁﬁiw 2,,L<,L|a$,’§21|>,o,o, P

nonzero P(z) = (P (x))pe=q € ?( lp i lp), Pp(x) = Z a; Py i%j}
i<j

Proof. Suppose that P(z) = (Py(2))52, € P(%l, : l,) with

Pu(x) =3 alVwa; (o= (22)32, €1,).

1<j

Let n € N, 2o = > _,(£)YPey, and zf = > _,(£)/9e;. Then

(%) v(P) = |z5(P(x0))| )t IZZG

=1 i<y

It follows that by (%) and Theorem 3.1,

(2)( )

inf v(P) : P = (P P(? ,P#0

A =upneN<}—L)”%|zrzlzl<J all|
2 S e @+ S, e Spr (e 35 o a%00,0,0, ) g
=1 e j=21% T 2ig=1 “rm m<n |@mnl); U, Uy q

nonzero P(z) = (Py(2))52, € P, : 1)} 0

Corollary 3.3. We have

1,2 n oW
suPnen(5) 2 12051 Xy aif | .
ICSpoy (a1 +35m 510D, S, (b + 3 S e labihD, 0,0, ) |12

inf{

nonzero P(x) = (Py(2))p2, € P(ly : lz), Pe(x) = X2, az(-?)xixj} =0.
Theorem 3.4. Let k € N with k > 2. Then

n? () = mf{|Qplz : P € PCLE - [7),
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1P| =1, P(x,y) = (a2® + by* + cxy,a'a® +b'y* + ¢ wy)},
where Qp € P(*H12) with Qp(x,y) = az®+t + ba*~1y? + caky 4 o' 22yF !
+b YR 4 ¢yt
Theorem 3.5. Let 1 <p < oo and k € N with k > 2. Then
n® (l,) <n®(B3)

| (k2=

. p—1 11 k o opt+k—1 2p+k—2
< = .
<minl (21 (b (g )
R

Proof. Let Pi(x,y) = («%,0) and Py(z,y) = (" 'y,0) for (z,y) € I2.
Then P; € P(¥12: 12) for j = 1,2 and || Py|| = 1. Some computation shows that

k—1 k=1 p 1
BPll=(——)? (——)»
p+k—2 prk-2 P 1
Py=(—" ") 7 (—— )b
o) =G ) T G
p—1 41 k k
d P = p P,
and o(Py) = (77 G =1
It follows that
P.
n(k)(lp) < n(k>(zg)gmin{v(P1),v|(PQH)}
2
+k—2 \2th=2
. p—1 -1 k e pt+k—1 1 (3753)
= min{( )'r )7, ( R ]

k+p—1 k+p—1

2p+ k-2 (p—lf-gil)%

which completes the proof. O
Theorem 3.6. Let k € N. Then n(2t1 (Iy;.) = 0 for the real space lgy.

Proof. Let
Po(x) = (—2123%,23%25,0,0,...) (z = (x;) € lay).

Then || Py|| # 0. Note that if (z1,22,0,0,...) € Sy, , then (x2*71 22¥71 0,0,...) €
Stgr)s = S1_, - It follows that
2k—1
v(Po)
= sup | < (sign(23¥)z* 1 sign(x3¥)22k1,0,...), Po(xy,22,0,...) > |
zf’”racgk:l
= sup{| < (@®7,2271,0,0,...), Po(x1,72,0,0,...) > | : 2% + 22k =1}

= sup{| —z123" 4 2123 23F 4 22F =1} = 0.
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Thus
v(Po)

2k+1) (], ) < _
m ) < g

0.

O

Corollary 3.7. Let k, s € N with s > 2k + 1. Then n(*)(lo;,) = 0 for the real space
12]{).

Notice that there exist 1 < p < g < 0o, N > 2 such that
n) (Ip) = ”(N)(lq)-

In fact, take p = 2k,q = 2(k + 1), N = 2k + 3. By Corollary 3.7, n(N)(lp) =0=
nM(1,).

We are in position to prove our main result.

Theorem 3.8. Let 1 < p < co. Then for the complex space lp,

1—k

n®(1,) <27 (VkeN).
Proof. Simple computation shows that

1—k
sup (|:171|p+k*1 + \12|p+k*1) =27 = sup (|1:1\kp + |x2|k”)%.
|21 [P +|a2|P=1 |z1|P+|z2|P=1

For every b € C, define
Qu(@) = (2} + bah, bat +25,0,0,...) € P(*l,) (x = (z;) € 1)

Then || Q]| > |Qs(1,0)] = (1 + [b|P)# and

v(Qp)
= sup | < (sign(z?)a? ™", sign(aB)aL1,0,0,...), Qu(z1,22,0,0,...) > |
|1 [P+|z2|P=1
< N (O L Y
a1 [P+ [P =1
ol sup (e [P o ]F 4 e e |F)
|z1[P+]z2|P=1
< 27 4l sup (e PV e ®TVNE sup (| P [z
|z1|P+|z2|P=1 |z1|P+|z2|P=1
(by Holder’s inequality)
1—k
= 2% 4+l sup (e fae)s  sup (a7 o[
lz1|P+|z2|P=1 @1 |P+]z2[P=1

k 1—k
277 +[bj277
1-k
= 277 (1+d).
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It follows that

n®(1,) < inf 2@ < e 27 AFPD _p15e

beC [|@sll ~ beC (1 4 |plr)>

Corollary 3.9. Let 1 < p < oo. Then
1) n®)(1,) <277 <1 (Vk>2).
(2) n®™(,) <5 (VE=p+1).
(3) srarar—s < M) < (3)*1, where k > 1 and My = Y5, 5.
(4) limg_ o n¥)(1,,) = 0.

Theorem 3.10. Let p be an even number and k£ an odd number with k£ < p — 1.
Then

k

k k k
et

p—1 p—1

n®)(1,) < ( )Pf:k, when [, is the real space.

Proof. We define
Qo(l’) = (71’]2“;:5’167030) .- ) € :P(klp) (Cﬂ - (:L']) € Z;D)
Then ||Qo|| =1 and

v(Qo)
= sup | < (2271, 2571,0,0,...), Qo(z1,2,0,0,...) > |
i +xh=1
= sup | — xll’_lxg + x’fmg_1|
zl+ah=1
< sup  |zme|f — |myas Pt
zl+ah=1
k : k - k
= ()7 — ()T, when fayag| = (—) 7
p—1 p—1 1

Thus Qo) L L
(k) I v 0 _ p_%k . _p—1

Theorem 3.11. Let p and s be even numbers with s < p — 1. Then

s . s—1 s=1 s—1 p=1
n (1) < mm{(ﬁ)i"s - (p_ 1)"‘

Proof. By Theorem 3.10,

,2_5}, when [, is the real space.
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We define

Qo(z) := (—x3,21,0,0,...) € P(°l,) (x = (x;) €l,).

Then ||Qo|] =1 and

v(Qo)
= sup | < (2271, 2271,0,0,...), Qo(z1,2,0,0,...) > |
i +ab=1
= sup |-l 'ag+aial
P +ab=1

= sup |z [P @l A+ |@ [Flao P

i +xb=1
< sup 2zl
a:’l’Jr:z:g:l
= 9275,
Thus
’/l(k)(lp) < U(QO) — 2—% 0
Qo
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