KYUNGPOOK Math. J. 55(2015), 597-614
http://dx.doi.org/10.5666/KMJ.2015.55.3.597
pISSN 1225-6951  eISSN 0454-8124

© Kyungpook Mathematical Journal

Some Properties of the Generalized Apostol Type Hermite-
Based Polynomials

WASEEM AHMAD KHAN
Department of Mathematics, Integral University, Lucknow-226026, India
e-mail : waseem08_khan@rediffmail.com

ABSTRACT. In this paper, we study some properties of the generalized Apostol type
Hermite-based polynomials. which extend some known results. We also deduce some
properties of the generalized Apostol-Bernoulli polynomials, the generalized Apostol-Euler
polynomials and the generalized Apostol-Genocchi polynomials of high order. Numer-
ous properties of these polynomials and some relationships between F,(La)(;r; A; p, v, ¢) and
HF,(LO‘) (z,y; \; 1, v, ¢) are established. Some implicit summation formulae and general sym-
metry identities are derived by using different analytical means and applying generating
functions.

1. Introduction

The generalized Bernoulli polynomials B,(f‘)(x) of order aeC, the generalized

Euler polynomials Eﬁla)(z) of order aeC' and the generalized Genocchi polynomials

Gsfy) (z) of order aeC, each of degree n as well as in «, are defined respectively by
the following generating function (see,[1, vol.3.p.253 et seq.], [23, Section 2.8] and

[16]):

t « oo tn

n=0

2 “ Tt _ - () t o
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and

(1.3) ( 2t ) et = ZG;O‘) (m)t—n (Jt| < m, 1% =1)

et +1 n!’
n=0

The literature contains a large number of interesting properties and relationships
involving these polynomials [1,4,5,11,12,24]. Q.M. Luo and Srivastava([18,20]) in-
troduced the generalized Apostol-Bernoulli polynomials B,(La)(:r) of order «, Q.M.
Luo [15] investigated the generalized Apostol-Euler polynomials Efba)(x) of order

« and the generalized Apostol-Genocchi polynomials G%a)(x) of order « (see also
[16,17,19]).

The generalized Apostol-Bernoulli polynomials B (z; ;) of order aeC, the
generalized Apostol-Euler polynomials Eff‘)(:zr; A) of order aeC and the generalized

Apostol-Genocchi polynomials G\ (z; \) of order aeC, are defined respectively by
the following generating function

t “ xt - () (. " a
(1.4) </\et—1> e _Z:OB” (@) (A < 27,17 =1)
(1.5) 2 N e iEm)(M)ﬁ (t+In ) <719 = 1)
et +1 v ATl ’
and
(1.6) 2 ae“ = icﬂa)(x-x)ﬁ (Jt+In ) < 1% =1)
’ )\€t+1 o n ’ n!’ )

It is easy to see that
B (2) = BY (w;1), B (2) = EY (a5 1)andGi) (x) = G (a;1)

In [8,9] Srivastava et al have investigated some new classes of Apostol-Bernoulli,
Apostol-Euler and Apostol-Genocchi polynomials with parameters a,b and ¢ defined
by the following generating functions.

Definition 1.1. Let a,b, ceRT,a # b and neNy. The generalized Apostol-Bernoulli
polynomials B,(La)(x; A;a, b, c) of order «, the generalized Apostol-Euler polynomi-
als Eﬁa)(w;)\;a,b, ¢) of order o and the generalized generalized Apostol-Genocchi

polynomials GS,“) (z; X\;a,b,¢) of order o are defined respectively by the following
generating functions

3 “ xt . () i a a
(1.7) <W_at) ¢ :;Bn (525 0,0,¢)—, (| tn(3) + I\ |< 27,17 = 1)
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n a

2 C ot NS ) r l o=
(1.8) <)\bt+at) c —ZEn (x; A a,b,¢) (|tln(b)—|—1n/\|<7r,1 =1)

n!’
n=0

and
(1.9) _t acwt:ic;(a)(x-xa b c)ﬁ (| tn(2) + I\ |< 7, 1% = 1)
bt + at n AR r b ’

n=0

If we take a=1, b=c=e in (1.7), (1.8) and (1.9) respectively, we have (1.4), (1.5)
and (1.6). Obviously when we set A =1, = 1, b=c=e in (1.7), (1.8) and (1.9), we
have classical Bernoulli polynomials B, (), classical Euler polynomials G, (x) and
classical Genocchi polynomials G, ().

Recently, Luo and Srivastava [2] introduced a unification (and generalization)
of the above-mentioned three families of the generalized Apostol type polynomials.

Definition 1.2. The generalized Apostol type polynomials Féa)(x; A, V)
(aeNp, 1, veC) of order « are defined by means of the following generating function

(1.10) 2N S O () (1] < log(- )
. )\et—i—l € _nzo n € 7,UJ3V n!7 Og

where

(1.11) F (N pyv) = (0 1, v)

denote the so called Apostol type numbers of order a.
So that by comparing equations (1.4), (1.5) and (1.6), we have

(1.12) B (250) = (=1)*F{™ (25 =A; 0, 1)
(1.13) E{ (;0) = F{™ (;A;1,0)
(1.14) G (@5 0) = B\ (2325 1,1)

Definition 1.3. Let ¢ > 0. The generalized 2-variable 1-parameter Hermite
Kamp’e de Feriet polynomials H,,(x,y,c) for nonnegative integer n are defined by

oo m
(1.15) =S ()
n.

n=0

This is an extended 2-variable Hermite Kamp’e de Feriet polynomials H,(z,y) (see
[3]) defined by

xt+yt? S t
(1.16) e = Z Hn(x,y)ﬁ
n=0 :
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Note that
H,(r,y,e) = Hy(z,y)

In order to collect the powers of t we expand the left hand side of (1.15) to get the
representation

N3

|

(1.17) H,(z,y,c) = < ? ) (Inc)"Ian=2dyd
§=0

In this paper, we first give definitions of the generalized Apostol type polynomials
F,(La) (z; A\;u, v, ¢). which generalize the concepts stated above and then research their
basic properties and relationships with Apostol type polynomials F,(la)(x; A u, v, c)
and generalized Apostol type Hermite-Based polynomials

HF,S“) (z,y; \;u, v, ¢) of Lu et al [2]. Some implicit summation formulae and general
symmetry identities are derived by using different analytical means and applying
generating functions. These results extend some known summations and identities
of generalized Apostol type Hermite-Bernoulli, Euler and Genocchi polynomials
studied by Dattoli et al [6], Yang et al [22], Pathan[13], Zhang et al [25], Yang [10],
Pathan and Khan [14].

2. Definitions and Properties of the Generalized Apostol Type Hermite-
Based Polynomials HFr(LO‘) (z,y; A\; 1y v, €)

In this section, we present some further definitions and properties for the gen-
eralized Apostol type Hermite-based polynomials HFr(fX) (z,y; \; p, v, ¢):

Definition 2.1. The generalized Apostol type polynomials FT(LQ)(Z‘,)\;M,V, ¢)
(aeNy, 1, veC') for nonnegative integer n are defined by

n

24" N S @)y t
e () =X Ao (1 < llog-)
Definition 2.2. The generalized Apostol type Hermite-based polynomials HF,(LO‘)
(z,y; \; i, v, ¢) (@eNg, p, veC) for nonnegative integer n are defined by

n

ougy \ @ ) i t
(2.2) ( ) = 5 B @y xs v, ) (] < log(=A)))

Act +1 n!’

n=0

For ae = 1, we obtain from (2.2) the generating function

T W m
(23) )\Ct—i—]_ C = ZHFn(x7y;)‘;,u'aV7€)a7(|t| < |10g(_>\)|)

n=0
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whereas for z = 0 gives
2

3]
o n! a
(2.4) F{0, 55\ pyvy0) = Y o2 )R L (s vy
k=0 ’

Another special case of (2.2) for y = 0 and ¢ = e leads to the extension of the gen-

eralized Apostol type polynomials F,Eba)(x, A; i, v) for nonnegative integer n defined
by (1.10) in the form

Further setting ¢ = e in (2.2), we get
Definition 2.3. The generalized Apostol type Hermite-based polynomials HF,(ZO‘)
(z,y; A\, 1, v, €) (aeNy, u, veC) for nonnegative integer n are defined by

n

Piatid « 2 e
25) ( t )+ = S U EE) (3 v, ) (1] < [log(=A)])

det +1 n!’

n=0

The generalized Apostol type Hermite-based polynomials HFy(la)(aL“7 Y; A p, vy ¢) de-
fined by (2.2) have the following properties which are stated as theorems below.

Theorem 2.1. For any integraln > 1, x, ye R, eC and aeN. The following relation
for the generalized Apostol type polynomials HF,(La)(x,y; A; vy ¢) holds true:

HF;L&)(:E?y;)‘;NvVve) = HFrg,a)(xay;A;;uvy)v(_l)aHFrg,a)(x’y;_A;OvLe)
HBna)(I7y;)‘)7

(2.6) wF (2, y;01,0,e) = g B (2,45 \), g FS (2,45 01, 1, e) = g G (2,95 M)

HECT (2 4w,y + 2\ v 0)

(27> = Z ( :Ln )HF,,S,?)(’U,,Z;)\;,LL7I/,C)HF,,ELa)m(CE,y;)\;M,U,C)

m=0

(28)  wF™(x+ 2,y \pv,c) = < :Ln )Ffﬁ)m(zax\;u,v, c)Hy(x,y;c)
0

Proof. The formulas in (2.6) are obvious. Applying Definition (2.2), we have

oo n
ZHFﬁo‘W)(w+u,y+zax\;u7v,6)ﬁ

n=0
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tn e tm
= ZHF(O‘) T, A L, U, c) . Z HFéf)(u,z; A i, V,C)m
n=0 m=0

tn
7ZZHF([3)UZ)‘HJ3VC) ( aya/\/%ljc)i'
n=0m=0 (n_m)

Now equating the coefficients of the like powers of t in the above equation, we get
the result (2.7). Again by Definition (2.2), we have

n

26y \ 2 = t
(z+2)t+yt® _ (o) C)-
(2.9) (M — 1) c = E_OHFn (@ 42y A 1 v50) 5

which can be written as

21\
(210 (/\ct+1) = S e ) S Bl

n=0 'mo

Replacing n by n-m in (2.10), comparing with (2.9) and equating their coefficients
of t" leads to formula (2.8). O

3. Implicit Summation Formulae Involving Generalized Apostol Type
Hermite-Based Polynomials

For the derivation of implicit formulae involving generalized Apostol type poly-
nomials F,(La)(x,y; A; v, ¢) and generalized Apostol type Hermite-Based polyno-
mials HF,(La)(x,y; A; i, v, ¢) the same considerations as developed for the ordinary
Hermite and related polynomials in Khan et al [21] and Hermite-Bernoulli polyno-
mials in Pathan [13], Pathan and Khan [14] holds as well. First we prove the
following results involving generalized Apostol type Hermite-Based polynomials
wF (x,y; \; p, v, ).

Theorem 3.1. For any integral n > 1, z,yeR, \eC and aeN . Then the following
implicit summation formulae for generalized Apostol type Hermit-based polynomials

HF,EQ) (z,y; \; u, v, ¢) holds true:

(3.1)
L k
HES (203 My vy¢) = > ( m ) < n ) (z=a)™ ™ g B (2,93 A, v €)
n,m=0

Proof. We replace t by t + w and rewrite the generating function (2.2) as

k

2(t + w)” y(t+w)? z(t+w) (o tw
(32) <)\ct+w-i—1) =c k‘;o HFk;-‘rl(x Y A [ 2RD C) k' l'
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Replacing x by z in the above equation and equating the resulting equation to
the above equation, we get

(3.3) cs—a)(t+w) Z a S @y A v, C)k| 7= > aEG Gy
k,l=0 k,1=0 o

On expanding exponential function, (3.3) gives

(2= 2)(t + w)]V & th !
S Lol S e
N=0 ’ k,1=0
o N 0!
(3.4) => wE) (20 v, Ve
k,1=0 T

which on using formula [7,p.52(2)]

> T N 0 ™
(35) > BT — S ey D
N=0 : n,m=0

in the left hand side becomes

00 LS
(z — x)nTmgny™ (@) N th w!
n;(} ) kgo HF]c+l($7y7)‘7Ma v, C)EW

o k

t% w

(36) Z k+l z yaA M, v, )k'ﬁ

Now replacing k by k-n, | by I-m in the left hand side of (3.6), we get

0o (oS (Z _ x)n-‘rm (@) tk U}l
————=nul] P\ - =
n%::O kZl::O nim! bt (243 X5 o) (k —n)! (I —m)!
- th w!
@ = G0
k,1=0

Finally on equating the coefficients of the like powers of t and u in the above
equation, we get the required result. O

By setting A = —A, g = 0 and v = 1 in Theorem (3.1) and then multiplying
(=1)® on both sides of the result, we have the following corollary
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Corollary 1. The following implicit summation formula for Apostol Hermite-

(a)(

Bernoulli polynomials g By, (x,y; A; ¢) holds true:

k,l

8 uBGuine = 3 (1) (8 )0 B e

n,m=0

Remark. For A = 1,¢ = e in (3.8), the result reduces to known result of Pathan
and Khan [14, Theorem 3.1].
By setting 4 =1 and v = 0 in Theorem (3.1), we have the following corollary

Corollary 2. The following implicit summation formula for Apostol Hermite-Euler
polynomials HEy(,a)(x,y; A; ¢) holds true:

k,l
« : l k n+m [e%
(3.9) wE (2 s h0) = > ( . ) ( . ) (z— )" g By A e)
n,m=0

By setting 4 =1 and v = 1 in Theorem (3.1), we have the following corollary

Corollary 3. The following implicit summation formula for Apostol Hermite-
Genocchi polynomials HG%O‘)(my; A;¢) holds true:

k,l
7 l k n+m @
(3.10) HG\ (2, y: Ni0) = > ( m ) ( n ) (z=a)™ " g G (i M)
n,m=0

Theorem 3.2. For any integral n > 1, x,yeR and aeN. Then

n

(3.11) aF 2,y s pvye) = Y < m )F(a) (As g, v, ¢) Hyn (2, y, €)

m=0

Proof. By the definition of generalized Apostol type polynomials and the definition
(1.10), we have

2\ > tn
( ) Y =N g F (A v ) —
n:

Act +1 o
(ZF(O‘)/\M,VC ><ZH A THIE >
n=0 m!

Now replacing n by n-m and comparing the coefficients of ™, we get the result
(3.11). O

Remark. For ¢ = e, (3.11) yields

a = n
HF'r(L )(xay;A;,u7V7e) = ( m ) ()\ 12224 ) 7rb(x y)

m=0
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By setting A = —A, p = 0 and v = 1 in Theorem (3.2) and then multiplying
(—1)® on both sides of the result, we have the following corollary

Corollary 1. For any integral n > 1, x,yeR and aeN. Then

@ e =SS Y5O (o
(3.12) H B (2,5 X c) ZO< m >Bnm()\,c)Hm(x,y,c)
By setting 4 =1 and v = 0 in Theorem (3.2), we have the following corollary
Corollary 2. For any integral n > 1, x,yeR and aeN. Then

n

313 B sxe = Y () B (w0

m=0

By setting 4 = 1 and v = 1 in Theorem (3.2), we have the following corollary
Corollary 3. For any integral n > 1, x,yeR and aeN. Then

(3.14) 7G (2, y; X ¢) zn: ( > N €) Hp (2,5 0)

m=0

Theorem 3.3. For any integraln > 1, x,ycR and aeN. Then
(3.15)

3

n—2j (5]

=0 j=

Proof. Applying the definition (2.2) to the term ( f;t;l) " and expanding the ex-

ponential function ¢®+¥t at t = 0 yields

QUY o cIt+yt2
Act+1
ZF (X u,yc Zx (Inc)™ Zy(lnc) —
k=0 ]:0 j'
= [ n k(e T WL 427
= Z (Z < & > (Inc)™ kF,g )()\;,u,y,c)xL k) ] Zyj(lnc)J?
n=0 \k=0 §=0

Replacing n by n-2j, we have

n

= t
ZHFT(LO()(‘raya /\3/17’/’0)5
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(316) =Y ( Z_ 2j > (Ine)™*=dgn k-2 F@ (\ 1y o) |

Combining (3.16) and (2.2) and equating their coefficients of ¢" produce the
formula (3.15). O

By setting A = —A, p = 0 and v = 1 in Theorem (3.3) and then multiplying
(—=1)® on both sides of the result, we have the following corollary

Corollary 1. For any integraln > 1, x,yeR and aeN. Then

n—273 [ ]
(3.17) HB( (z,4: \; 0) Z < n—2j > (lnc)”fk*jxnfkfzjijlga)()\;c)
=0 j=

N3

By setting 1 = 1 and v = 0 in Theorem (3.3), we have the following corollary
Corollary 2. For any integraln > 1, x,yeR and aeN. Then

N3

n—27j [
(3.18)  wE(z,y; \;c)

M

]
< n=2j ) (In c)"_k_jx"_k_ijjE,(f‘)()\; c)
k=0 j=0
By setting 4 =1 and v = 1 in Theorem (3.3), we have the following corollary
Corollary 3. For any integraln > 1, x,yeR and aeN. Then

n—2j [ ]
(3.19) G (z,y; X c) ( n=2j ) (lnc)"_k_jm"_k_zjijS‘)()\;c)
k=0 j=0

3

<.

Theorem 3.4. For any integral n > 1, x,yeR and aeN. Then
(3.20)
[3] n—2j _9j
aF (z+ 1,y M\ py v, ) = Z (n J )(lnc)" k=i ]F (x)\u,ll c)
Jj= =0

Proof. By the definition of generalized Apostol type Hermite-based polynomials,
we have

n

20 \° > t
(z4+1)t+yt ).
(3.21) <)\ct 1) g HF x+ 1,y,/\,u,y,c)n!

= (iFéa)(x;A;u,V,c)g> (i (Inc)™ > Zy (Inc)? —
: n=0

k=0
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(3.22) —ZZ( Z ) (Inc)"~ kF,ga)(x s vy €) Zy (Inc)?
n=0k=0 n!

tn+2j

i§i< ) (Ine)" * 9yl B (2 A o, v, €) —— il

Replacing n by n-2j, we have

[eS) . n
(3.23) Z%HF,S M@+ 1,30 1, 0)
00 [%] n—2j " — 2
S (1 Yo s
n=0 3j=0 k=0

Combining (3.21) and (3.23) and equating their coefficients of t" leads to formula
(3.20). O

By setting A = =\, g = 0 and v = 1 in Theorem (3.4) and then multiplying
(=1)® on both sides of the result, we have the following corollary

—~

Corollary 1. For any integral n > 1, x,yeR and aeN. Then

(5] n—2j .
(3.24) B (x4 1,y;)0¢) = Z < Z_ 27 ) (In )" %97 B (2 ; )
=0 k=0
By setting 4 =1 and v = 0 in Theorem (3.4), we have the following corollary
Corollary 2. For any integral n > 1, x,yeR and aeN. Then

(3] n—2j
(3.25)  wE™M(z+1,y;A¢) = Z < ne >(1HC)” iy By (w3 4 0)

j=

o

By setting 4 =1 and v = 1 in Theorem (3.4), we have the following corollary
Corollary 3. For any integraln > 1, x,yeR and aeN. Then

[%] n—2j
(3.26) G (x+1,y;)\¢) Z ( n=2j ) (Inc)n—k=J JG(Q (x; A5¢)

j=0 k=0

Theorem 3.5. For any integral n > 1, x,yeR and aeN. Then

3

(3.27)  uF(z,y; A p,v,e) = ( nm )Féii)(k;u,V)HF&“)(x,y; A, vse)
0

m=
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Proof. By the definition of generalized Apostol type Hermite-based polynomials,
we have

n

= t
ZHF @,y A v, e)—
n.

214 < 214 >a6mt+yt _

et +1 \ et +1 )\et—l—l

Pl « iyt QH Y ° m
rt+yts _ F(a) Y
()\et—i-l) € Aet—i_lmZ::OH m (x7y7 7,ual/7e)m!

Now replacing n by n-m and equating the coefficients of t" leads to formula (3.27).
O

By setting A = —A, p = 0 and v = 1 in Theorem (3.5) and then multiplying
(=1)® on both sides of the result, we have the following corollary

Corollary 1. For any integral n > 1, x,yeR and aeN. Then

m

(3.28) aB (@i he) =D ( " )Béﬁ$>(A>HB£$><x,y;A;e>

m=0
By setting 1 =1 and v = 0 in Theorem (3.5), we have the following corollary
Corollary 2. For any integral n > 1, x,yeR and aeN. Then
= n
320 aEPrne =Y () P ORER @)

m
m=0

By setting 1 =1 and v = 1 in Theorem (3.5), we have the following corollary
Corollary 3. For any integraln > 1, x,yeR and aeN. Then

(330) WGP (zyikie)= ( . )G&i‘ﬁ(A)HG&;:)(x,y;A;e)
m=0

Theorem 3.6. For arbitrary real or complexr parameter «, the following implicit
summation formula involving generalized Apostol type polynomials
HFSX) (z,y; A\, v, ¢) holds true:

(3.31) g F Y (@ 4+ 1,y M p,v,¢) = Z < Z ) (lnc)”*kHF,Ea)(x,y;)\;u,v, c)
k=0

Proof. By the definition of generalized Apostol type Hermite-based polynomials,
we have

n

t
ZHFO‘) +1,y; ) ,u,Vc ZHF (@, ¥ A, v,0)—
2 n!
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@
_ ( I ) U (1)

et +1
x (@) tk 0 tn (a) tn
= ZHFk (2, y; A; s V,C)E Z(lnc) | ZHF (z,y; \; w, v, C)n
k=0 ’ n=0 n=0

tn e n

(i L L (@ (4. \ t
2 kglnc uky (2,95 A\ p,y v, C)(n—k)' ;HFn (x,y,)\,ﬂ,y’c)n!

Ms

Finally, equating the coefficients of the like powers of t", we get (3.31). m]
By setting A = —XA, p = 0 and v = 1 in Theorem (3.6) and then multiplying

(=1)* on both sides of the result, we have the following corollary
Corollary 1. For any integral n > 1, x,yeR and aeN. Then

n

(3.32) Bz + 1Ly he)=) ( i ) (Ine)" 5 B{® (,y; A )
k=0

By setting 4 =1 and v = 0 in Theorem (3.6), we have the following corollary
Corollary 2. For any integral n > 1, x,yeR and aeN. Then

n

(3:33) WY@+ LyXo =3 ( : ) (ne)" ™ n B (3 X
k=0

By setting 4 =1 and v = 1 in Theorem (3.6), we have the following corollary
Corollary 3. For any integral n > 1, x,yeR and aeN. Then

n

(3.34) 7Gx+ 1,y; M5 ¢) Z( ) (Ine)"~ kHG(a (z,y3 A0

4. Identities

In this section, we give general symmetry identities for the generalized Apostol
type polynomials F,(La)(:c; A; 1, v, ¢) and the generalized Apostol type Hermite-based
polynomials HF,(La)(m,y;)\; w,v,c) by applying the generating functions (2.1) and
(2.2). The results extend some known identities of Zhang et al [25], Yang et al [22],
Lu et al [2], Pathan [13], Yang [10] and Pathan and Khan [14]. Throughout this
section « will taken as an arbitrary real or complex parameter.

Theorem 4.1. For any integraln > 1, x,yeR and aeN. Then the following identity
holds true:

> < A ) bEamF g BN, (b, by X g, v, ) L (0, M, v, )
k=0
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41 => ( Z ) a0 A (am, a?y; A v, €) g B (b, bPy; As o, v, €)
k=0

Proof. Start with

(ab)VQQMtQV ¢ bat+a?b2yt?
4.2 t) = abat-+a”by
(42) 9(t) <(/\c“t TG 1)) €

Then the expression for g(t) is symmetric in a and b and we can expand g(t) into
series in two ways to obtain

at)" o bt)k

ZHF(“ (b, b%y; A; 146)(”,) ST uF (az,a?y; A;;L,V,C)(k!)

k=0
o n— "
—ZZHF() (b, b2y \; p, v, €)™ FbF g F (axay,)\ M’VC)(n—k)'
n=0 k=0 .
On the similar lines we can show that

—i F{ (az, a’y; \; pv, ¢) Z bxb A Vc)(at)

- HL p ) Y3 AL Y A, If'
= ZZHF( ) azx, a®y; \; p, v, ¢)aF o " F(O‘)(bx b2y A\, v, c)m

By comparing the coefficients of ¢™ on the right hand sides of the last two equations
we arrive the desired result. O

By setting A = —A, p = 0 and v = 1 in Theorem (4.1) and then multiplying
(—=1)® on both sides of the result, we have the following corollary

Corollary 1. For any integraln > 1, x,yeR and aeN. Then

Z ( Z ) bka"_kHBffi)k(bm,b2y;)\;c)HB,(€a)(ax,a2y; A;c)
k=0

a3 =30 () B at s B G )
k=0

Remark. For A = 1,¢ = e in (4.3), the result reduces to known result of Pathan
and Khan [14, Theorem 4.1].
By setting 4 =1 and v = 0 in Theorem (4.1), we have the following corollary
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Corollary 2. For any integral n > 1, x,yeR and aeN. Then

Z ( Z )bka”_kHEr(i)k(bm,be; A;C)HE,ia)(am,agy; X;¢)

(4.4) => ( Z ) a0y B, (ax, aPy; A ) m B (b, by A; )

By setting 4 =1 and v = 1 in Theorem (4.1), we have the following corollary
Corollary 3. For any integral n > 1, x,yeR and aeN. Then

> ( Z ) bFa" R G, (b, 0Py As ) G (ax, ay; A )

(4.5) = Z ( " ) akb"_kHGgfi)k(ax,aQy; /\;c)HG,(Ca)(bx,be;)\;c)

Theorem 4.2. For any integraln > 1, x,yeR and aeN. Then the following identity

holds true: .
n i+j n— «
S (h )Tt
k=0 i=0 j=0
b2y @)y
bw+az+j,bz,/\,u,u,c Fk (a‘y7)‘aﬂal/ac)
n b—1a—1 ]
Z < > ZZ z+]akbn7k:HFr(LOi)k
k=0 =0 j=
(4.6) (aw + %Z +j, a2 A, v, C) F (by; A 1, v, €)
Proof. Let

g(t) _ (ab)y22ut2u e 1+ /\( )a+1 abt ab(.’c+y)t+a2b2zt2
(Ac® 4+ 1)(Acbt 4+ 1) (Ac® + 1) (Acbt + 1)

g(t) = M “ cabxt+a2b2zt2 _bt 28 bt cabyt ﬂ
(Ac*t + 1 ,\Cbt +1 )\cbt 1 et 11

« a— «@ b—1
2#(at)y abxt+a2b22t2 . 1 bti 2H( V ab t atj
.7 _<()\+1) ¢ 2N Sy e

1=0 Jj= 0
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24 (at)” \* 2,2 42 =y itj (bt Litj)at — (a) (bt)*
_ a“b”z RN T+ o i a F D).
(Garts) © > e > Fi ey O
oo a—1b—1
o b t)n
SDIDIPI VRIS (bx i 0 A c) o
n=0 =0 j=0 a n:
2 e bt)*
> R )(ay;A;u,v,C)( ),
= (k)
o n a—1b-—1 o
S ()RS
n=0 k=0 i=0 j=0
b o ()
(4.8) ba + —i+j, b7z A vy ¢ ) By ays X s v, )

Since (—1)**! = (—1)**!, the expression for

g(t) _ (ab)u22”t2y * 1+ )\(—1)G+1cabt Cab(ac+y)t+a2b2zt2
(A + 1) (Acbt + 1) (At + 1) (Acbt + 1)

is symmetric in a and b. Therefore, by symmetry we obtain the following power
series expansion for g(t)

0o n b—1a—1
TORD 3) I D B WU

a. .
(4.9) (ax + 7 + 4, a2z X\, v, c) F,ia)(by; A; vy €)
By comparing the coefficients of t™ on the right hand sides of the last two equa-
tions,we arrive at the desired result. o

By setting A = —A, p = 0 and v = 1 in Theorem (4.2) and then multiplying
(=1)® on both sides of the result, we have the following corollary

Corollary 1. For any integraln > 1, x,yeR and aeN. Then

n a—1b—1
L y (e} b . . «
E < Z ) E (—/\)zﬂa"*kkaBfL_)k (bz + EZ + 7,022 )\ c) B,(c ')(ay; A;c)
k=0 i=0 j=0

n b—1a—1
— n i+j kpn—k () a . .9y (@) .
N ( k )ZZ(—)‘) 7a" " B, 7 (al”+ pt T Z,/\,c) By (by; A; ¢)

k=0 i=0 j=0
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Remark. For A = 1, ¢ = e in equation (4.10), the result reduces to known result of
Pathan and Khan [14] and further by taking ¢ = e, A = 1, @ = 1 in equation (4.10),
the result reduces to another known result of Pathan [13].

By setting 4 = 1 and v = 0 in Theorem (4.2), we have the following corollary
Corollary 2. For any integral n > 1, x,yeR and aeN. Then

n a—1b—1
n i+i n—kpk p(a) b, . N @), 1
ICZO < k > 2%2)(_)\) +Ja b HE?L—k <b£L’ + az +],b22,>\,c) Ek (ay7)\,C)
= 1=0 j=
(4.11)

n n b—1a—1 “ " .
_ _\\iti  kpn—k a a. oo N N
_kZ_O(k>;jZO< M) a"b HEn,k(ax—i-bz—Fj,a z,)\,c)Ek (by; \; ¢)

By setting 4 =1 and v = 1 in Theorem (4.2), we have the following corollary
Corollary 3.For any integral n > 1, x,yeR and aeN. Then

n a—1b—1
i i+j n— «@ b . 3 o
kz;) ( k ) ZO 4 0(_A) +]a kkaG’SLJk (bx“‘ al"‘j’bQZ;)\;C) ch )(ay,A,C)
= 1=0 j=
(4.12)
n b—1a—1 ‘ .
= Z ( Z > (7)‘)i+]akb”*kHG51a_)k (a:c + EZ + 7. azz;)\;c) G,(fa)(by;)\;c)
k=0 i=0 j=0
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