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FUNDAMENTAL THEOREM OF UPPER AND LOWER
SOLUTIONS FOR A CLASS OF SINGULAR
(p1,p2)-LAPLACIAN SYSTEMS

XIANGHUI XU AND YoNG-HooN LEg!

ABSTRACT. We introduce the fundamental theorem of upper and lower
solutions for a class of singular (p1,p2)-Laplacian systems and give the
proof by using the Schauder fixed point theorem. It will play an important
role to study the existence of solutions.

1. Introduction

In this paper, we introduce fundamental theorem of the upper and lower
solutions for singular general boundary value problem of the form

op, (W) + Fi(t,u,v) =0,
Ppo (V) + Fa(t,u,v) =0, t€(0,1), ()
u(0) = Ay, u(1) = B1,v(0) = Ay, v(1) = Ba,

where ¢, (z) = |z[Pi 7%z, 2 € R, p; > 1, for i = 1,2, each A;, B; € R and each
F;:(0,1) x R? — R satisfies the following assumptions

(1) For almost every t € (0, 1), the function F;(t,-,-) is continuous.

(2) For each (u,v) € R2, the function Fj(-,u,v) is measurable on (0,1).
Throughout the paper, we denote R = (—00,00), R* = (0,00), R2 = R xR, ||
the absolute value in R and ||(u, v)|| = |u| + |v] for (u,v) € R2.

In the past years, there have been a lot of studies about the existence of
solutions for various separated two-point boundary value problems. Proofs of
all the existence results mainly make use of many kinds of nonlinear analytic
methods such as the fixed point theorem on cones [1, 3, 17], upper and lower
solution method [2, 4] [7]-[11] [14, 15], global bifurcation theorem [6, 12] or global
continuation theorem [13, 16]. Especially, the upper and lower solution method
is one of well-used methods. When we use the method, we need to construct so
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called the fundamental theorem of upper and lower solutions beside trying to
find the upper and lower solutions (see [2, 4] [7]-[11] [14, 15] and the references
therein). In this paper, we will introduce the fundamental theorem of upper and
lower solutions for a class of singular (p1,p2)-Laplacian system like (S) which
can cover all the cases emerged in [2, 4] [7]-[11] [14, 15] and will be the newest
so far.

Our paper is organized as follows. In Section 2, we introduce the main results
including the fundamental theorem of upper and lower solutions. In Section 3,
we will give the exact proofs for our main results.

2. Main results

Before introducing the fundamental theorem of the upper and lower solutions
for problem (.S), we need firstly give some definitions as follows.

Definition 1. We say that (ay,,) is a lower solution of problem (S) if
(ay, ) € (C[0,1] x C[0,1]) N (C*(0,1) x C(0,1)) and satisfies
epy (@, (1)) + Fu(t, au(t), e (t)) = 0,
e (@, (1)) + Fa(t, au(t), a(t)) 2 0, ¢ € (0,1),
u( ) < A1,0éu( ) < Bl;av(o) < AQaa'U(l) < Bs.

Similarly, we say that (8, B8y) is an upper solution of problem (.5) if (84, 8,) €
(C[0,1] x C[0,1]) N (C*(0,1) x C1(0,1)) and satisfies the reverse of the above
inequalities.

Definition 2. We say that F} and F5 are quasi-monotone nondecreasing with
respect to v and u, respectively, if
Fi(t,u,v1) < Fi(t,u,v2), whenever vy < vg,

Fy(t,ur,v) < Fy(t,us,v), whenever u; < us.

Thus, we have the following fundamental theorem of upper and lower solutions
for the singular (p1, p2)-Laplacian system.

Theorem 2.1. Let (o, o) and (By, Bv) be a lower and upper solution of (S),
respectively, such that

(a1) (au(t),au(t)) < (Bu(t), Bu(t)), for all t € [0,1].
Assume also that each h; : (0,1) = RT is locally integrable such that

) S et (S mamdr) ds + [}t (J3 halr)dr) ds < oo, for i =1,2.
(a3) |Fi(t,u,v)| < hi(t), for all (t,u,v) € DS and i = 1,2, where
D = {(t,u,v) € (0,1) x R? | (0w (t), a0 (1)) < (u,0) < (Bult), Bu(t))}-

(ag) Fi and Fy are quasi-monotone nondecreasing with respect to v and u,
respectively.
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Then problem (S) has at least one solution (u,v) such that
(au(t), au(t)) < (u(t),v(t)) < (Bu(t), Bu(t)), forall t € [0,1].
To prove Theorem 2.1, we need give the following lemma.

Lemma 2.2. Assume that there exists h; : (0,1) — RT is locally integrable
satisfying (az) such that

|Fi(t,u,v)| < hi(t), for all (t,u,v) € (0,1) x R? and i = 1,2.
Then problem (S) has a solution.
Remark 1. From the definition of ¢,,, then for any =,y € R, we have

p, (2] + [y]) < Cp, (0, (I21) + 05, (lyD) »

1, ;> 2,
Cpi = ﬂpl
271 1< p; <2.

where

3. Proofs of main results

In this section, we give the exact proofs of main results. For this, we need
the following well-known Schauder fixed point theorem.

Theorem 3.1. ([5]) Let X be a Banach space and let M be a closed, convex
and bounded set in X. Assume that T : M — M is completely continuous.
Then T has a fized point in M.

To set up the solution operator for (5), let us take X = C10,1] x C[0,1]
as a Banach space with norm |[|(u,v)||cc = ||tt]lcc + [|¥]lco, for all (u,v) € X.
By the assumptions on Fj, we can denote Ng, (u,v)(t) £ F;(t,u(t),v(t)), where
Np, : X — Ris called the Nemytskii operator corresponding to F; for ¢ =1, 2.
Motivated by the solution operator established in Sim-Lee [16], for (u,v) € X,
we define 7% : X — C0,1] by

Jo et (@ (N () + [F Filru(m). o(r)dr) ds.t € 0. 4],
]; <ppl ( {(Ng, (u,)) —I—f Fi(r,u(r), (T))dT) ds,te[%,l],

where a'(Np, (u,v)) € R uniquely satisfies

/5 ( (N, (u,v)) + /Sé Fz'(T,u(T)’fu(T))d7-> ds

= / o5 (—ai(NF,,,(u,v)H /| B ())dr> ds,

2

T (u,v)(t) =

and
T(u,v) = (T (u,v), T?(u,v)).
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Then we can easily see that problem (S) can be equivalently written as (u,v) =
T(u,v) in X. For simplicity, we denote a’ = a’(Np, (u,v)).

Remark 2. By the similar arguments in Sim-Lee [16], we can also regard the
function a’ as a function of (u,v) and then obtain (1) a’ sends bounded sets in
X into bounded sets in R for i = 1,2. (2) a’ : X — R is continuous for i = 1, 2.
By these properties of a’, we can deduce the following lemma.

Lemma 3.2. T : X — X is completely continuous.

Proof. For the continuity of T, let us assume that (u,,v,) — (u,v) in X, then
from the continuity of a*, F; and Lebesgue dominated convergence theorem, we
have

1T (vns vn) — T (1, v)| 0o
2 . 2 .
= Z T (i, 0n) = T, 0) oo = D sup [T (tp,v5) = T (1, )|

i—1 t€[0,1]
<Z

sup T (t, v0) — T (u,0)| + sup |T*(tn,vp) — Ti(u,v)|]

te[0,1] te[3,1]
2
-y [ -
]

~ liep,2 /Ot ‘pp_il (afz +/f Fi(t, un(T),vn(q-))d7—>

! ( R ))dr> "

/tl Cpr (—aﬁl +/; Fy(r, un<7—)7vn(7'))d7'>
] —0

—op <—a3§ + [ Fi(r,u(r), v(r ))d7> ds
2
Next, let B be a bounded subset of X. Then by Ascoli-Arzela theorem, it
is enough to show that T'(B) is uniformly bounded and equicontinuous. We first
prove that T'(B) is uniformly bounded. Indeed, take K; = sup{|a‘(Ng, (u,v))| | (u,v) €
B} and by the assumption on F; in Lemma 2.2, there is h;(¢) such that | F; (¢, u, v)| <
hi(t) for a.e. t € (0,1) and all (u,v) € B. Thus, we can compute the bound on
the interval [0, 1] as follows, the bound on the interval [£, 1] can be obtained by

+ sup
te[3,1]
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the similar way.

Finally, we prove the equicontinuity of T(B). Assume that t; < to.
Case 1 (t1,t2 € [0, %])

2

1T (o) (t1) =T, 0) (t2) | = D 1T (u, 0)(b2) = T* (u, 0) (t2)]

i=1

/: Cpr (lail + /é |F,~(T,u(7'),v(7—))|d7-> ds

3

IA
:*\W
[V
S
S
/N
=
Jr
N
[N
&
=
QU
\]
~_
QL
»

The bound of the case above is independent of (u,v) € B and by the property
of hZ, we see that the bound converges to 0 as [t; — t3| — 0.

Case 2 (t1,t2 € [%, 1]).

Proof can be done by the similar argument as Case 1.

Case 3 (0<t; <3 <ty<1).

Without loss of generality, we assume that i <t < % < ty < 2. Then, by

]
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using the definition of a?, we have

2

1T (w, 0)(t1) = T(u, 0) ()| = D 1T (u, 0) (82) = T (u, 0) (£2)]

i=1

—|—ﬁ<ppl<al /Fru ))dr)ds

2

_/t: . < a Jf/é FZ(Tvu(T)’U(T))dT> ds| .

Using the properties of a* and Fj, we obtain

17 (u, v) (1) = T(u, v)(ta) |

2 [ 1 1 t2 s
/2 it (Ki + /2 hz’(7'>d7'> ds +/ it (Kz +/ hi(T)dT> ds]
: t1 s 1 : 1

IN
i

2 2

B

@
Il
-

[ 1 _ 1
op (K + Ihilluagy ) 0= 51+ o5 (Kot il z) 12 - 2@

s

24,01;1 (KZ + th”Ll[%&]) |t1 — t2|} .

=1

Conclusion is the same as Case 1 and it completes the proof of equicontinuity.
O
Proof of Lemma 2.2. let us take r = Z?:l r; with

1

1 1 1 s
ry = max{|Ai| +/2 o) (/2 hi(T)dT> ds, | Bi| +/1 o) </1 hi(T)dT) ds},
0 s 3 5

2
and M = {(u,v) € X | ||(u,v)]|sc <7}. For any (u,v) € M, we know T%(u,v) €

C[0,1] N C(0,1), i = 1,2. Thus the maximal point of |T%(u,v)(¢)| must be at
the boundary ¢ = 0, t = 1 or one extremal point o; € (0,1). If the maximal
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point is ¢ =0 (or ¢t = 1), then we get
17" (u, v)loc = |T" (u, 0)(0)] = |[Ai] (or [|T"(u, v)loc = |T"(u, v)(1)] = |Bil).
If the maximal point is one extremal point o; € (0, 1), then we also consider two

cases a’ > 0 and a’ < 0, applying the same argument in the proof of Theorem
2 for case (1) in Xu and Lee [17], we have

[T (14, v) ]| oo
: : 1 :
< max {lAz +/ QO;il (/ hi(T)dT> ds, | Bi| +/ @;il (/ hi(T)d’T> ds} =7
0 s : !
and then
2
1T (w,v)||o0 = Z 1T (u, v)||oo <7y for (u,v) € M.
i=1

By Theorem 3.1, we get that T has a fixed point in M. i.e., problem (S) has a
solution in M.
Finally, we give the exact proof of Theorem 2.1, mainly using Lemma 2.2.

Proof of Theorem 2.1. Let us consider the modified problem
p (W) + F (t,u,0) = 0,
@pz(vl)/""F;(uuvv) =0, te(0,1), (57)
U(O) = Al,u(l) = Bl,’U(O) = AQ,’U(l) = BQ,
where F(t,u,v) = Fi(t, p1(t, u,v), p2(t,u,v)), for i = 1,2, and
p1(t, u,v) = max{a,(t), min{u, 8, (¢)}},
pa(t, u,v) = max{a, (t), min{v, B, (¢)}}.
Then F7 : (0,1) x R? — R is continuous and satisfies the conditions in Lemma

2.2 for i = 1,2. By Lemma 2.2, we see that problem (S*) has a solution (u,v).
If we can show that solution (u,v) satisfies

(g (t), () < (u(t),v(t)) < (Bu(t),Bu(t)), forallte [0,1],
then problem (S*) is equivalent to problem (S) and the proof will be done.
Suppose that it is not true, then w(t) € Bu(t) or v(t) £ By(t) for ¢ € [0,1].
Here we assume that u(t) € B.(¢) for t € [0,1]. The other inequality can be
proved by the similar argument. By the boundary values of v and (,, there
exist 71, T € (0,1) such that
u(t) = Bu(t) > 0 on (T1,T2), u(Th) — Bu(T1) = 0 = u(T2) — Bu(Tz).

For t € (T1,T>), we have

— ¥p1 (ul(t))/ = Fl* (t7 u(t)a U(t)) =F (t7p1 (t7 U(t), U(t))7p2(t7 U(t), rU(t)))

= Fl(t’ 6u(t)7p2(t’ u(t)a 'U(t))) = Fl(t» ﬂu(t)7 ﬂv(t))»

and

—¥p1 (B;(t))/ > I (taﬂu(t)aﬁv(t))-
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Thus, we have

©p (U (1)) > 0, (B, (1)) (1)
Since u — B, € Cy[T1,Ts], there exists to € (T1,T2) and 0 < & < Th — tp

such that u(to) — Bu(to) = maxerr, m){u(t) — Bu(t)}, v (to) — B, (to) = 0 and
u'(t) — B, (t) <0, for t € (to,to + ). Integrating on both sides of (1) from ¢ to
t € (to,to + ), then we get

op, (0 (1) = p, (' (t0)) Z @ (B (1)) — 0, (Bu(to))-

Since ¢, is increasing, we have
u'(t) > B,(t), fort € (to,t0 +9),

which is a contradiction and it completes the proof.
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