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SOME INEQUALITIES OF WEIGHTED SHIFTS ASSOCIATED
BY DIRECTED TREES WITH ONE BRANCHING POINT

Bo GEoN KiM AND MINJUNG SEO

ABSTRACT. Let H be an infinite dimensional complex Hilbert space, and
let B(#) be the algebra of all bounded linear operators on 7. Recall that
an operator T' € B(H) has property B(n) if [T™| > |T|™, n > 2, which
generalizes the class A-operator. We characterize the property B(n) of
weighted shifts Sy over (7, k)-type directed trees which appeared in the
study of subnormality of weighted shifts over directed trees recently. In
addition, we discuss the property B(n) of weighted shifts Sy over (2,1)-
type directed trees with nonzero weights are being distinct with respect to
n > 2. And we give some properties of weighted shifts Sy over (2, 1)-type
directed trees with property B(2).

1. Introduction

Let H be an infinite dimensional complex Hilbert space, and let B(H) be
the algebra of all bounded linear operators on H. An operator T € B(H) is
said to be normal if T*T = TT*. And T € B(H) is said to be hyponormal if
T*T > TT*. An operator T' € B(H) is said to be p-hyponormal if (T*T)? >
(TT*)?, p e (0,00). As well, T is said to be co-hyponormal if it is p-hyponormal
for all p > 0 ([16]). According to the Léwner-Heinz inequality([19],[8]), every
g-hyponormal operator is p-hyponormal for p < g. An operator T is said to be
class A-operator if |T?| > T, where |T| = (T*T)"/2 (cf. [3]). The structure of
class A-operators are developed well recently (cf. [17],[9],[18],[2],[12]). It is well-
known that “normal = p-hyponormal = class A-operator”. Recall that, for
positive integer n > 2, an operator T € B(H) has property B(n) if |T™| > |T|"
(cf. [15]). The notion of property B(n) will be applied to the gap theory of
Hilbert space operators (cf. [14], [13], [1]).

On the other hand, since Mohar’s study about connections between opera-
tors and graph theory, several operator theoriests have studied such notions.
In [6] Fujii-Sasaoka-Watatani defined adjacency operators associated to infinite
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directed graphs and discussed some relations between graphs and bounded ad-
jacency operators (cf. [4],[5],[7]). On the other hand, Jablonski-Jung-Stochel
([10]) introduced and investigated classes of weighted shifts on directed trees
which generalize the classical weighted shifts. These operators provided some
interesting examples and counter examples concerning moment sequences and
subnormal operators (cf. [11]). The structure of such operators has been devel-
oped well for recent several years. Basically, the goal of this paper is to give a
connection between directed trees and bounded Hilbert space operators.

The organization of this paper is as follows. In Section 2, we recall some
terminology and notation concerning directed graphs and weighted shifts on
directed trees. In particular, we recall (7, k)-type directed tree which will be
used mainly throughout this paper. In Section 3, we characterize weighted shifts
Sy over (1, k)-type directed trees with property B(n). And also, we discuss the
classes of weighted shifts Sy over (2, 1)-type directed trees with property B(n)
are being distinct with respect to n > 2. Finally, in section 4, we introduce
properties of weighted shifts Sy over (2,1)-type directed trees with property
B(2).

We denote N[R, Ry, Ry, or Z, resp.] by the set of positive integers|real num-
bers, nonnegative real numbers, positive real numbers, or nonnegative integers,
resp.] throughout this paper.

2. Preliminaries

In this section, we recall some definitions on graph theory which will be used
in this paper. First of all, we look at some basic notions of the graph theory. A
pair G = (V, E) is a directed graph if V' is a nonempty set and E is a subset of
V x V\{(v,v) | ve V}. We denote by

E={{u,v} CV | (u,v) € E or (v,u) € E}.

An element of V is called a vertex of G, a member of E is called an edge of G,
and a member of F is called an undirected edge. A directed graph G is said to
be connected if for any two distinct vertices u and v of G, there exists a finite
sequence v1, - - - , vy of vertices of G(n > 2) such that v = vy, {vj,v;41} € E for
all j =1,---,n—1, and v,, = v. Such a sequence will be called an undirected
path joining v and v. For u € V, put

Chi(u) = {v e V | (u,v) € E}.

An element of Chi(u) is called a child of u. If, for a given vertex u € V, there
exists a unique vertex v € V such that (v,u) € E, then we say that u has a
parent v and write par(u) for v. A vertex v of G is called a root of G, or briefly
v € Root(G), if there is no vertex u of G such that (u,v) is an edge of G. If
Root(G) is a one-element set, then its unique element is denoted by root(G),
or simply by root if this causes no ambiguity. We write V° = V\Root(G). A
finite sequence {u;}"7_; (n > 2) of distinct vertices is said to be a circuit of G
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if (uj,uj41) € Eforall j=1,--- ,n—1, and (uy,u1) € E. A directed graph T
is a directed tree if it satisfies the following conditions

(i) T is connected,

(ii) 7 has no circuits,

(iii) each vertex v € V° has a parent.

From now on, 7 = (V, E) is assumed to be a directed tree. Denote by £2(V') the
Hilbert space of all square summable complex functions on V' with the standard
inner product

(f9) =D f(wgu), f,g€ (V).

ueV
For u € V, we define e,, € £(V) by

(v) = 1 ifu=w,
€l =90 otherwise.

Then the set {e, }uev is an orthonormal basis of £2(V). For A = {\, }yeve C C,
we define the operator Sy on ¢2(V) by

D(Sy) {Femy: 3| X WP If@P <o},

u€V \veChi(u)
S\xf= Arf,  fe€D(SN),
where A7 is the mapping defined on functions f: V' — C by
| Ay f(par(v)) ifveVe,
(A7f)(w) = { 0 if v = root.

Then the operator Sy is called a weighted shift on the directed tree T with
weights {\, }yeve. In particular, if Sy € B(¢?(V)), then

Sye, = Z A€y (2.1)

v€Chi(u)

(cf. [10, Proposition 3.1.3]) and

. Tuepar(u) ifu e Ve,
Sieu = { 0 if u is root, (2.2)

which is used frequently in this paper (cf. [10, Proposition 3.4.1]).

We discuss weighted shifts associated the following models as a central role in
this paper. This model is closely related to the subnormality of weighted shifts
on directed trees (cf. [10]).

Definition 1. ([10]) Given 7, k € Z; U {oo} with > 2, we define the directed
tree Ty = (Vi By ) by

Vi = {=k:ke e fU{0}UL{(i,]) i€ Jy,j € N},

E, E.U{(0,(i,1)) i€ Jyy U{((4,7), (4,5 + 1)) : i € Jy,j € N},
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where E,, = {(—k,—k+1): ke J,}and J, ={k e N: k <.} for v € Z; U{o0}.
Then the directed tree Ty, . is called an (n, k)-type directed tree.

If k < oo, then the directed tree 7, . has a root and root(7,.) = —k. In
turn, if K = oo, then the directed tree 7, ~ is rootless. In the case of K < oo,
the (n, k)-type directed tree can be shown in Figure 2.1 below.

11 (1,2 (1,3) (1,4)

e o o
22 23 24
O—>0 ¢ o o
-K -K+1 -2
e o o

1) M2 3 "4
Figure 2.1

For a weight sequence \ = {Ak}keV;N C C, weighted shifts .S associated
by 7, are the main model of this paper. And we mention that all operators
discussed in the remaining sections of this paper are bounded.

3. A Characterization of property B(n) and related distinction

We firstly characterize weighted shifts with property B(n) over (7, k)-type
directed tree 7y,

Theorem 3.1. Let T, . = (Vy.x, En.) be an (n, k)-type directed tree, and let
A= {Ac}reve, C C. Suppose Sy € B(?(V,, ) is an associated weighted shift
over Tp . Then the following assertions hold.

(i) If n > K, then Sy is a weighted shift with property B(n) if and only if the
following conditions are satisfied:

k+1 ) n [n—|k|
TTNEDC L TT Panl? ) | = el —s<k< -1, (3.1)
=0 i=1 \ j=1
j+n
H |>‘(1,k)| > |>‘(i,j+1)‘n717 1<i< n, Jje€ N, (32)
k=j+2

and

n_n n
Z H A l) Z A" (3.3)
i=1 i=1

i=1
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(i) If n < K, then Sy is a weighted shift with property B(n) if and only if
the following conditions are satisfied:

k+n
IT il = el =k <k < —n, (3.4)
i=k+2
k+1 ) n n—|k|
H A Z H il ]| = Penl® —n+1<k< -1, (3.5)
j=0 i=1 \ j=1
Jjt+n
IT Pewl=Naen™™ 1<i<n jeN, (3.6)
k=j+2

and

E:IDNwﬂ Z}:\ RN (3.7)

i=1

Proof. By simple computation with (2.1), we have

( k j+1)‘(zk))e(m+n) ika(i,j), 1<i<n,jeN,
Syer = g_l(nj_l )\(Z’]))e(lnn)w %f B=0,
Hj:kJrl)‘j( i 1(1_[ i) )eGn—lk)) ifk=—r--, =1, n> |k,
( fi,irl/\i)emrn ifk=—r,---,—1, n<|k|.
By simple computation with (2.2), we may obtain that
(S3)"(Sxer)
(HﬁﬁﬂAmﬂk@ﬂ ifk=(i,j),1<i<n jeN
_ (> HJ 1 1A | ))eo if k=0,
T AT AP AT S g e itk ==, =1, n > k],
(T INi)en ik ==k, =1, 0 < [k

(3.8)
Recall that |SY|er = ((S7)*S7)7ex and |Sy|"ex = ||Sxex|"ex for k € V. (see
[10, Proposition 3.4.3(iii)]). Since |[Sxex[?> = > [Aul?

weChi(k)
|>\(z,]+1)| lfk:(l,]),lglgﬂ,]EN,
[Sxer]|* = ¢ > 1|)\(z yl> if k=0,
|)\k+1\ ifk=—k,---,—1.
Thus
|A(Z,j+1)| n lfk:(l,j), ISZSUaJENa
[Sx"er = (E |/\(Z 1)|2)5 if k=0, (3.9)

Aret e ifh=—p, - —1.
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Since (S%)*SY is positive self-adjoint, by (3.8), it follows from [10, Lemma
2.2.1(iii)] that |S¥|er = t2 ek, where

H?;L?-Hl/\(zk)' lfk:(l,]),lgzgn,]EN,
t%: ( 77 (H] 1|A(7«]‘))% - ) if k=0,
’ ((H? b WAL PapP)E i = —n, oo =1, > k],
11 A ifh=—k,-,—1, n<lkl
(3.10)
So, by (3.9) and (3.10), we have that S is a weighted shift with property B(n)
if and only if (3.1)-(3.7) are satisfied. Hence the proof is complete. O

The following corollay is the special case of Theorem 3.1 with n = 2,k = 1,
which is frequently used in the remaining sections.

Corollary 3.2. Let To1 = (Va1,Ea1) be an (2,1)-type directed tree, and let
A= {Artrevg, C C. Suppose Sy € B(%(Va,1)) is an associated weighted shift
over Ta1 (see Figure 3.1).

on 02 (@03 04

2,1 2,2 (2,3) 24 )
Figure 3.1

Then Sy is a weighted shift with property B(n) if and only if the following
conditions are satisfied:

Z H |>\(’L] > |>‘0|2n 2

2 n—-1
=1 =

2 n

ST e = Aanl? + e (3.11)
i=1 j=1

Jj+n

H Aok > |)\(z‘,j+1)\"71, i=1,2, jeN.
k=j+2

We now discuss the classes of weighted shifts with property B(n) over directed
trees are being distinct with respect to n > 2. Recall that, for a weighted shift
W with weight sequence a = {a }nez, C Ry, if we denote

B,, = {W, : W, has property B(n)}, n >2,

then it follows from [15, Theorem 2.4] that B,, are distinct one from another.
Let T = (Z4+,E), where E = {(n,n+1) : n € Z; }. Then the classical weighted



SOME INEQUALITIES OF WEIGHTED SHIFTS 701

shift W, is unitarily equivalent to the associated weighted shift S, with A =
{an}nez, over T (cf. [10, Theorem 3.2.1]).

Let 721 = (Va,1, Ea,1) be the (2,1)-type directed tree. If we consider a weight
sequence \ = {/\k}kEV;l with

Ay =0 or Agj; =0, jeEN, (3.12)

then the weighted shift Sy associated by 7z ;1 is equivalent to a classical weighted
shift W,. We consider weighted shifts S associated by 731 with weight se-
quence A = { A }revp, without (3.12) to consider more generally in the remain-
ing part of this paper.

Let B(n,n, k) be the set of all bounded weighted shifts with property B(n)
over Ty and A = {Ax}revy, C C\ {0}. In particular, we denote

EB(n,n, k) = {Sx € B((*(V;).)) : |S%] = |Sx|" and A = {Metkeve, € C\{0}}.

Obviously, EB(n,n, ) C B(n,n, k). First we consider the classes B(n,2,1) are
being distinct one from another with respect to n > 2.

Theorem 3.3. Under the same notation as above, we have that B(m,2,1)
# B(n,2,1) if and only if m # n.

Proof. Since the sufficiency is obvious, we only consider the necessity. So, sup-
pose m # n. Without loss of generality, we assume m < n. We will claim
that there exists Sy belongs to EB(n,2,1) but not in EB(m,2,1). Define

A= {M}revg, CC by

a; ifk=1(i1)fori=1,2,
A=< X ifk=0,
Bi ifk=(ij)fori=1,2and j> 2,

where Ao, a1, @z, B1, B2 € C\ {0} with |a1]? + |az|?> = 1. Then obviously Sy €
B(£?(Va1)). Observe from [11, Proposition 5.2] that (55)"Sy = (S;S\)™, i.e.,
|ST? = |Sx|?", if and only if
[Sxerl™ = [[SXexll, k€ V.
By a direct computation, we have that (S%)"SY = (S5Sx)" if and only if
(laaB %2 + a2y %)% = Dol ™" and o 577" [* + oy 7! = 1.
Set
log(“£2-2))
fla) = —————
log(5%5)
Then lin(f)1+f(ac) = 0. Thus there exists 7y, € (0,1) such that (n —1)f(y,) < L.
z—
Put

,  z€(0,2).

x

9(@) =+ (2 )T
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Then g is strictly increasing on [1,00); see [11, Example 5.5]. Now consider

1.1 Pl 1
0111062:(5)2,51:’)% 752:(277%)2(”_1)7
1 77,72 n—=2 1
Ao =[5 (0" + (2= ) )P, (3.13)
Then
1 1 »=2 1 1 n—
(a2 + ooy 2P)% = (G 4 5(2 = 7a) F50)% = A"
and
n—12 n—1|2 1 1
laa BT 17 + | By 7" = §'Vn + 5(2 — ) =1

Thus |SF[? = |Sa|?". So, |S}| = |Sx|". Therefore, Sy € EB(n,2,1). But

m—1

- - 1, o= m=1
Jaa BT ey TP = ST+ (2= ) )

1 1
= §g(m -1)< 59(71 —-1)
- 1

Thus Sy ¢ EB(m,2,1). So, we have Sy € B(¢?>(Va,1)) such that S, € EB(n,2,1),
but Sy € EB(m,2,1). Since EB(n,2,1) C B(n,2,1), Sy € B(n,2,1). Note that

2 m
ST Peal) =TI + g
i=1 j=1
1, == m=1
= S (2= 7))
1
= 59(7”—1)
1
< ig(n — 1) =1
and also 1 = (|JAq1)|* + [ 2’1 y1?)™. Thus, by (3.11) in Corollary 3.2, Sy ¢
B(m,2,1). Hence ( m,2,1) # B(n,2,1). O

Remark 1. Let T, , be an arbitrary (7, k)-type directed tree. Choose a subtree
T2, of Tp . We define A = {/\’“}kevno,n such that weights of 751 are as in (3.13)
and other weights are 0. For any m,n > 2 such that m < n, the weighted shift
Sy associated by T, .. has property B(n) but not property B(m). Of course, if
we apply the result of [15, Theorem 2.4] with this idea, we can obtain the same
conclusion easily. But, in the case of weight sequence A = {Ax}reve, C C\{0},
we guess the computations are so complicated. We leave them to the interesting
readers.
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4. Some Properties

In this section, we discuss some properties about weighted shifts with prop-
erty B(n) over (2,1)-type directed trees.

Theorem 4.1. Let T3 = (Va1, E2.1) be the (2, 1)-type directed tree as in Figure
4.1, and let X = {Ap}revp, C C\ {0}

o a2 03 04

2n 22 23 24
Figure 4.1

If Sy € B(f%(Va1)) is a weighted shift with property B(2), then the following
conditions hold:

(i) the sequence {| (i j)|}32o is increasing for i =1,2,

(i) [Aanl # Azl or [Aen| # [Ae2)l-
Proof. By Corollary 3.2, Sy is a weighted shift with property B(2) if and only
if

Al + el = Aol?, (4.1)
AP Aa 4 AenlPAe? = (Aanl® + Aen ), (4.2)
and
|)‘(i7j+1)| < |>‘(i»j+2)|v i=1,2, jeN (4'3)
The inequality of (4.3) proves (i) obviously. To show (ii), we suppose that
A1l = [Aa,2)| and [A2 1| = [A@2,2)|. Then, by direct computations, we
obtain

‘)\(1,1)|4 + |)\(2,1)|4
Aanl* +20a 0P e )l + Aeyl*
= (|/\(1,1)\2 + |)\(271)|2)27

which is contradict to (4.2), so the condition (ii) holds. Hence the proof is
complete. O

A0 Pxazl® + 12en P A el

A

We now discuss some flatness properties of weighted shifts with property
B(2) over (2,1)-type directed trees.

Theorem 4.2. Let S\ € B(?(Va,1)) be an associated weighted shift over (2,1)-
type directed tree with A = {A\y}treve, C C\{0}. If Sx has property B(2), then
we have the following assertions.

(i) If Na,2)] = N2y =y, then v > A1 pl? + [A2,l* > [Xof*.

(it) If I\, = Al = 2, then [Ao| < V2z and [A12)> + |A2,2)[* > 422
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Proof. (i) Since Sy has property B(2), applying (4.2) with [A(1 2y| = [A2,2)] = ¥,
we may obtain

Mol +Denl?y® = (Aanl?+RAenl®)y?
> (ol +en??
Thus y* > [A\q,1)|> + [A2,1)|*. By using (4.1), we have
v2 > Al + Nenl = [
(ii) Applying (4.1) with [A1 1) = [A2,1)| = =, we have
(2% + 2%)% = (22%)2 =2z > |\l
By using (4.2), we also obtain
2 Aa2)? + 2% Ae2)? =22 (Aazl? + 1 Ae?) > 4™
Thus |A(1,2)|> 4+ [A2,2)|* > 422, Hence the proof is complete. O

We consider a completion problem of property B(2) on weighted shift over
directed tree as Figure 4.2.

(1,1)

2,1)
Figure 4.2

Theorem 4.3. Let T = (V, E) be a directed tree with V. ={-1,0,(1,1),
(2,1)} and E is as Figure 4.2. Let the weights of T be given arbitrarily by

A A():’I", >\(1,1) =, )‘(2,1) =Y, T,I,yGC\{O}
Then the following assertions are equivalent:

(i) there exist (2, 1) -type directed tree Tz extended from T and a weight
sequence = {)\k}kevo extended from X, i.e., 2O {Xo, A1,1), A2 b
such that the associated weighted shift S5 has property B(2),

(ii) the following conditions hold:
(a) |z* + y* = Ir[?,
(b) there ezist u and v in C such that \/|x[2[ul? + |y|2[v]2 > |z|? + |y|*.

Proof. (1)=(ii) Let 72,1 be a (2,1)-type directed tree extended from 7 and a
weight sequence A extended from A whose associated weighted shift S5 has
property B(2). Recall that (4.1)-(4.3) are equivalent to the property B(2) of

weighted shift Sy associated by T21. The condition (a) comes from (4.1). Seting
U= )‘(1,2) and v = )\(2 2), by (4.2), we obtain (b).
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(i))=(i) Suppose |z[*> + |y|* > [r[* and \/[z[[uf® + [y[2[v]? > |z[* + [y|* for
some u and v in C. Consider a (2,1)-type directed tree Tz; as in Figure 4.1,

and 7T is obviously a subtree of 73 ;. Define a weight sequence 2= {Xk}kev;l
of /T271 by

X0 = Xo=m, X(1,1) = )\(1,1) =z, X(2,1) = )\(2,1) =Y,
>\(1,j+1) = u, and >\(2,j+1) =, ] e N.

Then 751 is an extended directed tree from 7 and = {Xk}kevgo_l is extended
from A obviously. Applying the equivalent condition of the property B (2) of
weighted shift Sy associated by 71 in (4.1)-(4.3) again, S has property B(2).
Hence the proof is complete. O
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