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ERROR ESTIMATES FOR FULLY DISCRETE MIXED
DISCONTINUOUS GALERKIN APPROXIMATIONS FOR
PARABOLIC PROBLEMS

M1 Ray Oum', HYUN YouNG LEE, AND JUN YONG SHIN*

ABSTRACT. In this paper, we introduce fully discrete mixed discontinuous
Galerkin approximations for parabolic problems. And we analyze the error
estimates in {°°(L?) norm for the primary variable and the error estimates
in the energy norm for the primary variable and the flux variable.

1. Introduction

To approximate the solution of elliptic or parabolic problems, many authors
[1, 6, 20] introduced discontinuous Galerkin methods with interior penalties
which generalized the Nitsche method in [11]. Because of its advantages such
as the mesh adaptivity and the local mass conservativeness, the discontinuous
Galerkin methods which have now a lot of forms and names are widely used for
many partial differential problems. We refer to [2, 3] and the literatures cited
therein, for more details.

Riviere and Wheeler [19] introduced semidiscrete and fully discrete locally
conservative discontinuous Galerkin methods for nonlinear parabolic equations
and they obtained optimal error estimates in L?(H') and suboptimal error
estimates in L>°(L?) for semidiscrete approximations and obtained optimal error
estimates in £2(H') and suboptimal error estimates in £°°(L?) for fully discrete
approximations. Ohm et. al [12, 13] obtained optimal error estimates in L°°(L?)
for semidiscrete approximations and optimal error estimates in £>°(L?) for fully
discrete approximations, which improved the results of Riviere and Wheeler
[19]. And Ohm et. al [14] introduced fully discrete discontinuous Galerkin
method for nonlinear parabolic equations based on Crank-Nicolson method for
time stepping and obtained optimal error estimates in £°°(L?) for both spatial
and temporal directions.
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To approximate both primary variable and its flux variable simultaneously,
Raviart and Thomas [18] and Nedelec [10] introduced mixed finite element meth-
ods with the inf-sup conditions. These mixed finite element methods were widely
used for elliptic or parabolic problems [5, 7, 9]. And Pani [16] introduced H'-
Galerkin mixed finite element method without inf-sup conditions for parabolic
problems. Applications of these H'-Galerkin mixed finite element method were
given in [8] for the Sobolev equation and in [17] for parabolic integro-differential
equations.

Chen [3] introduced a family of mixed discontinuous finite element methods
for second-order elliptic equations. Chen and Chen [4] developed a theory for
stability and convergence for mixed discontinuous finite element methods in
a general form for second-order partial differential problems. Ohm et. al [15]
introduced a semidiscrete mixed discontinuous Galerkin method with an interior
penalty to approximate the solution of parabolic problems and obtained optimal
error estimates in L>°(L?) for the primary variable u, optimal error estimates
in L?(L?) for u; and suboptimal error estimates in L>°(L?) for the flux variable
o.

In this paper, we consider fully discrete mixed discontinuous Galerkin ap-
proximations for parabolic problems and obtain error estimates for the primary
variable and its flux variable. In section 2, we introduce a model problem, fi-
nite element spaces, and the mixed formulation with an interior penalty for the
model problem. In section 3, we state some projections with approximation
properties which will be used later. And in section 4, we obtain the error esti-
mates in [°°(L?) norm for the primary variable and the error estimates in the
energy norm for the primary variable and the flux variable.

2. Model problems and finite element spaces

We consider the following parabolic problem

(2.1) u— V- (aVu) = f, in Qx (0,T],
(2.2) u=gp, on I'p x (0,71,
(2.3) aVu-n = gn, on I'y x (0,77,
(2.4) u(z,0) = up(x), in €.

Here Q C R?, 1 < d < 3, is an open bounded convex domain with the boundary
O =TpUl'y, 'pNITy = ¢ and n is the unit outward normal vector to
09). We assume that a is a symmetric, positive definite bounded tensor and the
given functions f € L?(Q), u° € L*(Q), gp € H'/?>(Tp), and gy € H-/2(Ty).
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By introducing o = a(z)Vu in (2.1), we get the following mixed form

(2.5) u—V-o=f in Q x (0,7,
(2.6) o =aVu, in Qx (0,77,
(2.7) o-n =gy, on I'y x (0,77,
(2.8) u=gp, on I'p x (0,7,
(2.9) u(z,0) =up(z), in Q.

To introduce the mixed discontinuous Galerkin finite element approximations
of (2.5)-(2.9), let {T},} be a sequence of finite element partitions of  for h > 0,
and each subdomain T € T}, have a Lipschitz boundary. We allow the property
that a vertex of one element can lie on the edge or face of another element for
the given two adjacent elements in T}. For a given T}, let £L be the set of all
interior boundaries e of T}, 5/? and E,ILV the sets of boundaries e on I'p and I'y,
respectively, E8 = EP UEN the set of the boundaries e on 98, EIP = ELUEP,
and &, = S,{ U Ef . Forane e Ef , we denote n the outward unit normal vector
to 9N and for an e € 5,{ with e = Ty N1, and Ty, 15 € T}, we associate the
direction of n with the definition of jump across e.
For | > 0, we define

HYTy) = {v e L*Q) :v|r € HYT), T € T},}
together with its norm
1/2
HU”H‘(Th) = ( Z ”UH%IZ(T)) .
TETh
For v € HY(T},) with [ > %, we define the jump of v across e € &/ by
[v] = v|1yne — vlTyne

and the jump of v across e € EP by

D
[U]:{v, ec€ &,

0, ecé&l.

And we define the average of v on e € &/ by

1
{o} = §(U|Tlﬁe + U|Tgﬂe)

and the average of v on e € EF by

{v} = vle.
Let V = HY(T},), W = {w € (H{(T;,))? | V-w € L?}, and V}, C V and
W, C W the finite element subspaces, respectively. Then they are defined
locally on each element T' € Ty, so that W,(T) = Wy|pr and Vi (T) = Vir.
Neither continuity constraint nor boundary values are imposed on W, x Vj,.
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Now the corresponding mixed formulation with an interior penalty for (2.1)-
(2.4) can be defined as follows: find u € V and o € W such that

(2.10) (u,v) + Y (0, Vo)r — Z ({o-n}, [v])e + J(u,v)

:(fav)+z gn,v +Zh gD; Pa VUEV,
ecEl ecEp
(2.11) (a(z)o,T) — Z (Vu,7)r + Z ({7 -n}, [u])e
TET), ccEID
= Z(gD,T-n)e, VreWw,

eEEE

where a(z) = a(z)™!, J(u,v) = ZeGSID hot [ [ul[v]dz, he = e, (, ) denote
an L? inner product on €2, (, )7 an L2 inner product on T, and (, ). an L?
inner product on e. Notice that the solution « and o of (2.5)-(2.9) satisfies the
system (2.10)-(2.11).

We define bilinear forms A, B, and C' as follows: for any 7,7 € W and
u,v eV

(2.12) A(r,r) = (aT,7),

(2.13) B(r,v)= > (r,Vo)r— Y ({T-n}, ).,
TeTy ec&lP

(2.14) C(u,v) = J(u,v) + Au,v),

where ) is a positive real number. And also we define linear functionals F, G, G%,
and Gy as follows: for any 7 € W and v € V

(2.15) F(v) = (f,v),

(2.16) Gp(r)=>_ (90,7 n)e,
ecEp

(2.17) = > h ' gp,v
eeff

(2.18) Gnw) = (gn,v)e:
6655

Then, by using the bilinear forms (2.12)-(2.14) and linear functionals (2.15)-
(2.18), the system (2.10)-(2.11) can be rewritten into the system

(2.19) (ug,v) + B(o,v) + C(u,v) — A(u,v)
= F(v) +Gn(v) + G%(v), YoeV
(2.20) Alo,7) — B(T,u) = GH(T), YT € W.
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Define the following broken norms on V and W: for any v € V and 7 € W

(2.21) ol = llvl + J (v, v),
(2.22) Il = 171>+ > p3IV -7l
TET),
(2.23) lollE = (v, v) + Afoll?,
(2.24) ITlI% = AT, 7),
where || ||; denotes H! norm on W and || || denotes L? norm on V or W.

3. Auxiliary projections and some estimates
For a given (u,0) € V x W, we can define (4,6) € Vj, x W, such that
(3.1) B(o —6&,v) + C(u—u,v) =0, Yo € Vi,
(3.2) Ale —a,7)— B(T,u—u) =0, V1 € Wi

The unique existence of (@,6) € Vj, x W, follows from the following Lemmas
3.1 and 3.2 whose proofs can be found in [15].

Lemma 3.1. For any u,v € V and any o, 7 € W, the followings hold:
(1) Alo,7) < Klofalrlla, Ale,7) < Kllolwl7(lw;

(2)  B(o,v) < Klalwlvlls;

3)  Cluv) < Kflullsllvls-

Lemma 3.2. For any v € V and any 7 € Wy, the followings hold:
(1)  A(r,7) = K”‘T@%VQ
2 Clv,v) = K|v|z-

Lemma 3.3. For any (u,0), (u, o) € V x W, we have
=@l + o — lla < KR (lollner + [ullsss),
lus = Gelle + e = Gella < KR*([uellerr + loellir),
lo —alw < Kn*(lo|lkr1 + l[ulli),
lo: = ellw < KB* ([ullisr + lloelles),
where (4, 6) € Vi, x W, is given in (8.1) and (3.2).

Proof. The proofs of these results can be found in Lemma 3.1 - Lemma 3.3 of
[15]. O
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Lemma 3.4. For any (u, o), (u;, o) € V x W, we have
lu =@ < KR (a1 + o™ [e+1),
lug —ap || < KR (lug {len + llof o),
luge = el < KRM* (uf e + o k),
where (4, 6) € Vi, x Wy, are given in (3.1) and (3.2).

Proof. The proofs of first two results can be found in Lemma 3.4 of [15]. The
proof of the last result is very similar to ones of first two results. O

4. Error Estimates

In this section, we want to construct the fully discrete mixed discontinuous
Galerkin approximations of (2.1)-(2.4). For the given positive integer N, let
At = %, t) = jAt for j =0,1,2,--- , N. Then the fully discrete mixed discon-
tinuous Galerkin approximations {U7}}_, C V4, {Zj}é»vzl C Wy, of (2.1)-(2.4)
are defined as follows: for j =1,2,--- | N

Ui —yi—1 . . ;
(4.1) (AAiZE———,vh)+aB(ZP,vh)%—CXL”,vh)——A(U”,vh)

= F(vy) + Gn(vp) + Gh(vp), Yop € Vi,
(4.2) A(X?, 1) — B(th,U%) = Gh(T1), VT1,€W,
and U(x) is an appropriate projection of ug(x).
Theorem 4.1. If (u,0) € V x W s the solution of (2.5)-(2.9) and {U’ j-V:O C
Vi, and {Ej};-v:l C Wy, are the solution of (4.1)-(4.2), then
! —U7|> < K(R**T) + (A)?), j=0,1,2,--- N,

and
At (e = U7 )% + o7 — S9)3) < K (B + (At)?).
j=1

Proof. 1t is clear that
[@° = 0O < a° — | + [[u® = U°l| < KR*F (|u®lisr + |0 1)

From (4.1)-(4.2) and the fact that the solution v and o of (2.5)-(2.9) satisfies
the system (2.19)-(2.20), we obtain the error equation for j

(4.3)  (ul —8U7,vp) + B(o? — X7 vp) 4+ C(u? — U7, vp,)
Z)\(uj—Uj,Uh), YV p, € Vi,
(4.4) A(e? =%, 73,) — B(tp,u! —U?) =0, V1, €Wy,
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. J_gri—1
where 9,U7 = Z=U"__ Then we have
t At

(45) (87 — 8,U7 vp) + B(67 — X7, vp,) + C(@ — U7, vp)
= (07 — W, o) + (W —ul,vp) + B(6 — 07, vp)
+C@ — !, o) + N — U7, wp),
= (O — ﬂ{,vh) + (17% — u{,vh) + AW = U w), Yo, €V,

(4.6) A6 =%, 74) — B(mh, W — U7)
= A& — o7, 7)) — B(mh, W —u’) =0, V1, € Wh.
From (4.5)-(4.6) with v, = @/ — U7 and 7, = &7 — £?, we get

(0 — 8tUj W~ Uj) +e7 — Ej\li + @ — U7

= (O — @, w0 — U7 Wl W - U+ M\ - U, W — U9,
) t t
Since
(O — o, UF,u? — UY)
- Ait((aj — Uy - (@ - U, @ - UY)
1 o _7
> TAt(W U712 — @ = 077 11%)
and
1 . »
o — Tl = Kt( W — [ — A+ = (At) utt]) —ul
~ At U,
we have
1 , o . » 4 . ,
47 sl =072 = [~ =077 H°) + @7 = U7 + (o — 27|

<o’ — @ |||@ - U7|| + |luf — @ |[|a — U7
+ Al =@ + @’ - U~ U7
< K (Atl[ag,]| + [l =@ + A’ = @[ + |[a? = U7])) x |[@ = U]
And so for sufficiently small At, we get from (4.7)
(48) |[@ —U|)* — @@~ = U7 Y* + 2088 (7 — U8 + |67 — £73)
< KOO, |® + af — uf|? + N’ —a@|°].
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Hence summing the inequality (4.8) from j = 1 to j = m, we have from Lemma

3.3

[am — o™+ 240> (W0 — U7 + |67 — 2713)
j=1
<@ U + KOS [(AO@ )2 + @] — a||? + A2’ — @]
j=1

< K(h**HD 4 (An)?).

Now, by Lemma 3.3, Lemma 3.4, and the triangular inequality, we have

Ju/ —U7|? < K(R**D 4+ (At)?), j=0,1,2,---,N,

N
Aty (e = U7+ llo? = 7)3) < K (0% + (At)?),
j=1
which completes the proof. O

References

D. N. Arnold, An interior penalty finite element method with discontinuous elements,
SIAM J. Numer. Anal. 19 (1982), 724 - 760.

D. N. Arnold, F. Breezi, B. Cockburn, L. D. Marini, Unified analysis of discontinuous
Galerkin methods for elliptic problems, SIAM J. Numer. Anal. 39 (2001), 1749 - 1779.
Z. Chen, On the relationship of various discontinuous finite element methods for second-
order elliptic equations, East-West J. Numer. Math. 9 (2001), 99 - 122.

H. Chen, Z. Chen, Stability and convergence of mixed discontinuous finite element meth-
ods for second-order diffferential problems, J. Numer. Math. 11 (2003), 253 - 287.

Z. Chen, J. Douglas, Approximation of coefficients in hybrid and mixed methods for
nonlinear parabolic problems, Math. Applic. Comp. 10 (1991), 137 - 160.

J. Douglas, T. Dupont, Interior penalty procedures for elliptic and parabolic Galerkin
methods, Lect. Notes. Phys. 58 (1976), 207 - 216.

J. Douglas, J. E. Roberts, Global estimates for mixed methods for second order elliptic
problems, Math. Comp. 44 (1985), 39 - 52.

1. Guo, H. Z. Chen, H'-Galerkin mixed finite element methods for the Sobolev equation,
Systems Sci. Math. Sci. 26 (2006), 301 - 314.

C. Johnson, V. Thomée, Error estimates for som mixed finite element methods for par-
abolic type problems, RAIRO Anal. Numer. 14 (1981), 41 - 78.

J. -C. Nedelec, Mixed finite elements in R3 , Numer. Math. 35 (1980), 315 - 341.

J. Nitsche, Uber ein Variationspringzip zvr Losung von Dirichlet-Problemen bei Verwen-
dung von Teilrdumen, die keinen Randbedingungen unterworfen sind. Abh. Math. Sem.
Univ. Hamburg, 36 (1971), 9 - 15.

M. R. Ohm, H. Y. Lee, J. Y. Shin, Error estimates for discontinuous Galerkin method
for nonlinear parabolic equations, J. Math. Anal. Appl. 315 (2006), 132 - 143.

M. R. Ohm, H. Y. Lee, J. Y. Shin, Error estimates for fully discrete discontinuous
Galerkin method for nonlinear parabolic equations, J. Appl. Math. & Informatics 28
(2010), 953 - 966.



(14]

(15]

[16]
(17]
(18]

(19]

20]

FULLY-DISCRETE MIXED DISCONTINUOUS GALERKIN METHODS 693

M. R. Ohm, H. Y. Lee, J. Y. Shin, Higher order discontinuous Galerkin finite element
methods for nonlinear parabolic equations, J. Korean Soc. Ind. Appl. Math. 18 (2014),
337 - 350.

M. R. Ohm, J. Y. Shin, Error estimates for a semi-discrete mixed discontinuous Galerkin
method with an interior penalty for parabolic problems, J. Korean Soc. Ind. Appl. Math.
(submitted).

A. K. Pani, An H'-Galerkin mixed finite element methods for parabolic partial differen-
tial equations, STAM J. Numer. Anal. 25 (1998), 712 - 727.

A. K. Pani, G. Fairweather, H'-Galerkin mixed finite element methods for parabolic
integro-differential equations, IMA J. Numer. Anal. 22 (2002), 231-252.

R. Raviart, J. Thomas, A mixed finite element method for second order elliptic problems,
Lecture Notes in Mathematics 606 (1977), 292 - 315.

B. Rivire, M. F. Wheeler, A discontinuous Galerkin method applied to nonlinear para-
bolic equations, Discontinuous Galerkin methods:theory, computation and applications
[Eds by B. Cockburn, G. E. Karniadakis and C. -W. Shu], Lect. Notes Comput. Sci. Eng.
11 (2000), 231 - 244.

M. F. Wheeler, An elliptic collocation-finite element method with interior penalties,
SIAM J. Numer. Anal. 15 (1978), 152 - 161.

M1 RAy OHM
D1viSION OF MECHATRONICS ENGINEERING, DONGSEO UNIVERSITY, BUSAN, 617-716, SOUTH

KOREA

E-mail address: mrohm@dongseo.ac.kr

Hyun YounNG LEE
DEPARTMENT OF MATHEMATICS, KYUNGSUNG UNIVERSITY, BUSAN, 608-736, SOUTH KOREA
E-mail address: hylee@ks.ac.kr

JUN YONG SHIN
DEPARTMENT OF APPLIED MATHEMATICS, PUKYONG NATIONAL UNIVERSITY, BUSAN, 608-

737, SOUTH KOREA

E-mail address: jyshin@pknu.ac.kr



