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RELATIONS OF L-REGULAR FUNCTIONS ON
QUATERNIONS IN CLIFFORD ANALYSIS

HAN UL KANG AND KwANG HO SHON*

ABSTRACT. In this paper, we provide some properties of several left reg-
ular functions in Clifford analysis. We find the corresponding Cauchy-
Riemann system and conjugate harmonic functions of the harmonic func-
tions, for each left regular function in the sense of several complex vari-
ables. And we investigate certain properties of generalized quaternions in
Clifford analysis.

1. Introduction

In 1971, Naser [7] has given some properties with respect to regular (hyper-
holomorphic) functions over the quaternion field 7. Naser [7] obtained some
theorems in the using quaternionic differential operator D* = % + 62%,
where ey is a base of T. Also Naser [7] obtained properties of regular functions
in Clifford analysis and conjugate harmonic functions of quaternion variables.
In 2010, Koriyama et al. [6] have given regularities of quaternionic functions
and corresponding Cauchy-Riemann system for each differential operator. In
2013, Kim et al. [4, 5] have given some properties of regular functions valued
ternary number and reduced quaternion. Jung and Shon [1] investigated prop-
erties of hyperholomorphic function on dual ternary numbers and Jung et al. [2]
investigated structures of hyperholomorphic function on dual quaternion num-
bers. And Kim and Shon [3] have given some properties of regular functions
for dual split quaternions in Clifford analysis. In this paper, we investigate cor-
responding Cauchy-Riemann system for each quaternionic differential operator
and properties of regular functions for generalized quaternions.
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2. Notations on quaternion

The quaternion field 7 over the real field R is generated by a basis {eg, e1, €2, e3},
3
T:{Z|Z:Z€jxj, z; €R(j=0, 1, 2, 3)} ~C? ~ R (1)
§=0
The quaternion z = Z??—o ejx; is an element of four dimensional skew field of
real numbers such that all base elements eq, e1, ea and es satisfy the followings:

2= e2=—1(ey = v—1),

eo=id, €2 =e2 =e2=—

€162 = —€2€] = €3, €2€3 = —€3€2 = €], €3€] = —€1€3 = €3. (2)

A quaternion z is denoted by
2 = 2z1 + z9€9
by putting z; = 29 + e1x1 and z2 = x5 + e;x3. The quaternionic conjugate z

and the absolute value |z| of z are defined by
3

* _
z = X9 — E €jT; = 21 — Z2€2,
Jj=0

3
2|2 = zz*:fo
7=0

And every non-zero quaternion z of 7 has a unique inverse =1 = 2*/|z|?
Let © be a bounded open set in C? and a function f : Q — T is expressed by

3

F(z) = ) ejui(wo, w1, w0, w3)

j=1
= fi(z1,22) + f2(21, 22)e2,
where u; (j =0, 1, 2, 3) are real valued functions and f1(z1, 22), f2(21,22) are

complex valued functions of two complex variables.
We use the following quaternionic differential operators

D := 0 —ega zl(i—eli—egiﬁ-%i)
021 0z 2 ' 0xg 0x1 0xo Ox3”’
D* = i—|—ezi=l(i—|—e1 0 28 e3i)
oz 0z 2 ' 0xg 8951 0z Ox3”’
where a%j and 3‘2 (j =1, 2) are usual complex differential operators. Since T
given by (1) and (2) is a non-commutative field, we have
0 0 0 0
872162 = 628771’ leez = 628721.
Let Q be a bounded open set in C2. A function f(z) = fi(2) + 2( )62 is
(ii) D*f =01in

said to be a L-reqular function in €, if (i) f € C*(Q) and
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The above equation (ii) is equivalent to the following system:
_Ofi
822

This system (3) is called a corresponding Cauchy-Riemann system in 7.
We consider the following quaternionic differential operators:

_ 0

o

of _

0z1

62’2 ’

of2 _

0z

Dy = aizl_ 28822 DT
Dy = ai _62822 b
Ds := 821 — ey 8;’ D3
Dy = 8821 — 628;, Dj

0,2
28227

Definition 1. Let  be a bounded open set in C2. A function f is said to be
a Lj-regular function in Q for j =1, 2, 3, 4, if

(a) f e CH(9),
(b) Dif =0in Q

(=1, 2, 3, 4).

The L-regular function in  is regarded as the Ls-regular function in €.
We denote that f € L;(Q) if the function is a Lj-regular function in 2 where

j=1,2 3, 4.

Remark 1. In the condition (b) of Definition 1, D} (j =1, 2, 3, 4) operate to
f by multiplication of the quaternion,

0% OR
. on OE
D3f_(az—1 822

ofs [ Of, wp
+(aa %)62_07 D2f_
Ofa Ofr, “p_
+(821+822)2_07 D4f_

(

(

9

9

821

Ofi_0f, 0fr Of,
92 o5 s tan e =0
ofa 0fs 8f1
82’2 + 821 622 = 0-

Remark 2. Each corresponding Cauchy-Riemann system satisfying the above

equations in T are

=1 5=
if j=2 %
if =3 5=
if j=4, 2—2

oh _

of _

ol
075’
_
= 6727
of
82’2’
_ O

822,

of,
0z1
ofs

821
2P

oz

82’1

fs

_Oh
82’2

afr

073’

_oh

2’
_Oh
82’2
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Theorem 2.1. If f is a Li-reqular function on ), then the system is a gener-
alized Cauchy-Riemann system,

o6 _F o _of
0z1 0z 071 07
Proof. Let f be a function defined by
f(z) = fi(z1,22) + fa(21, 22)e2
= up(xo, 1,22, 23) + e1ui(xo, 1, T2, T3)

+(uz(xo, 21, T2, 23) + erus(xo, 1, T2, T3))e2,

where u; are real valued functions for j =0, 1, 2, 3 on Q. Suppose that

o (Of _Ofey  Of Of,
le—([ﬁ1 872)+(6z+az2)6 = 0.

Hence Dj f = 0 is equivalent to the system:
ofi _9f 0fs _ O

oz 9m 0w 0%

Now, we prove that each w; is harmonic function for j =0, 1, 2, 3. Since

L (e o)

= Gt g e = (o e T+ )
% = (382+ 1883)(U2—€1U3)

- G am g o = et g g~ )
% = (%+elail)(uQ+elu3)
D (e — e

E)uo (9u1 8u0 8u1 . 8u0 aul % _ %

B 871‘27 18 2+6187333+8$3 8$2+8$3)+6(8$3 81‘2
we have the following equations

6u0 8u1 - 8uz au;; 6u1 (9’[1,0 - 3’[1,2 8u3

aSC() (9:1)1 - 8332 8:53’ 8:50 8$1 N (9$3 81‘27
Ouz  Oup % Ouy % % _ Oup Oug

o1, 0wy Omy | Oms’ Omg | D11 0wy  Ous’
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For wug, from (6) we have the following equations:

82u0 _ 82’LL1 o 82162 + 82'LL3 (7)
8%‘061}0 83:18900 B 8$28$0 61‘381‘0’

82u1 + 82u0 o 62UQ _ 62U3 (8)
8x08m1 axlaxl o 8x38x1 8x28x1’

82U3 _ 82U2 . 82u0 + 32U1 (9)
6.’1?18$2 8x08;v2 B 8.7,‘28372 837383?2’

0%us 0%us 0%y 0%y

89308:E3 * 8x18x3 - 895281:3 B 81‘381’3. (10)

By adding (7) + (8) — (9) + (10), we have
82UO 82U0 82710 (’92u0

81‘081‘0 + 8$18$1 N _8l‘28]}2 - 81‘361‘3'

Thus,
A ug =0,

where A is a Laplacian operator in R*. Hence, ug is a harmonic function on .
Similarly, we can prove that u; (j =1, 2, 3) are harmonic in €. O

We use the following theorem proved by Naser [7].

Theorem 2.2. ([7]) For any complex harmonic function f1(z) in a domain of
holomorphy Q C C?, we can find a function fa(2) so that f(z) = f1(2)+ fa(2)e2
s a regular function in §2.

We consider the complex harmonic function defined by f; = z7/|z|* in a
domain of holomorphy  C C2. Then we can find fo = —%3/|2|* as conjugate
harmonic function of fi(z) in Q and show f = f1 + faeq is a Lz-regular function.
Similarly, for a quaternionic function in a domain of holomorphy, if we know
complex valued harmonic function f;, then by the Theorem 2.2, we can find
conjugate harmonic function fy of fi such that f is L;-regular for j =1, 2, 4.

Example 2.3. Let 2 be a bounded open set in C? and f € L;(Q), where
j=1, 2, 4.

(a) The function f(z) = (21 — z2e2)/|2|* is a Ly-regular function.

(b) The function f(z) = (21 — 29€2)/|z|* is a La-regular function.

(c) The function f(z) = (21 — Zzez)/|z|* is a Ly-regular function.

Example 2.4. Let 2 be a bounded open set in C? and f € L;(Q), where
j=1,2, 3, 4.

(a) The function f(z) = e** cosZ3 + (€*! sinzz)esy is Li-regular.

(b) The function f(z) = €' cosz3 + (e sinZzgz)ey is Lo-regular.

(c) The function f(z) = e** coszo + (€** sin zg)eq is Lz-regular.

(d) The function f(z) = €' cos z3 + (€' sin 29)ey is Ly-regular.
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Example 2.5. The function f(z) = 22 is not L;—regular, where j = 1, 2, 3, 4.
In fact, 22 = (21 + 22€2)? = (2121 — 22%3) + (2122 + 2271)e2 and the function f
does not satisfy any corresponding Cauchy-Riemann system.

3. Properties of regular functions on 7

Naser [7] proved the following corresponding Cauchy theorem.

Theorem 3.1. ([7]) Let Q be a open set in C2. If a function f = fi + faeq is
Ls-reqular in Q, then for a domain D C Q0 with smooth boundary 0D,

where kK = dzy ANdzo N dzZs — dz1 N dz1 A dzges.

The quaternion form x given by Theorem 3.1 is called a kernel for the corre-
sponding Cauchy theorem. We find kernels ; for corresponding Cauchy theo-
rems for all differential operators given by (4) as follows:

K1 =dz1 Ndzo Ndzg — dz1 A\ dze N\ dzres,
Ko = dzo NdZ1 NdzZg — dz1 N dzs N\ dZies,
kg = dz1 Ndzog Ndzg — dz1 A\ dzy N\ dzgzes,
K4 = dzo Ndz1 N dzZs — dz1 N dz1 A\ dzzes.

Theorem 3.2. Let k; (j = 1,2,3,4) be kernels for the corresponding Cauchy
theorem for each differential operator and Q0 be a bounded open set in C2. If a
function f is Lj-regular in ), then for a domain D C Q with smooth boundary
oD,

/ kif=0 (=1, 2, 3, 4), (11)
oD
where k; f is the quaternion product of form (11) upon the function f.

Proof. In the case of j = 1, by the rule of the quaternionic multiplication, we
have

k1f = fldzl/\dzz/\dﬁ—i—ﬁdzl/\dzg/\dﬁ—l—(fgdzlAdngdT—ﬁdzlAdZQAdZ)eg.
Thus,
d(kif) = (0f1/07z1 — 0f2/0z2)dz1 Adza Adzy A dz;
+(0f2 /071 + 0f1)0%)dz1 A dzo A dZ7 A dZaes.

Since f is Ly—regular, from the corresponding Cauchy-Riemann system (5), we
have d(k1f) = 0. By Stokes’ theorem, we obtain

/é)Dmf:/Dd(nlf):O.

Similarly, in the cases of j =2, 3, 4, we can have the results. O
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4. Generalized quaternion

Now we define a generalized quaternion z = xg + e1x1 + esxo + egxs. For
non-zero Euclidean numbers « and 3, we put e, e; and ez such that
2 2 _ 2 _
el =—a, e5 =—f, e3=—ap.
These base e, eo and eg satisfy followings:
eles = —ege; = e3, eae3 = —ezep = fJer, eze; = —ejez = aez.
Then the quaternion z can be denoted by z; + z9e2, where z; = xg + e;x1 and
Yy ,
zo = T9 + e1x3 as before. The quaternionic conjugate z* also can be defined by
2" =19 — e1x1 — eaa — e3x3 = Z] — 2z3e2. The absolute value |z| is defined by
2 2 2 2 2
|2|* = zz* = x5 + ax] + Brs + afrs.
Every non-zero generalized quaternion z has a unique inverse 2 =% = z*/|z|2.
We use the following generalized quaternionic differential operators:

1, 0 0 0 0 0 0
D=2 % e 9 g1, 9 “1g-1y,. 9 y_ 90 1, O
2(61‘0 @ e o0x1 fe 0xo + (a b )63 8333) 021 “2 5’

1, 0 0] 0 0 0 0
P L S DA S DU AN B RN A W GO S DN
2(81‘0 to e 0x1 B e 0xo (Ot p ) 38373) 071 O e E,
where 52 = %(6%0 —a~le;z%) and 8%2 = %(% — oflela%g). Let Q be

a bounded open set in C2. A function f(z) = fi(2) + f2(2)es is said to be a
L-regular function in Q, if (i) f € C1(Q2) and (ii) D*f =0 in Q.
The above equation (ii) is equivalent to the following system:
%_% %__—1% (12)
0z1 0z 0z1 Bzo
This system (12) is called a corresponding Cauchy-Riemann system in gener-
alized quaternionic field. We consider the following quaternionic differential
operators:

Dy = 8%1 - 6—1628%2, Df = C,% +ﬁ_1e2a%2’
Dy = 8%1 - 6—1628%2, D} = 8%1 +ﬁ_1e2a%2’
Dy = 8%1 - 6—162%, Dj = C,% +ﬁ‘1e2%,
Dy = 8%1 —5—162%, Di = 821 +ﬁ‘1e2%,
where 52 = 5 (50, — o tergg) and 5% = 5 (55 — e leg):

Definition 2. Let Q be a bounded open set in C2. A function f is said to be
a Lj-regular function in Q for j =1, 2, 3, 4, if

(a) f € CL(Q),

(b) Dif=0inQ (=1, 2,3, 4).
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As before, the L—regular function in 2 is regarded as the Lz—regular function
in generalized quaternionic field.

Remark 3. For each differential operator D7 (j =1, 2, 3, 4), corresponding
Cauchy-Riemann system is equivalent to the followings:

for 5 € R.

of
0z1
oh
821
oh
0z1
oh
(92’1

_0f
073’
_0f
073’
_9f
822,
_0f

622 ’

of2 = _5—1@
0z1 07z’
% — _ﬂ—1@
021 85’
% — ,5*1@
0z1 622’
% - _5—1@
82’1 822

Now we find kernels for the corresponding Cauchy theorem and prove the
corresponding Cauchy theorem for generalized quaternion.

Theorem 4.1. Let k; (j = 1,2,3,4) be kernels for the corresponding Cauchy
theorem for each differential operator and Q0 be a bounded open set in C2. If a
function f is Lj-regular in 2, then for a domain D C Q with smooth boundary

oD,

where

K1 =dz1 Ndzo N dzg — ,Bfldzl ANdzy A\ dzies,
Ko = dzo NdZT A dZz — B~ Ydz A dze A dZ e,
ks = dz1 Adzo A dZz — B dz A dZT A dZzes,
ke = dzo NdZT N dZz — B 1z A dZT A dZzes

for B eR.

[ mi=0G=123.,
oD

Proof. In the case of j = 1, by the rule of the generalized quaternionic multi-

plication, we have

Iﬁ:lf = (lﬁll = le A dZQ A d@ - 571d21 AN ng A dﬁeg)(fl + f262)

= fidz Ndzy N dZ + fodzy Adzg A dZT

+(f2d21 ANdzo N dzg — ﬁ_lﬁdzl Adzg N dZ)BQ

for € R. Thus,
d(k1f) =

(0f1/071 — Of2)0%Z3)dz1 A dzo A dZy A dZ
+(0f2)071 + B7LOf1/0%2)dz1 A dzy A dZT A dZzes.
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Since f is L —regular, from the corresponding Cauchy-Riemann system (13),
have d(k1f) = 0. By Stokes’ theorem, we obtain

/aDmfz/Dd(mf)zo.

Similarly, in cases of j =2, 3, 4, we can have the results. O
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