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HYPERMEROMORPHY OF FUNCTIONS ON SPLIT
QUATERNIONS IN CLIFFORD ANALYSIS

J1 EUN KiM AND KwANG HO SHON®

ABSTRACT. In this paper, we consider split quaternionic functions defined
on an open set of split quaternions and give the split quaternionic functions
whose each inverse function is sp-hyperholomorphic almost everywhere on
Q. Also, we describe the definitions and notions of pseudoholomorphic
functions for split quaternions.

1. Introduction

Split quaterninons are described and studied with respect to addition, non-
commutative multiplication and hyperholomorphy on open sets of split quater-
nions. Colombo et al. [1] introduced the definition of the field of quaternions by
using complex numbers and the modified Cauchy-Fueter operator. We consider
split quaternionic functions defined on an open set of split quaternions which
play the notion of hyperholomorphic functions on an open set of quaternions
H. We [4, 5, 8] have investigated the definition and properties hyperholomor-
phy of functions defined on quaternion variables. Also, we have considered
and studied about split quaternions. By using quaternionic calculus and anal-
ogous, we [6] obtained the properties of regularity of functions on dual its split
quaternions in Clifford analysis. And, we [7] obtained the properties of polar
coordinate expressions of hyperholomorphic functions on split quaternions. In
2015, we [9] obtained the properties of the inverse mapping theory on split
quaternions in Clifford analysis. From the results of [2, 3|, we give proper-
ties of sp-hyperholomorphic functions. Referring [10, 11], we characterize the
split quaternionic functions whose each inverse function is sp-hyperholomorphic
almost everywhere on ) in C?. Also, we research sp-hyperholomorphic and sp-
hypermeromorphic functions with special properties for multiplication on split
quaternions. Furthermore, from the studies of [12], we give the definitions of
pseudoholomorphy for split quaternions instead of H.
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2. Preliminaries

We consider the set of split quaternions as follows:
S={Z|Z =uz¢+ x1i + 22§ + 23k, 2, €R, (r=0,1,2,3)},
where
i?=-1, 2=k =1,
ij=k=—ji, jk=—i=kj, ki=j=—ik.
Let 21 = xg + =17 and z3 = x2 + x3i. Then for Z € S, we have Z = z1 + 255

and the conjugate element of Z is Z* = Z7 — z9j. Let M(Z) be the modulus of
split quaternions such that

M(Z)=22*=7Z*Z = 2171 — 207 = |21 |* — |2~

Then the inverse element of Z is:

Z*
== (M(Z)#£0).
stz (M@0
Consider the differential operators as follows:
0 0 0 0
Di=—+—j d D*=———j.
o 0m " o 0m”

Let Q be an open set of S 2 C? and F € C*(,S). Then
F(Z) = F(z1 + 22§) = f1(z1, 22) + fa(21, 22)J,

where f; and fo are continuously differential complex functions in 2.

Definition 1. Let © be an open set of S. For F' € C*(1,S), with F' = f; + fa7,
a function F' is said to be sp-hyperholomorphic if

of  0f: dfs  Of1y .
D*FZ:(———) — ———)j=0.
@)=\ a5/ " (85 85)3
From the above equation, we have the split Cauchy-Riemann equations of the
sp-hyperholomorphic function F' on €:

o _0f . O 0L
0z1 0% 0z1 0z

For the definition of almost everywhere, one may refer to [13].

Proposition 2.1. Let Q2 be an open set of S. Let F' = f1+ foj and G = g1+ 9g2]
be two sp-hyperholomorphic functions defined almost everywhere. Then FG

satisfies as follows:
CFG) = (D Py s 0C 1 0G , (0G L 0G
D*(FG) = (D*F)G+ fia— g +i(Ry —hy ).
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Proof. We have
FG = fig1 + fo92 + (f192 + f291)J

and
0 J92 —0G2 0]
D'FG)~(D'F)G = figh+ hgZ ~Tigt ~hos
0z1 Z2 07>
% 991 091 +0g2
(f1 + foe g fiom —Fa2)
oG oG
flf—fz +J(f2az f1822)
Therefore, the result is obtained. O

Theorem 2.2. Let ) be an open set of S. If the function F and its inverse
function F~1 are sp-hyperholomorphic, when they are defined, then we have the
following equations:

dfo ofi
flaia—fzafZ =0,
—0 of1
f2 é_aniﬁ 207
21
Ofs —+0f1
f28z1 7f2822 70

Proof. Let Ny = f1f1 — faf2. We have the inverse function F~! = ]{% - J{%j
and

_ 0 fi 0 fa 0 fo 0 fiy.
* 1 _ —
Do o (621Nf+822Nf> (alef+6Z2Nf)']

In detail, we have the following equations:

2 L _ 6f1 df1 ofi  O0fs— dfa
oz Ny oz f1<7f1+f1(r ek f%)’
0 0 0 ofi 0 dfa
= = f2Nf—f2(if1+flaﬁ—£f2 252,
aij;"; - by (%fﬁflﬁ—%fz 23,
o ho_ 8f1 Ohe O Ofy O
TN T Nf—fl(aifwflw Gl ho2).
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Hence, we have

D*F~1 = ( aflf2f2—%12 8fo1fQ—|-f1f2

8f2 aflfzfl f2f1%+% 2 )

8f1 6f2

of2
o7

f1 fi—

@h OB jaFs - hﬁaﬁ+h

2‘9f1 f2 3f2>
1 8—

A -

3f1

f2f2_f +f1f2a +f1f2 7 =0.

By arranging the above terms and applying the split Cauchy-Riemann equa-
tions, the equation D*F~! = 0 is equivalent to the following equations:

—3 0 0 Ofa
O (W mlh pOo,
on o R0h R
295 om 0, f2 05 om .
Therefore, the result follows. O

For the following definitions, see [11, 12].

Definition 2. Let €2 be an open set of S and let F' be any almost everywhere
defined sp-hyperholomorphic function in €2. The function F is said to be a sp,,-
hypermeromorphic function if the inverse function of F' is sp-hyperholomorphic
almost everywhere.

Definition 3. Let {2 be an open set of S and let F' and G be sp,,- hyperholomor-
phic functions in 2. The functions F' and G are said to be sp-hypermeromorphic
functions if the sum and product of F' and G are sp,,-hyperholomorphic in €2,
respectively.

Definition 4. Let Q2 be an open set of S. Then a function F is said to be sp-
pseudoholomorphic on Q if F' is hypermeromorphic without poles on 2. Also,
F is said to be a smooth hypermeromorphic function (sha function) on € if F
is hypermeromorphic without zeros and poles on €.
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Theorem 2.3. Let ) be an open set of S. If a function F is sp-pseudoholomorphic
on , then we have the following equations:

Ohy | _Ohy __0h Ok
g1 7871 g1 785 = g2 7872 g2 78%
and

SO O Oh 0l
Yom " Pon Vom T Ven

Proof. We set a function F' to F = GH~', where G is a sp-hyperholomorphic
function on § and an inverse function H~' of H is sp-hyperholomorphic on €.
Since a function F' is sp-pseudoholomorphic on €,

. 0g1 092 Oga  Ogr\ .
DG = (290 _ 992\ (992 991\, _
G (371 55) + (az 372)3 0
and we have
B 1 /0hy ONy, —  Ohy ON;, —
DY = (G2 Na= S R 5 Na— R
(aa R =L =1 :)
1 /0hy ONy, Ohy ONy, .
Ny — L0y, Oy, T
N, ( A= ho + % T o hl)]7
where Nj, = h1hy — hohsy and
ONy, Ohy —  Ohy Ohy —  Ohs
= —h —h h h =0,1).
% 8z71+6z71822822(r 1)

Hence, by Proposition 2.1, we have

OO 0Ty
g1 oz g2 0% 92— oz +q 0%
Ohy __Ohy Ohy __Ohy\ .
+Nh ( 9187‘71 '|‘92875 +928771 - 91@)]
= 0.

7o

Therefore, we obtain the following equations:

o ok ok oh
Noz " Pom ~ Pom  Pom
and

8h+ 8h1_ 8h1+ %
gzaf gzaf 91(,r W'
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