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WEIGHTED NORM ESTIMATE FOR THE GENERAL HAAR
SHIFT OPERATORS VIA ITERATING BELLMAN FUNCTION
METHOD

DAEWON CHUNG

ABSTRACT. It is shown that for a general Haar shift operator, and a weight
in the Az weight class, we establish the weighted norm estimate which
linearly depends on As-characteristic [w]4,. Although the result is now
well known, we introduce the new method, which is called the iterated
Bellman function method, to provide the estimate.

1. Introduction

It is well known that a Calderén-Zygmund operator is bounded on the weighted
Lebesgue space LP(w) if the weight w satisfies the famous Muckenhoupt A,-

condition.
[w]a, = sgp <612|/dex) (22|/Qw_1 dx) < 00. (1)

We call the quantity [w]a, the A,-characteristic of the weight w. It has been an
long time conjecture finding the best constant in terms of the A,-characteristic
[w]a,. That is, one looks for a function ¢(x), sharp in terms of its growth, such
that:

1T fllzr ) < Cofw]a) I FllLew)

where T' stands for the general Calderén-Zygmund operator. It was called As-
conjecture, because knowing a bound on L?(w) is crucial due to the extrap-
olation theorem. Most recently, it was shown in [4] and [5] based on many
beautiful and recently developed techniques, [8], [6], [9], and so on. For more
detail arguments and brief history, we refer [4] and [5]. Roughly speaking, the
authors in [4] and [5] solved the As-conjecture by showing the linear estimate
of the general Haar shift operator on L?(w) with polynomial dependence on
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636 D. CHUNG

its complexity via Corona decomposition. In this paper, we present the linear
estimate of the general Haar shift operator on L?(w) by different technique, so
called iterated Bellman function method. However, we could not get the poly-
nomial dependence on the complexity. It will be discussed at the end of this
paper.

Through out the paper, we denote a constant by C' which may change line
by line and we indicate its dependence on parameters using a parenthesis. In
Section 2 we will introduce notations, some basic facts, and useful lemmas and
theorems. We also present the main result of this paper. In Sections 3 and 4
we prove our main result. Finally in Section 5 we will discuss about our result
and more.

2. Preliminaries
2.1. Definitions and Main Results

For the simplicity and convenience, we will deal only in the real line, R.
Intervals of the form [kw =7, (k + 1)277) for some integers j, k are called dyadic
intervals. Let us denote D the collection of all dyadic intervals, and let us
denote D(J) the collection of all dyadic subintervals of J. We say the positive
almost everywhere and locally integrable function w, a weight, satisfies the A,
condition if:

[w]a, = sup(w){w™"); < oo,
I
where the supremum is taken over all intervals and (w); stands for the average
of w over I. For any interval I € D, there is a Haar function defined by

(@) = 1775 (0 @) = o (@),

where x; dentes the characteristic function of the interval I. It is well known
fact that the Haar system {h;};ep is an orthonormal system in L?. Let us
introduce a proper orthonormal system for L?(w) defined by

1 w(I_)1/2 w(I. )2
w(I)1/? [wghilﬂ’m z)— WXI ()|,

hi (x) =

where w(I) = [, w. We defined the weighted inner product by (f, g)w = [ fgw.
Then, every function f € L?(w) can be written as

F=> () wh
IeD

where the sum converges a.e. in L?(w). Moreover,

1122wy = D HF ATl

1eD
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We now defined the weighted average (f)j. = w(J)™' [, f(z)w(x)dz. For
I D J, hY is constant on J. We denote this constant by h%¥(J). Then we can
write the weighted averages

(Flow= Z (9, hT)whi (J).
IeD:IDJ
As it was introduced in [5], we say gy is a generalized Haar function if it is a

linear combination of an usual Haar function and x; .

Definition 1. For m,n € N, a general Haar shift operator with complexity
7 = max{m,n} is defined by

Sf = Z Z |I|71<fa 9K>9J7 (2)

IeD J,KeD(I)
[J|=27"1|,|K|=2""|1|

where g and gy are generalized Haar functions for the intervals K and J
respectively and normalized, that is

lgcllpes - lgslle < 1.
Definition 2. We say an operator given by (2) is an elementary Haar shift
operator of

(a) type 1, if gk and g; has a mean zero property,
(b) type 2, if one of gk and g; have a mean zero property but the other
one does not, and they have a property: for all L € D,

1
> > Ellgicl g3 < o0, (3)

IeD(L) JKED(I)
[J|=27"1|,| K|=2""|1]

(c) type 3, if gk and g; does not have a mean zero property and they have
a property: for all L € D,

1
m Z Z gl llgsllpe < oco. (4)

IeD(L) JKeD(I)
[J|=2"" 1| K[=27"|I|

Note that one can easily see that the dyadic paraproduct,
mf =Y (b hi){f)ihr,
IeD

is an elementary Haar shift operator of type 2 and the property (3) is provided
by b € BMO. That is, for any L € D,

1
7] > (b k) < |bllBao -
I1eD(L)

Since

mmf =Y (b, hz>2<f>JX—f| = S0 )72 oxn) X

|7
IeD I€D
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the composition of an adjoint of dyadic paraproduct and dyadic paraproduct,
T Ty, is an elementary Haar shift operator of type 3. Let us define the constant
B := max{ By, B3}, where

1
By := sup 7l > > 11|91 19117
LeD ™ rep(r) J,KED(I)
|I|=2=™ 1), K|=2""|1]
1
By = sup 0y > > g Lo llgslze -
LeD W™ rep(r) J,KeD(I)

[J|=27"" 1| K[=2""1|

We will indicate the type by using a subscript. For all ¢+ = 1,23 and interval
L € D, we define the restricted Haar shift operator S,

Sif= > > 1117 f, 9K )9 -

IeD(L) JKED(I)
[J|=2""1|,|K|=2""|1]

Then we are going to prove the following Theorem.

Theorem 2.1. For all i = 1,2, intervals L, and weight w € Ao, there ezists a
constant C(m,n) such that

IS xe) 22 < Clm,m)[w]a,w (D)2 (5)

Theorem 2.2. Let S be a general Haar shift operator with complexity 7. Then,
for all f € EP(w), there exists a constant only depend on T and B such that

max{l,ﬁ}

1S fllLe(wy < C(7, B)[w] 4, £l e (w) -
2.2. Lemmas and Theorems

We now introduce several useful lemmas and theorems. One can find the
detail proof in the indicated references, otherwise we will present the proof. We
also use the notation Ajw := ((w)r, — (w)r_)/2.

Lemma 2.3 ([12]). If w € Ag then there exist a constant C' such that for all
dyadic intervals J € D,

w 2
>y A<w>” < Clulayu(J).
1€D(J)

Lemma 2.4 ([10]). For all dyadic intervals J and all weight w,

Ajw|?|T
§ : |L|3|| < Cw ().
<w>1
1€D()

Lemma 2.5 ([1]). For any weight w, so that w=" is a weight as well, if {\r}
1s a Carleson sequence of monnegative numbers, that is, there exists a constant
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@ > 0 such that for all dyadic intervals J € D,

Z )\I §Q|J|7

IeD(J)

A
> ﬁ <4Qu~'(J).
IeD(J) I
Furthermore, if w € Ay then we have
D M{w)r <4Q[w]a,w ().

IeD(J)

Lemma 2.6 ([1]). If w € As then there exist a constant C > 0 such that for
all dyadic intervals J € D,

Z [Arw* (=) |1] < Clw]a,|J].

1eD(J) (w)r

then

The following lemma is the one of our main result in this paper, which will
be proved in Section 4.

Lemma 2.7. There is a positive constant C'(m) so that for all dyadic intervals
JeD

Z I)(w); ™ (™! 1/4(%12%1 J > AKw)2
Jj=1

IED(J) KeD(I):|K|=21-9 ||
—1\1/4
< O(m)(w)Y* (w=1Y*,

whenever w is a weight. Moreover, if w € A then for all J € D

1 m+1 2
g X Il (22“”” > Acw) < Clmfuly.

1€D(J) KeD(I):|K|=2-m|1]|

Lemma 2.7 is, in fact, a general version of Lemma 2.6, i.e. Lemma 2.6 is
the special case (j = 1) of Lemma 2.7. The case of j = 2 was also appeared in
[2]. One of the main tool is a two-weighted bilinear embedding theorem. The
original version of such a theorem appeared in [7] and the authors presented the
necessary and sufficient conditions. The author in [10] presented the following
Theorem, which contains more easy necessary condition but not sufficient, by a
Bellman function method. It is not hard to see that this version is a corollary
of the original theorem in [7].

Theorem 2.8 (Bilinear Embedding Theorem,[10]). Let w and u be weights so
that (w)r{u); < Q for all intervals I and let {ar} be a non-negative sequence
so that the three estimates below hold for all J

Y W S X e sQul), and 3D ar<Qll.

IeD(J) IeD(J) IeD(J)
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Then there is C' such that for all f € L*(w) and g € L?(u)
> () rwlghre < CQIFIL2wllgll o) -

IeD
3. Proof of main theorem

We will prove Theorem 2.1 for each type separately.

3.1. The case: Haar shift operator of type 1

We are going to show (5) for m > n by duality arguments, that is for any
positive function f € L?(w) there exist a constant C' such that

\<Sf<w—1xL>,f>w

To see the case: m = n, one needs almost same arguments with the case m > n,
and the other case: m < n is in fact the dual operator of the case m > n. We
now fix the index m > n and split (6) by two parts.

(st r) | = |(shw ) +]<s§2<w—1m,f>w
=‘< > >, |I|—1<w—1,hx>hj,f>

I1eD(L)  JKeD();JCK
[T|=27"" 1], |[K|=2""|I|

> S e )

IeD(L) JKeD();JnK=0
[J|=27"" 1|, | K|=2""|1]|

= £+ £s.

< Clwlayw™ (L)) fll 2 (w) - (6)

w w

w

w

Expanding f in the weighted Haar system in L?(w), we have

Bi=| > > 17 w0 i) S (s B

1eD(L)  J,KeD();JCK I'eD
[J|=27" 1|, | K|=2""I|

We will estimate the sum (7) uniformly on J and K. So, we now fix J
and K so that J € K C I and 2™|J| = 2"|K| = |I|. Since (hj,h%)w
can be non-zero only for J C I’, we spilt the sum (7) into m + 2 sums,
I'=JJt . .,Jv " = K gt = K1 Jm =T and I' 2 I. (J* means
J’s k-the parent).

Let J C K, hy be a normalized Haar function with mean zero property, and
h¥ be a usual weighted Haar function (not normalized). Then one can easily
check that

(s B Ywl < s llLw ()2
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For the sum I' = {Jk}k:07___,m, we have

Z ZIII 1 w™t hic)(f, Jk><hJ> Jk>

1eD(L) k=0
1/2
( Y S W) ( 3 Z|I|2<w1,hK>2<hJ,h§k>i)
1eD(L) k=0 1eD(L) k=0
m 1/2
S(m+1)1/2||f||L2(w)( > Zm2|K|2||hK%m|AKw”nmnimwm)
1€D(L) k=0
L |K|2 T
S(m+1)/||f||L2(w)( > Z C Ak <w>,)
1eD(L) k=0

B THA =12 1/2
< C2 " m 4 1w 1”2||f|Lz<w( ) "'K')

& )
(8) < Clm+1)27"Cn) " w]ayw (L)) 2y

For the sum I’ O I, we have

Z |I|71<w715hK> Z <f’h}u/>w<hJ7h}U/>w

IeD(L) 1:1'21

) < S T w0 ) s B 1o (XL) 101 -

IeD(L)

Although the sum is taken over the interval I, for each I, K and J are uniquely
determined. By Bilinear Embedding Theorem, our desired estimate for (9)
holds, provided the following three embedding conditions hold:

w1t w
(10) Ie%(:m i ’ﬁ(&'};i ha)l < Clwla,w (L)
[(w™ k)| [{w, )|
wil w
(12) 5> bl bl opupu.
1eD(L)

Embedding condition (10): After applying Cauchy-Schwarz inequality, using
Lemma 2.3 and Lemma 2.4 yields that.

[(w ™", ) [ [(w, hy)|
2 [|(w) 1

IeD(L)
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T K| |J] |hille /K Agw  ||hsll L /1T A yw)|

Wt VI (w)1
1/2 2 1/2
—(m+4n) _ Agw|?|J
S NS LT R (D o ey
1eD(1) I1eD(L) I
_ 1/2 2 1/2
—(m+n) 1/2 |AKw 1|2|I(| 3m—n ‘AJU}| |J|
<272 [w}A2< Z o e 2 Z T w)?
IeD(L) 1eD(L) !

—(m+n)

<C2 T AT w) 4, (w (T )w T (K ))
< CQm_"[w]A2w_1(L) .

Embedding condition (11): One can also uses Cauchy-Schwarz inequality, Lemma
2.4 and Lemma 2.3

[(w™ hi) | [(w, hy)|
2 [(w=");

IeD(L)

3 (K| [J] [[se | I [ A g w™ [ ||z /[T A sw]

—1
& \ T (w1

—(m+n) Apw 12K\ Y2 _ 1/2
<o () Bt (S At
I

IeD(L) 1eD(L)

B e U N e A R NI U o VIO TR
B (w ) (w)s
IeD(L) K IeD(L)

< CoTE I HETE ((w) g, w(K L)Y < > Akij')w
1eD(L) w)s
< C2"[w]a, (w(Kp)w(J1))"?
< C2"w]a,w(L).
Embedding condition (12):
Z |<w_1,hK; |<w,hJ>| _ Z ||~[§||||IJ||hK”Loo\/mAKw—lm}””LDo \/m‘AJU/‘

IeD(L) IeD(L)

mim) Agw 2 w) 1]\ A jwl? (w11
SRV )(;() )

IeD(L)

<27 (Cm)C ()2 [w] 4, L]

Here the last inequality uses Lemma 2.7.
We now turn to the proof for the term £5. Again, we expand f in the
weighted Haar system in L?(w). Then we have
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> > 11w hie) D b Y (s B

IeD(L) J,KeD();JNK=0 I'eD
|J|=2"""1|, | K|=2""|1|

Similarly with the term £;, we will estimate £9 uniformly on J and K after
we fix it such that K C I, J C I, and JNK = ). One can easily see that K™ = T
and J™ = I . We now split the sum (13) into m+1 sums, I' = J, J', ..., J" =1
and I’ D I. For the sums I’ = J,J!, ..., J™ we have

SO T w T b ) (RS ) (B w

IeD(L) k=0

(% S %>2)U2( ) fj|f|2<w1,hK>2<hJ,h%>i)

IeD(L) k=0 IeD(L) k=0

m 1/2
S(m+1)1/2||f||m(w)( > ZIIIQKIZIIhKII%oCIALw12||h||2Loow(J))

1/2

1€D(L) k=0
m 1/2
S(m+1)1/2||f||L2(w)( T Z -1|2<w>1)
IG’D k‘—
_ I AK’LU_12
< 022 (m + D)ul}y ||f|Lz<w( Lo
1€D(L) I

(14) < C2720(m) Y2 (m + D) [w]ayIf | 22 uwyw™ 1(L)W-

For the sum I’ D I, we use the same argument with the estimate of £; then we
have the same upper bounds with (8), i.e.

> w b)Y (Rl B
I€D(L) 1121

< C27"((m + 1)C () fw] ayw™ (D)2 | L2 (w) -
3.2. The case: Haar shift operator of type 2

We now assume that g; has a mean zero property and gx does not. Then
we can write g5 = ||lgs|lz= - hy = asjhy and gk = ||gx |z~ - Xx = axXxs. The
other case is an adjoint of this. We will prove for each J and K such that
2™ J| = 2"|K| = |I|, and we will denote a; = ajax for each fixed J and K.
Then

(b )

1D

< >0 lagllArw™ [w) 1) raw{X) 1w

IeD(L)
(15) < Clw] a,w™ (D) £l L2 () -
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Here the inequality (15) is provided by the following three embedding conditions.
To see the each embedding condition, we need to use the property (3) which is,
in this setting, > ;cpr, a?|I| < C|L]|.

(16) Z |a1||Aﬂ<UQ;>I| (w)r1] < Clw]a,w (L),
IeD(L)

) s> LB LM < e,
1€D(L)

(18) > larllArw [ (w)ilI] < Clw]a,|L] -
1€D(L)

Embedding condition (16): We use Lemma (2.3) and Lemma(2.5) with A; =
lar?|1].

1eD(L) 1eD(L) 1eD(L)
< 4C[w]a,w (L) .

Embedding condition (17): We use Lemma (2.5) twice, first with A\; = |a;|?|1]
and second with A\; = |ar|?|I|/(w™1);, and Lemma (2.6).

i drwfw)il) larPi21)r ) 7 (g~ 1A PTG )2
Ie;(L) (w=1); N <16;(L) (w=1); ) <Ie;(L) (w=1); >
< AC[w]a,w(L) .

Embedding condition (18): We use the assumption and Lemma (2.6).

1/2 —112 1/2
-1 2 -1 |Arw™ 1| {w) 1
> taaliare i < (3t (3 S L)

IeD(L) IeD(L) IeD(L)
< Clwla, [L].

3.3. The case: Haar shift operator of type 3
We now turn to the Haar shift operator with non-zero mean case.

Sf=>" > |7 f, 9x)9s

IeD J,KeD(I)
[J|=27" 1], | K[=27" 1|

= Z Z aras ||~ f xx)X7

IeD J,KeD(I)
[J|=27" 1], | K[=27" 1|
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where ax = ||hk| L=~ and ay = ||h||L= . We are going to prove an analog of
(6). That is,
‘< 3 >y aKaJ|I|—1<w—1xL,xK>xJ,f>
IeD J,KeD(I) w
[J|=27" 1| K[=2"" 1]
(19) < Olwlayw™ (D)Y2)1 fll2(w) -

Similarly with mean zero case, we fix m and n and estimate uniformly on K
and J. Then we need to prove the follow.

> azf‘lw‘l(K)<f>J,ww(J)‘ < Clwla,w (D) | fllzw) - (20)
IeD(L)

> aI|I|1w1(K)<f>J,wW(J)‘S > arl THw™") r(w)r(F) rw(Xe) 10—

IeD(L) IeD(L)
< [w]a, Z lar| 1 11(f)1w{XL) 1w
1€D(L)
(21) < Clwla,w™ (L)Y fll 2 w) -

Inequality (21) is provided by Bilinear Embedding Theorem and the following
three embedding conditions:

(22) > |‘<’;|>|” < Cw™H(L)
1eD(L) 4

(23) T <|Z,I_H1[> |I < Cuw(L)
IeD(L)

(24) > JarllIl < CIL.
IeD(L)

Embedding condition (24) can be deduced from the Carleson condition of axar, .
Then the other conditions are easy consequence of Lemma 2.5 with (24).

4. Proof of the iterating 4th root Lemma

Let us consider the function B(u,v) = Yuv and the domain ©,, which is
given by
D = {(u,v) € RY |uv > 1/2™}.
It is known [1] that B(u,v) satisfies that the following differential inequality in
Do

|dul? . (25)

1/4
—(du, dv)d*B(u,v) ( du ) > LY

dv - §u7/4
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Furthermore, this implies that the following convexity condition. For all (u,v),

(ug,ve) € D1,

B(uy,vy) + Blu—,v_) 1 vt/
2 T 18- 27/4 T/

where u = (uy +u_)/2, v = (vy +v_)/2 and Alu = (uy —u_)/2. One can

find the constant in (26) by using (25) and Taylor’s theorem. We now consider

the function

A (u, v, Alu) == (27 - 27/*)B(u, v) + B(u + A, u) + B(u — Alu,v).

B(u,v) — (Afu)?, (26)

We also consider the domain
F1 = {(u,v, Afu) | (u,v), (u+ Alu,v), and (u— Aju,v) € D1}.

Then, A; (u, v, Alu) satisfies the following size and convexity conditions. For
all (ua v, A%U) € Sl )

0 < Ay (u,v, Afu) < (Cy +2)Vuw. (27)

As(ug, vy, AJu) + Ay (u_, v_, Aju)
2

A (u,v, Alu) —
vl/4 1\2 1,12 2 1\2
(28) > DlW(Zl(Aul) +2(Aku)? + 2(A2u) )

This appeared in [2]. Here A3u = (uyy —uq—)/2 and Adu = (u_y —u__)/2.
The size condition (27) can be seen easily using the definitions of A; and B and

the inequality (u + /v)/2 < {/(u+v)/2. To see more detail, let us consider
the function

Ao (u,v, Aju, Aju, Adu) = aA; (u,v, Aju,v) + B(u + Aju + Adu, v)

+ B(u+ Alu — A2u,v) + B(u — Alu+ Alu,v) + B(u — Alu — Alu,v).
on the domain Fo. Here (u,v, Alu, Alu, A3u) € §2 means all pairs (u,v), (u+
Abv), (u— ALw), (u+ Alu + A3u,v), (u+ Alu — A3u,v), (u— Alu +

Alu,v) and (u — Aty — Alwu,v) belong to D5 . Then A, has the size property:
if (u,v, Atu, Adu, Adu) € Fa, then

0 < Ag(u, v, Aju, Aju, Adu) < (Co + 2%) Vv, (29)
with Cy = a(Cy + 2), and the convexity property
 Ag(ug, vp, Adu, AJulju) + Ag(u_, v, Aju, AjuAiu)

As(u,v, Afu, Ay Adu) .

vl/t 2 i - i
(30) > Dy (S(A%u)2 +4) (Abu)® 42 Z(Agu)2) :
i=1 1=1
where Alu = %’ Ay = %7 Adu = %7 and Aju =
U+++;u++— .
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Proof of (30). We rewrite the left hand side of the inequality (30) as follows.

aA;(u,v, Atu) + B(u + Aju + AZu,v) + B(u + Aju — Aud,v)

)

+ B(u — Alu+ Alu,v) + B(u — Alu — A2u,v)

1

§(a (uy, vy, Adu) + B(uy + Aju+ Alu,vy)
+ Bug + A3u— Aug,vi) + Bluy — Adu+ Aju,vy)
+ B(uy — AZu — Adu, vy ) + aAy(u_,v_, Au)
+ B(u_ + Adu+ Aju,v_) + B(u_ + Aju — Alu,v_)
+ B(u_ — Abu+ Au,v_) + B(u ,—Aéu—Aéu,v,))

(31) = a(Al(uaUa A%U) - i(Al(u-i-a U+, A%U) + Al(“—;”—a A;“)))

+*B(U++7 )+ B(us—,v) + B(u—t,v) + Blu——,v)
( (uy + Adu+ Aju,vy) + Bluy + A2u— Adu,vy)
B(ug — A%u + Adu, vy ) + B(uy — AJu— Adu,v,)
B(u_ + Aju+ Adu,v_) + Blu_ + Aju — Adu,v_)
B(u_ — Abu+ Abu,v_ )—l—B(u,—A%u—Aéu,v,)).

Using Taylor’s theorem and the differential convexity condition (25) of B(u,v),
we can estimate the following. For o < (k — 1)u and |5] < v,

B(u + a,v+ ) = B(u,v) + VB(u,v)(a, B)*

+/ (1 — s)(a, B)d2B(u + sa,v + s8)(a, B)'ds
0

1 1/4
< B(u,v) + VB(u,v)(a, B)" — %/0 (1- s)ma2 ds

2

a 1
< B(u,v) + VB(u,v)(a, ) — W/O (1 - 5)(v+ s8)/4ds
2,1/4 (1
< B(u,v) + VB(u,v)(a, B)" — 8(ku)7/4/0 (1-s)(1+ 5%)1/4 ds
a2yl/4
(32) < B(u,v) + VB(u,v)(a, 8) — 849(ku)7/4 .

Here we use the differential convexity condition (25) and the following simple
estimate:

1 1

4

for |[y] <1, /(1—8)(1+’}/8)1/4d52/(1—8)5/4d8=§
0 0
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One can easily check that, for i = 1,2 and j = 1,2,3,4,
|Au| 4 |Abu;| 4 |Adu| < Tu and |Alv| < v.

Using inequality (32), we can obtain the following lower bounds for the term
(31).

4 vl/4 - i - i
(33)4B(u,v) + 38 99w <8(A}u)2 + 4Z(A2u)2 +2 Z(A3)2)
i=1 i=1

On the other hand,

1
B(u+ a,v) = B(u,v) + AB(u,v)(a, 0)" + /0 (1= 8)(, 0)d®B(u + s, v)(a, 0)! ds

3vl/4a? T 1-s
p— t -
(34) = B(u, ’U) + AB(U, U)(a7 O) 16 /O (’LL + 3a)7/4 5

fTu+a>0then0<u—su<u-+sa,for0<s<1,and

1 1 1
1—s 1—s 1 4
— " _ds< ds = 1—s)3/*ds= ——.
/0 (u + s0)7/3 S—/o (u—su)7/A " um/o( s =

Thus, we have the lower bound of (34):

o 3vl/ta?
B(u+ a,v) > B(u,v) + VB(u,v) ( 0 ) T
Since uyy = u+ Alu + Adu, vy = u+ Alu — Au3, u_y = u— Alu +
A?uy, u__ =u— Alu— Alu, are all positive, we have
B(tuy4,v) + B(uy—,v) + Blu_4,v) + B(u__,v)
1 2 1, A2
> 4B(u,v) + VB(u,v) ( Alu—gAQU ) + VB(u,v) ( A 0 Agu )
—Alu+ Alu —Alu — Ay
+ VB(u,v) 0 + VB(u,v) 0
vt/ 1 2,32 1 2,42 1 1)2
= T (Alu+ A3u)? + (Alu— Adw)? + (~Afu + Auj)
+ (~Alu - Abu)?)
3,1}1/4
(35) = 4B(u,v) — T (4(A}u)2 +2(AZu)? + 2(A;u)2) .
Using (28), (33), and (35), we can estimate the left hand side of (30) as follows.
P V2!

36 47/4 yi/a ((ZLA%u)2 +2(Akw)? + 2(A§u)2)

4 1)1/4 L 2 L 4 i
+28.%pymwm<&Aﬂ)+4§]Aﬂ)+2§3AQ)

=1 i=1
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3,1}1/4

- S (4 + 2(A%0) + 2(Abw)?)

a 3y v/ 1 1,72 1,12
> (736.47/4 - 4)u7/4( (Alu)? 4+ 2(Aku)? + 2(Akw) )

L T T
(8(A1u) +4(Agu)? + 23 (A)?)
i=1

+7.7.77
3\7/4 7/4
2 8(23)7/4 9 uT/ s

Choosing a = 27-47/ return the convexity condition (30) with Dy = O

1
36-87/1
4.1. General case
Let us define function inductively,
A (u v, {A’Lu}] 1 ooy ) = CLmAmfl(’UqU, {A;u};zll ,m— 1 Z B U’U’ ’
oEX

. A
where {Azu} """ 2" means 2™+ — 1 tuples of A%u, for instance,

{A’u}J 123 = {Afu, Adu, Adu, Adu, Adu, Adu, Aju} .

And X, is a signature set, that is each entry of X, is a m combination of +,
for example,

Yy={——— =ttt b ) = (X)) U(2) .

In general ¥,, = (+X,,—1) U (—=%,,—1) where +X; means adjoining + on the
left of the given k-tulpe in X, to create a (k + 1)-tuple

Lemma 4.1. For m > 2, if A,,—1 satisfies the following size and convexity
condition. For all (u,v, {A;u};zllij;ll) € Sm-1,
0< A1 < (Coy + 2™ Vv (36)
and
Ap—1(u,v, {Azu}
A (14,04 {Aju}j;;-_-_'_’,ii”) Ao (v (Ajuyimg T
2

271
(37) > Dyy 7j4(22m+1 j Z )

Then for all (u,v, {Alu}l 1’ o2 ) € m, Am satisfies the following size and
convexity properties.

0 < Ay, v, {ALY 127 < (@ (Crmy + 2771 4+ 27 War (38)

.....
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oy i=1 297241,...,2971
A (g, v, ADUEZY 2 0 + A (us, o (AL} iZY THLe)
2
/4 mt1 2711

(39) > D 7/4 ZW“ 73T (Al

=1

Proof. For the size condition (38), one can easily verify using

Z B(ug,v) < 2™ B(u,v) = 2™ y/uv,

TES

which is due to (Yut + ¢u=)/2 < /(ug +u_)/2 = u. We now rewrite the

left hand side of the inequality (39) as follow.

A1 (1,0, {A Y =0 T )+ > B(ug,v)

Uezrn
1 i yi=1,..,2971
_Q(GmAm1(u+7v+7{Aju}j_2,...,m )+ Z B(uyo,v4)
0EXm_1
i qi=1,...,277!
—l—amzﬁlm_l(u_,v_,{A}u}j:é’w’fj1 )+ Z B(u_a,v_)>
oEX m—1

(40) = an, (Am 1(u, v, {Alu} e 1)

1 i i—1 i yi=1,..92i"!
_2(Am 1(U+av+7{A uli_ 1’ 72 )+Am71(uﬂvﬂ{Aju}j:127,...’3n )))
(41) + Y Blug,v)
TEX
1
_ 2< Z B(U+U,'l)+) + Z B(U_g,'l)_)> .
[ SHITE] 0EYNm_1

By the assumption (37), we already have the lower bounds for the term (40).
We now estimate the lower bounds for the term (41) and (42) separately. Since,
for all u,, o0 € ¥,,, 0 <uy =u+ a,, and 0 < u — su < u + Say,,, we have

37]1/4 m 211

Z B(ug,v) > 2™ B(u,v) — ™ 7/4(22m+1 j Z A’ ) (43)

oEY

by using (34) 2™ times. For the term (42), using (32) and observations ui, <
2"y and |Av| < v, we can obtain the following lower bounds.

_;< S Bl o)+ Y B(u_a,v->)

TEX, TEX
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m+1 2i—1
_om m+2—j 7
(44) > 2" B(u,0) + 5 %6 @y ( Z 2 Z (Al )

Combining (37), (43), and (44), we can estimate the lower bound for the left
hand side of (39),

m 271

U1/4 m l2j71 ) 30 1/4 ]
m—+1— 7 +1— 7 2
amDmlu7/4< E 2 / E (Amu) ) 4u7/4 ( § 2m g E Aju) )
j=1 i=1

i=1

p1/4 m+1 21 =1
m—+2—j [ 2
ol O DR IS
j=1 i=1

Choosing a,, = and D,, prove the Lemma. O

3 _ 1
4D 1 = 36-(2m)7/4

From Lemma 4.1, we can state the follows. Let us define

m
i yi=1,...,2971 Z 41— o mtl=g)(mty)
Am(u7v7{A;u}j:1,,,,,m ) = 27m 72 8 Bj—l +Bm7

j=1
where B, = dex _B(ug,v), and By = B(u,v), on the domain §,,. Here
(u,v, {Alu} o 1) € §m means all pairs (u,v) and (uy,v) € Dy, for all
cc¥;,j= 1 ,m. Then A, has the size property,
0< A, < (Z2j127m+1]‘27(m+1—8_7')(m+j) +2m> Yol (45)
j=1

and the convexity property7
1

A (u, v, {Alu} QJ )

- i 297247, 2071
Am(u+7v+7{Aju}j: erl) + Am ( _,U_,{A u}’ ;Jrl )
2

pL/4 m+1 2711

1 met1— i,2
(46) Z 35 (2m)7/A 774 22 ~ Z (Aju)”.

=1

Then usual Bellman function arguments will return the Lemma 2.7.

5. Remarks

In the present text we only deal with a general Haar shift operator in the
real line. However, one can extend the same result to the multi-variable case,
R™, similarly with [11]. The author in [11] extended her Hilbert transform
(one-dimensional) result to the Riesz transform (multi-dimensional) result with
careful modifications. Also, one may define a general Haar shift operator with
different Haar system. The second author presented, in [3], the way to defined
the dyadic operator with different Haar system (Wilson’s Haar system) but more
convenience and he extend the one-dimensional proof to the multi-dimensional
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ult with the same Bellman function. Furthermore, the argument in [3] allows

to obtain dimensionless bounds in the anisotropic case.

In fact, our main result (5) depends on exponentially in the complexity. Thus

we
we

can not get the estimate for the general Caldeén-Zygmund operators, but
may be able to get the estimate for the Caldeén-Zygmund operators with

sufficiently smooth kernel. To overcome the exponential dependence of the
complexity, one may need to revisit Lemma 2.7. In Lemma 2.7 we estimate the
the too big quantity, which is bigger than the sum of differences of the weight
in the all dyadic interval K € D(I) such that 27™|I| < |K| < |I]. Thus careful
modification can be return another solution of the As-conjecture.
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