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COSET OF A HYPERCOMPLEX NUMBER SYSTEM IN
CLIFFORD ANALYSIS

JI Eun Kim AND KwANG HO SHON

ABSTRACT. We give certain properties of elements in a coset group with
hypercomplex numbers and research a monogenic function and a Clifford
regular function with values in a coset group by defining differential op-
erators. We give properties of those functions and a power of elements in
a coset group with hypercomplex numbers.

1. Introduction

Many kinds of quaternion, specially, split quaternions and dual quaternions,
etc., have applications in physics and computer systems. There are conven-
tional and mathematical constructions of quaternions by multiplication rules
of each elements. Leo [10] formulated special relativity by a quaternionic al-
gebra on reals and showed that a complexified quaternionic version of special
relativity is not a necessity. Hasebe [3] constructed quantum Hall effect on
split quaternions and analyzed that a wave function and membrane-like excita-
tions are derived explicitly. Brody and Graefe [1] introduced quaternionic and
coquaternionic (split signature analogue of quaternions) extensions of Hamil-
tonian mechanics and offered complexified classical and quantum mechanics.
Hucks [4] introduced basic properties and definitions for the hyperbolic com-
plex numbers, and applied the Dirac equation in 4 dimensions to special rel-
ativistic physics. Sobczyk [12] explored an underlying geometric framework
in which matrix multiplication arises from the product of numbers in a geo-
metric (Clifford) algebra. Jaglom [5] generated the mathematical operations
and representations between complex numbers and geometry. We [6, 7, 8, 9]
have researched corresponding Cauchy-Riemann systems and properties of a
regularity of functions with values in special quaternions on Clifford analysis
and gave a regular function with values in dual split quaternions and relations
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between a corresponding Cauchy-Riemann system and a regularity of functions
with values in dual split quaternions.

In the conventional mathematical construction of complex and multicom-
plex numbers, multiplication rules are suggested instead of being derived from
a general principle. Petrache [11] proposed a systematic approach based on the
concept of a coset product from the group theory. He showed that extensions
of real numbers in two or more dimensions follow from the closure property
of finite coset groups with the utility of multidimensional number systems ex-
pressed by elements of small group symmetries.

In this paper, we give the form of elements in a coset group with special
unit matrix bases and the multiplication of those elements. Also, we consider
certain properties of elements in a coset group with hypercomplex numbers
and then investigate a monogenic function and a Clifford regular function with
values in a coset group by defining differential operators. We give properties of
those functions and a power of elements in a coset group with hypercomplex
numbers.

2. Preliminaries

Throughout this paper, let R, C, and N be the sets of real and complex
numbers, and positive integers, respectively, and Ny := N U {0}. Referring
Petrache [11], we consider the coset group G = {R, (1R, ¢2R, gsR}, where g,
is an element of the set outside of R but compatible with operations in R and
gm (m = 1,2,3). Then we obtain the following numbers by generating a set
within cosets:

A={{=p+ygq|pqeC}

where g is an element of the set outside of C for which addition and multipli-
cation rules follow from the properties of g: For any (,n € A,

C+n=(p1+p2) + 91 +q2)
and

¢n = (pip2 + aq1g2) + 9(p1g2 + p2q1),

where o = ¢? is a complex number. From the above multiplication rule, the
product ¢n can be written in a matrix form:

(pp2+oaqe pre+peqn )=(p1 @) (5;2 ZZ),

which gives the following matrix form:

Cz( b q) (p, ¢€C).

aqg p
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Since complex numbers p and ¢ are also obtained by the above process, we
obtain
To T T2 T3
¢ = Zi; 0‘2’3 0;23 ij = 20l 4+ 21 + 20 + 13K,
Oé21'3 aryg A1 X

where 1 is the unit matrix,

01 0 0 0 01 0 0 0 0 1
a 0 0 0 0 0 0 1 0 0 a O
I= 0 0 0 1 I = a 0 0 0 , K= 0 o 0 0
0 0 a O 0 o 0 O a? 0 0 0

We consider properties of 1,1, J and K. By the multiplication of matrices, we
obtain
I’=J*=01, K?=01,
I1J=JI=K, JK=KJ=al, KI=1K = alJ.
If &« = —1 + 40, where i = v/—1 is the imaginary unit in C, then
PP=J"=-1, K> =1,
I1J=JI=K, JK=KJ=-I, KI=IK =-J.
Let C be a set of ¢ with 1,7, J and K as follows:
C={z=zn1+2znJ|z1=x0+m1l, z2=22+23I, z, eR (r=0,1,2,3)}
and the elements of C be said to be pseudo split quaternions.
We give the commutative multiplication of elements of C: For any z,w € C,
2w = (zywy — zows) + (z1wa + 20wy )J
= (Zoyo — z1y1 — T2y2 + 23Y3) + (Toy1 + T1Yo — T2y3 — T3Y2)]
+ (zoy2 — 1y3 + 290 — x3y1)J + (Toys + 21y2 + T2y1 + z3Y0) K.
When z; is a scalar multiplication of z3, we have the conjugate number z =

— — . — 3 . .
z1 — z2J, the norm of z is |z|* = 2z = >_°_, 22 and the inverse number of z is

—1 Z
27 = %5,
[2]2
Also, when z; satisfies the equation z; = K221, where £ is a scalar number,
we have the conjugate number z* = Z7 +Z3J, the modulus of z is N(z) = zz* =
2 1 z*

2 4 2 2 : o =1
x§ + x7 — x5 — x5 and the inverse number of z is 27 = NG

Let € be an open set in C2. We give a function f : C?2 — C such that
f(2) = f(z1,22) = fi(21, 22) + fa(21, 22)J,
where f1 = ug +u1l and fo = ug 4+ uzl with w, (r = 0,1,2,3) are real valued
functions. We give differential operators as follows:
1,0 0] 0 0 0 0
( I = J o+ Ko ) J

D:=-(—— )= —-J=
2 aLL'O (9:61 8x2 (9:63 (92’1 (92’2,
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— 1,0 0] 0 0] 0 0
D=g(gtlg+Jg—+Ks—) ==+ oz,
83@0 + axl + 6.1'2 + 8303 82’1 + 622
When 5_21 is a scalar multiplication of , there is a Laplacian operator such

that
3

- 0% f 0%f 1
DD = DD = —
f f 82’1621 82’2622 4 Z

Also, we have
1,0 0 0] 0 0 0
D* = —(— I—fJ—fK—) =——-J—
00 " 0m 0w, 0w om  om
When aa—zfl satisfies the equation 3 L — @1 2L where R is a scalar number,

0z 0z2
there is a Coulomb operator [2] such that

I | _l(ﬁ ﬁ_ﬁ_ﬁ)
021071 0207  4\0x3  0Ox? 0x3 Ox3)
Remark 2.1. By the definition of differential operators, we have

7= (5~ 2) * (52 + 55)

DD*f = D*Df =

e O Oy (O 0%y,

Df:<821+822 6_2_176_5

3. Properties of functions with values in C

Definition. Let 2 be an open set in C2. A function f(2) = f1(2) + fa(2)J is
said to be L(R)-monogenic in § if the following two conditions are satisfied:
(1) fi(z) and f2(2) are continuously differential functions on €2, and

(i) Df(z) = 0 (resp. f(z)D = 0) on Q.

Definition. Let Q be an open set in C2. A function f(z) = f1(2) + f2(2)J is
said to be L(R)-Clifford regular in 2 if the following two conditions are satisfied:

(i) f1(2) and f2(2) are continuously differential functions on €, and
(ii) D*f(2) =0 (resp. f(z)D* =0) on Q.

_Since the equation Df = 0 (resp. D*f = 0) is equivalent to the equation
fD =0 (resp. fD* = 0), we don’t need to distinguish between left and right
monogenic (resp. Clifford regular).

Remark 3.1. The equation Df(z) = 0 is equivalent to the following equations:

of1 3f2 af2 0f1

1 aNn_ 9l _ _9n
Also, the equation D* f(z) = 0 is equivalent to the following equations:

62) oh _ _0f b0

82_1 822 (92’1 B 82_2 '
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The Equations (3.1) and (3.2) are the analogue of the Cauchy-Riemann
systems in C.

Remark 3.2. Let Q be an open set in C2. If a function f(z) = f1(z) + f2(2)J
is monogenic in €2, then it satisfies

of of
D f=22L = 952
=%~ Y
Also, if a function f(z) = f1(z)+ f2(z)J is Clifford regular in €, then it satisfies
- of of
Df =22l —o72L
1= % o

Proposition 3.3. Let Q be an open set in C2. For n € Ny, a function
f(z)=2" = (21 4+ 2J)" = f1 + fal,

where
= AN = k=1 (m\ ,_
= X C0E (D)t e = 30 0 (),
PR Wodd

is monogenic and Clifford reqular in Q.

Proof. By the definition of differential operators, we have

a m
—m_
o7 ’
where m € Ng and ¢, p=1, 2. Hence, Dz" = 0 and D*2" = 0. Therefore, we
obtain z" is monogenic and Clifford regular in €. O

Proposition 3.4. Let Q be an open set in C2. A function f(z) = 271 (2 #0)
is monogenic and Clifford reqular in Q.

Proof. Since a function f(z) = 2! is defined by one of two cases as follows:
(i) 21 = Rz, where R is scalar.
(ii) 21 = Rzol, where 8 is scalar.
If ~ satisfies the case (i), then
= —/ Z 0 0 Z1 — Z2J
Dzl = D(i_) = (—_ + J—_) (721_ 2 _) =0.
2Z 071 07Z3/ \ 2171 + 29%3
Also, if z satisfies the case (ii), then
pt=p ()= (L L) (2R,
zz* 071 0%/ \ 2121 — 2972

Therefore, we obtain the result. Furthermore, we have

E(ZZ;) —0 and D*(%) —0.

Therefore, a function of the inverse form is monogenic (resp. Clifford regular)
in Q, regardless of calculating operators. O
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Theorem 3.5. Let 2 be an open set in C? and a function f be monogenic in
Q. Then we have

_Of O 0F, Of
Df n 6900 + ang N 6:51] 6902 J

Proof. From Remark 1 and the system (3.1), we have

Df = (%*%)*(%*%)J
- (o2 -2) + (2 +a2)
+ a%(ul ol + us — usK) + a%(ug +usl — ugd — ur K)
= — g—zfll - aa—:j;];
or
vi- (5% -52) - (= 5)
+ aixo(uo + ur D 4 ugJ + usK) + aim(ug —usl —urJ + upK)
-2k
Therefore, we obtain the result. (I

Corollary 3.6. Let Q be an open set in C? and a function f be Clifford reqular
in Q. Then we have

of of of of
Df=——-——J=—-——"I1+—K.
f (9:60 81'2 (9:61 + 81'3
Proof. Following the process of proof of Theorem 3.5, we also obtain the result.

O

Proposition 3.7. Let Q2 be an open set in C? and let f and g be monogenic
(resp. Clifford regular) in 2. Then the following properties are satisfied:

(i) fa and af are monogenic (resp. Clifford regular) in Q, where o is a
constant in C.

(ii) fg is monogenic (resp. Clifford regular) in €.

Proof. From the property of multiplication in C and the definition of monogenic
(resp. Clifford regular) in €2, the results are obtained. ]

We let
w:=dz1 Ndzo ANdzs + Jdz1 N dz1 A dzs.
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Theorem 3.8. Let € be a domain in C? and U be any domain in Q with a
smooth boundary bU such that U C 2. If a function f is monogenic in §2, then

where wf is the product on C of the form w on the function f(z).

Proof. Since the function f = f; + f2J has the equation
wf = fldzl/\dZQ/\dZ_—fgdzl/\dz_l/\dZQ+J(f1d21 /\dz_l/\dZQ-i-fgle /\ng/\dZ_Q),

we have
d(wf):a—ﬁdz_l/\dzl/\dzz/\dE—i—Ja—Edz_l/\dzl/\dzg/\dz_2
071 071
—a—édz/\dzl/\dz_l/\dzg—i—Ja—ﬁdz_g/\dzl/\dz_l/\dZQ
073 073

dft  0f2 df2  Of1

= (2 -=22)q 22 4 Sy
(6,2_1 05) V+J(az+az) v

where dV = dz; A dzo A dz1 A dz3. Since f is monogenic in (), f satisfies the
equation (3.1). Hence, we have d(wf) = 0. Therefore, by Stokes’ theorem, we
obtain the result. O

Corollary 3.9. Let Q be a domain in C? and U be any domain in Q) with a
smooth boundary bU such that U C Q. Suppose

w=dz1 Ndzo N dzg — Jdz1 Ndz1 N\ dzo
and a function f is Clifford regular in Q). Then

where wf is the product on C of the form w on the function f(z).

Proof. Using the process of proof of Theorem 3.8, we have

oft | 0fa 0fs  0fi
Awf) = (52 + 52 )V + (52 — 52 )av.
where dV = dzy A dzo A dz1 A dz3. Since f is Clifford regular in 2, f satisfies
the equation (3.2). Therefore, we have d(wf) = 0 and by Stokes’ theorem, we
obtain the result. O

Example 3.10. Let  be a domain in C? and U be any domain in Q with a
smooth boundary bU such that U C Q and let w = dz1 A dzo Adzz + Jdzy A
dzi A dza. Suppose f(z) = z" (n € Ny) be monogenic in Q. Then

/bUwf /U d(ewf)

:/[](g_ﬁ_i_g—ﬁ_z)dv+/ljJ(g—£_j+g—£_;)dV=0,
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where wf is the product on C of the form w on the function f(z) and dV =
dz1 Ndzo N dz1 N\ dZs.

Example 3.11. Let 2 be a domain in C? and U be any domain in Q with a
smooth boundary bU such that U C Q and let w = dz1 A dza A dzs + Jdz1 A
dzi ANdzy. If f(2z) = 2™ (n € Np) is Clifford regular in €, then

fet= / )
8f1 8f2 an afl
— d 222Ny =
where wf is the product on C of the form w on the function f(z) and dV =
le A dZQ AN dz_l/\ dZ_Q
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