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SPECTRAL APPROXIMATIONS OF ATTRACTORS
FOR CONVECTIVE CAHN-HILLIARD EQUATION
IN TWO DIMENSIONS

XIAOPENG ZHAO

ABSTRACT. In this paper, the long time behavior of the convective Cahn-
Hilliard equation in two dimensions is considered, semidiscrete and com-
pletely discrete spectral approximations are constructed, error estimates
of optimal order that hold uniformly on the unbounded time interval
0 <t < oo are obtained.

1. Introduction

Recently, more and more people are interested in the convective Cahn-
Hilliard equation

% + A% = Ap(u) + 8- Vi (u),

which arises naturally as a continuous model for phase transition in binary
systems, such as alloys, glass and polymer mixtures (see [2, 12]). Here, u(x,t)
denotes the concentration of one of two phases in a system which is undergoing
phase separation. The convective term - Vi)(u) which is introduced to study
how the phase transition is affected by the steady fluid flow.

In [15], Zaks et al. [15] studied the bifurcations of stationary periodic so-
lutions of a convective Cahn-Hilliard equation; Eden and Kalantarov [3, 4]
established some results on the existence of a compact attractor for the con-
vective Cahn-Hilliard equation with periodic boundary conditions in one space
dimension and three space dimensions; Based on the Schauder type estimates,
Liu [8] not only established the global existence of classical solutions for convec-
tive Cahn-Hilliard equation, but also discussed the nonnegativity and the finite
speed of propagation of perturbations of solutions for convective Cahn-Hilliard
equation; Zhao et al. [17] considered the global attractor for the convective
Cahn-Hilliard equation in two space dimensions with the functions ¢(s) and
1 (s) are polynomials. In addition, Zhao and Liu [18, 19] also considered the
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1446 X. ZHAO

optimal control problem for convective Cahn-Hilliard equation in 1D and 2D
cases.

The study of long time behavior for dissipative nonlinear partial differential
equations depended on the results of numerical experimentation to a great
extent. For this reason, it is worth studying whether the numerical results
are reliable and the calculation schemes are suitable. In [7], based on the finite
element method, Hale et al. studied the approximate attractor of some types of
nonlinear evolution equation; In [5], based on the finite element method, Elliott
and Larsson considered the approximate attractor of Cahn-Hilliard equation;
n [10], based on the a prior estimates, Lii and Lu obtained the existence
and the convergence of global attractors for a fully discrete classical Galerkin
spectral scheme of generalized Kdv-Burgers equation. For more results on the
numerical approximation to long time behavior of nonlinear evolutions, we refer
the reader to [9, 13, 16].

In this article, we consider the 2D convective Cahn-Hilliard equation

(1.1) gt +yA%u — Ap(u) — B-Vip(u) =0, 2= (x1,29) €ER? ¢ >0,

where « is a positive constant, 8 is a vector. Equation (1.1) is supplemented
by the following boundary conditions

(1.2)  w(wy +2m,29,t) = u(xy, vo + 21, t) = u(zy, 20,t), x € R t>0,
and initial condition

(1.3) u(z,0) = ug(z), = € R

In this paper, we assume that the initial function has zero mean, i.e., [, uo(z)dx
= 0, then it follows from (1.3) that [, u(z,t)dz = 0 for ¢ > 0. On the other
hand, we use the following notation: = [0, 27] x [0, 27]; (-, -) denotes the inner

product of L?(Q), || - ||m the norm of L™(Q), and || || = || - |22, || * [loo = || || Loe-

The outline of this paper is as follows. In the next section, the existence
of discrete attractors A%, is obtained by the ¢-independent prior estimates of
discrete solutions; In Section 3, the convergence of A%, is proved by the error
estimates in [0, +00) of the discrete solutions.

Finally in this section, we give the following lemmas which are necessary for

further discussion.

Lemma 1.1 (Poincaré inequality [6]). Suppose that @ C R™ is a bounded
domain and || - || is the norm of L*(2). Then we have the Poincaré inequality:

o Vv € H}(Q),
2]
Il < —=lIDvfl, n=1, [l <CEQ|Dol, n=2.

o Vv e HY(Q),

Q) ?
|v ||2 —||DU||2 |Q| de , n=1,
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| Dv||* + </Qv(z)dz> 2] , n>2

Lemma 1.2 (Sobolev interpolation inequality [11]). Suppose that u € L1(§2),
DMy e L"), QCR™, 1 <r <00, 0<j<m. Then there exists a constant
c=c(j,m,Q,p,q,r) independent of u such that

ID7ull1s < e D™ um.r ull 1,

lvo]|* < C(Q)

where

1 j 1 1 j
_:1+a<__@>+(1_a)_, L o<t
n T q m

n

2. Semidiscrete Galerkin spectral approximation

For any given positive integer N, j = (j1,Jj2), J - & = j1x1 + jox2, let Sy =
span{e” " : [j| < N}, where |j| = max{|j1], |j2|}. Denote by Py : L2(Q) — Sx
the orthogonal projection operator. For operator Py and functions in Sy, we
have the following results (see [1]):

(B1) Py commutes with derivation on HZ(f), i.e.,

PyAu = APyu, Yu € H.(Q).

(B2) For any real 0 < u < o, there is a constant ¢ independent of u, N such
that
lu — Pyullge < eNF77|ullge, Yu € Hy (€2).

2.1. Existence of approximation global attractors An

By using Galerkin method, for each N > |j|, we find
un(@,t) = Y Bi(t)v;(z) € Sy

lFlISN
such that 3;(t) satisfies the following ODEs
(un(:,0),v5) = (uno(-),vs), 3] < N

According to ODE theory, there exists a unique local solution to problem (2.1).
What we should do is to show a prior estimates. In addition, we assume that
|luol| g2 < R, where R is a positive constant.

Lemma 2.1. Suppose that v is sufficiently large, ¢, € Ct, ¢'(s) > —cq,
up(x) € L?(2), then the solution un(x,t) of problem (2.1) satisfies
lun (@, )]|* < |luole™", t =0,

[

tligl\UN(x,t) < g,

where ¢y, c1 and pg are positive constants independent of N, t.
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Proof. Setting v; = un(z,t) in (2.1), we derive that
1d

5 g llunl® + Al Aun|® = (o(un), Aun) + (8- Vip(un), un).
Then

l1d 2 2 /
(22) g llun ™+ yllAun]® + (¢ (un) Vuy, Vuy) = (6 - Vi (uy), un).
Note that ¢'(s) > —co. Hence
(2.3) (¢’ (un)Vun, Vuy) 2 —col Vun||*.
On the other hand, a simple calculation shows that
(2.4) (8- Vi(un),un) =" / Y (un)unVundz = 0.

Q

By Poincare’s inequality, we obtain

2
@5) vl < (@) {IVuN||2 + ([ uxao) } < 1|V
Q
We also have
2 1 2 012 2
(2.6) Ci|Vun||* = —-C1 | unAuydx < §HUNH + 7HA’U,NH .
Q

Adding (2.5) and (2.6) together gives

(2.7) lun|* < CF[| Aun]*.
It then follows from (2.2)-(2.4) and (2.7) that
d ¥ c?

25) P+ (& = =) huxl? <o,
where 7 is large enough, which satisfies 677 — %21 > (0. Then, by uniform Gron-
wall’s inequality, we obtain

— L_ﬁ t
(2.9) lun (@, )]|* <|luoll*e <Cf ”> :
which implies that
(2.10) T [lun (2. )]1? < 03,
Therefore, Lemma 2.1 is proved. (I

Lemma 2.2. In addition to the conditions of Lemma 2.1, we suppose that
uo(x) € HY(Q), ¢ € C? and (s), 1(s) satisfy

PO () <celr*T s @) < e’V (r) + ¢,
where k < 3 is a positive constant and i = 0,1,2. Then the solution uy(x,t)
of problem (2.1) satisfies

IVuy (@ O] < [Vuo*e™ + s, ¢ 20,
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li H|I* < p?
T [V (o, ) < 2,
where c3, ¢y and p3 are positive constants independent of N, t.

Proof. Setting v; = Auy(z,t) in (2.1), we derive that

1d
(2.11) 52 VP47V x>+ (Ap(un), Auy)+ (5 Vi un), Auy) = 0.

We also have

(2.12) (Ap(un),Auy) = / <p’(uN)|AuN|2dz +/ <p”(uN)|VuN|2AuNdz.
Q Q

Combining (2.11) and (2.12) together gives

(2.13)

1d
3 TuvI? 2V Aunl? + [ )| dun Pz
Q

= f/ga”(uN)|VuN|2AuNdzfﬂ~/1//(UN)VuNAuNdz
Q Q

C(/ |uNAuN||VuN|2d:E+/ |u?vx/<p’(uN)VuNAuN|dx+||VuN|2)
Q Q

Q/ |VuN|4dz+€/ |uNAuN|2dz+/<p/(uN)|AuN|2dz
2 Ja 2 Ja 0

IN

IN

02 2
+ #/ u§v|VuN|2d:E + C||VUN||2.
Q
Using Sobolev’s interpolation inequality, we obtain
funls < CIVAuN|Fllun]?,  [[Vunla < CIVAuN|? lux|?,

lunlls < CIVAun || Tllun]|?,  [|Aun]s < CVAuN|?[fun]s.

By Holder’s inequality and the above inequalities, we get

(2.14) unZ]| AunllF < %HVAUNIIQJrCs,
4 2 B 2

(2.15) unllsllVunllz < WHVAUNII + Cy,

and

(2.16) |Vunll} < 151V Auy|? + Cs.

It then follows from (2.13)-(2.16) that

d 5
(2.17) EHVUNlF + %HVAUNH2 < QCHVUNHQ + 2(03 +Cy + 05)
Using Sobolev’s interpolation inequality again, we immediately obtain

[Vun|| < OV Aun |3 [lux|/?.
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Hence

(2.18) 20| Vuy||? < %||VAUN||2 + Cp.

Using (2.17) and (2.18), we deduce that

(219) & Fuxl? + 4 Vun|? < O,

where C7 = 2(C5+ C4+ C5) 4+ Cg. By uniform Gronwall’s inequality, we obtain
(2:20) [Vun]? < |Vugl?e= + .

which implies that

(2.21) T [V (o, ) < o2,

where p? = % Therefore, Lemma 2.2 is proved. (I

Corollary 2.3. In addition to the conditions of Lemma 2.2, there exists a
unique solution uy (x,t) for problem (2.1) in (0,+00), which satisfies

lun(z,t)]lp < C(R), 0<p<+oo, t>0,
where C(R) is a positive constant dependent only on R.

Lemma 2.4. In addition to the conditions of Lemma 2.2, we suppose that
ug € H}(S), then the solution uy(x,t) of problem (2.1) satisfies
[Auy (@, )|* < [|Auo?e™*" + 5, ¢ 20,

I?

T 2
T | A (. 0)] < o3

where c5, cg and p3 are positive constants independent of N, t.

Proof. Setting v; = A%upy(z,t) in (2.1), we derive that

1d
(2.22) gﬁl\ﬁwll2 + 1 A%un]® = (Ap(un), A%un) + (8- Vi(un), A%un).

We also have
(2.23) (Ap(un), A%uy)
(' (un)Aun + ¢" (un)|Vun|?, A%uy)

IN

2 2
%HA%NII2 + ;Hw’(uzv)vaH2 + ;I\w”(UN)IVUNFHQa

and

(2.24) (BVQ/J(UN),AQUN) (w(uN)qu,A2uN)

2
< 2%+ L ) e
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Adding (2.22)-(2.24) together gives

d
(2.25) Zl1Aunl + v A%uy?

IN

4 4
> [l umdux e+ 2 [ 1o () Tun Pldo
Y Ja Y Ja
2 2
Jrﬂ/u;lﬂcp'(uN)VuNﬁd:c
7 Ja
C(/ u‘}V|AuN|2dx+/u?v|VuN|4d:E+/u?v|VuN|2dx)
Q Q Q

< C ([Aunli + [ Vuns + | Vunlf3) -

By Sobolev’s interpolation inequality, we conclude

IN

.7

(2.26) |Auy|} < (ClA%uy]|Fluy]]?)? < gI\A2UNII2+Cs,
3y2 o

(2.27) IVunl} < (ClA%uy]|Fluy]|?)? < —HAQUN||2+09,
TRV

(2.28) IVun[§ < (CllA%uy]|3 Juy]| 1)t < gIIAQUNII + Cio.

It then follows from (2.25)-(2.28) that

d
1 Aun? + 2|A%uy 2 < Cs + Co + Cro.

By a Calderén-Zygmund type estimate, we have

d
(2.:29) 1 Aun]? + Cra (| Aun|* + IV Aun]f?) < Cro.
Using uniform Gronwall’s inequality, we derive that
C
(2.30) [Aun|? < [|Aug|e~Cnt + 212,
Cn
which implies that
(2.31) Jim HAuN(:I:,t)||2 < p3,
where p2 = 012 . Then, Lemma 2.4 is proved. (I

Corollary 2.5. In addition to the conditions of Lemma 2.4, there exists a
unique solution uy (x,t) for problem (2.1) in (0,+00), which satisfies

[un(z,t)[l0 < C(R), t20,
where C(R) is a positive constant dependent only on R.

Lemma 2.6. In addition to the conditions of Lemma 2.4, we suppose that
© € C3, 1 € C?, then the solution un(x,t) of problem (2.1) satisfies

E
VAU (z,t)|| < 70 +E1, t>0,

where Ey is a positive constant dependent on R and t, independent of N.
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Proof. Setting v; = t*A3up(x,t) in (2.1), we derive that

(2.32) (uNt +yA%un — Ap(uy) — B - (un), tQAguN) =0.
Note that

(2.33) (une, t*APuy) = —%%HtVAuNHQ + |2 VA2,
and

(2.34) (YA2un, 2 APuy) = —7|| VAZux|?.

In addition, we have
(2.35)  [(B-¢(un),?Auy)|

=| [ V@ (un)Vun) VA uydz]
Q

< /t2|1//(uN)AuNVA2uN|dx+/t2|7,///(uN)|VuN|2VA2uN|dz
Q Q

<C (/ 2| Auny VA% uy|dz —|—/ t2||VuN|2VA2uN|dac)
Q Q

IN

%IIWAQUNII2 +C(|Aun|* + [ Vun|3)

IN

%Htm%mﬁ 4Oy
and

(2.36) |[(Ap(un), t*Aduy)|
= [(VAp(uy), tQVAQUN)|

IN

/t2|g0’(uN)VAuNVA2uN|dz+3/t2|g0”(uN)VuNAuNVA2uN|dz
Q Q

+ [ 216" ) Vi PV Ay d
Q

IN

C (/ t2|VAuNVA2uN|dx+3/ t2|VuNAuNVA2uN|d$
Q Q

+/ t2||VuN|3VA2uN|d:E>
Q

IN

%IIWAQUNII2 +C(IVAun|? + [Vun Auy]|* + [ Vun][g)

IN

%IIWAQUNII2 +C(IVAun | + [Vun %[ Aun [ + | Vun )

IN

%HtVAQuNHQ + C1a||[VAuy|? + Cis.
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We have used Sobolev embedding H?3(Q2) < W1°°(Q) in (2.36), which is correct
in 2D case. Combing (2.32)-(2.36) together gives

d
(237) EHtVA’U,NH2 < 2014HVAUNH2 + 2(013 + 015).
It then follows from (2.29) and (2.37) that

C
(2.38) [VAuy(z, )| < % +Ci7, t>0,

where C14 and C17 are two positive constant dependent on R and ¢, independent
of N. O

Now, from Lemma 2.1, Lemma 2.2, Lemma 2.4, Lemma 2.6 and the compact
argument, we have:

Theorem 2.7. Suppose that v is sufficiently large, ug € Hg(Q), p € C? and
W € Ct also satisfy

¢'(r) >0, D) <cr*" 4+, W(r) <er V() + ¢,
where k < 3 is a positive constant and © = 0,1,2. Then there exists a unique
global solution u(xz,t) for problem (1.1)-(1.3), such that

u(e,t) € LR H2(Q)) () L2 (RT; Hy(Q)).
Furthermore, if o € C3, 1 € C?, then
IVAux(e D)l < 22+ By, 10
where Eg and E1 are two positive constant dependent on R and t.

In the conditions of Theorem 2.7, the solution operator of problem (1.1)-
(1.3) generate an operator semigroup S(¢). Similarly, for the solution u(z,t) of
problem (1.1)-(1.3), we also have the a prior estimates as Lemma 2.1, Lemma
2.2, Lemma 2.4 and Lemma 2.6. Thus, the operator S(t) is a continuous
operator from H2() to itself. On the other hand, set By = {u € HZ(Q) :
HuH%{Z(Q) < 2(p% + p? + p3)}. It is easy to see that By is an absorbing set,
and S(t) is uniform compact for ¢t large enough. Therefore, the semigroup
of operator S(t) has a compact global attractor A C Hg (Q). Tt is similar
completely, the solution operator of problem (2.1) also generate an operator
semigroup Sy (t) on Sy, which possesses an attractor Ap.

2.2. Convergence of the global attractors Apn
Define the semidistance of two sets A and B in H2(f2) as follows
d(A,B) = sup inf ||z — 2(Q)-
( ) IegyeBH Yl ()
We say that Apn converge to A, if
d(An,A) =0 as N — +oo.
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Set

(2.39) u—uy =u— Pyu+ Pyu—uy =n+6.
Based on (1.1)-(1.3) and (2.1), 6 satisfies

(2.40)

(02, 0) + (A0, Av) = (p(u) —p(un), Av) = - ((u) = P(un), Vv), Yo € Sy
6(x,0) = 0.

Theorem 2.8. In addition to the conditions of Theorem 2.7, we suppose that
u(z,t) is the solution of problem (1.1)-(1.3) and un(z,t) is the solution of
semi-discrete approzimation (2.1). Then

E
||u(z,t) — un(x,t)|| gz < C <TO + B+ Cl7> N1

where Ci7 is a positive constant dependent on ||uol| g2 -

Proof. Setting v = 6 in (2.40), we deduce that

(2.41 101 + AN 201 = (o(u) = p(un), A8) = (8- [t (u) — P (un)], V).

d
) S
Note that
(2.42) (p(u) — p(un), Af) = (¢ (§u+ (1 — Eun)(u — un), A0)
< @' (€u+ (1 = &un)lloollu — un|[[| A0
Clnll + lennae|

gl
S 18017 + Cas([Inll* + [1611%),

IN

IN

and
(2.43)

=B [(u) = P(un)], VO) = — (B [¥'(Cu+ (1 = Qun)(u — un)], VO)
< Bl (Cu+ (1 = Qun)loollu — un|[[[VE]]
< C(lnll +lemvel
<2A0)12 + Crolnl® + 16])
Adding (2.41)-(2.43) together gives

L1011 < 2(Chs + Cro) Il + 011
Using Gronwall’s inequality, we get
16C, 17 < 16, 0)[Pe> 1+ 4 |y |2 < CNC|VAu|* < C17N~°.
By inverse inequality (see [1]), we derive that
IVOC, ) < CNHO(, )l < CC1rN T2,

)]
IAOC, )]l < ON?0(-,t)]| < CCreNT1.
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In the end, by Theorem 2.7, we obtain

u(-t) —un (- 8) a2y < 0G0l a2@) + 106, 6 20
< CN7HVA(, )| + CCie N~

E, B
<C(— +E1+Ci7) N~
< (t+ 1+ Cr7) 0

Therefore, for any compact interval J € (0, +00),

sup sup d(Sy (t)ug, S(t)ug) =0 as N — +oo.
wo€HZ(Q) N Sy te]

Through Theorem 1.1.2 of [14], we get the following result.
Theorem 2.9. In addition to the conditions of Theorem 2.7,
d(An, A) -0 as N — +oo.

3. Fully discrete Galerkin spectral approximation
3.1. Existence of approximation global attractors A%,

Let 7 be the mesh size in the variable ¢, t, = k7, u* = u(x,ty), duf =
%(uk —u*~1). The fully discrete Galerkin spectral scheme for solving problem
(1.1)-(1.3) is to find uk, € Sy such that

_’U,k v uk V)= ’U,k v)— . uk v
(3.1) { f?; :vazijom ks A) = (p(uky), Av) — (B (), Vo),

Lemma 3.1. In addition to the conditions of Lemma 2.1, the solution u’fv of
problem (2.1) satisfies

] < mHUOH2 < luol> £ Y5, Vn>1,

i n |2 < / 2.
nlingo||UN|| = (Qo)
n
3 |0 |? < C{(1+tn), Yn>1,
1

where the constant C1 = Ci(|luo||) is independent of N, n and 7.
Proof. Setting v = u%; in (3.1), we derive that
(B, uly) + v Auy[* = (p(ufy), Auy) — (B - (uk), V).
Note that 1
_ _ T -
(Dpufy, uf) = §3t||ulz€\r||2 + §||<9tulfv||27
lulf|* < C1lVun|? < CF|| Auk 1%,

(p(uly), Auf) = =(¢' (uk), [Vui[*) < col [ Vul|?,
and

(8- ¥(uly), Vuy) =0.
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Summing up, we get

. 5 g v
B2 Bkl + Il + gl P + (5 - 20 ) IVulP <0,
where 7 satisfies 54~ —2¢o > 0. Hence
Y _
(3.3 (14 sl ? < 2
1
Multiplying (3.3) by (14 52=7)"' and summing them for k from 1 to n, we
have oy
lupl* < (1 + WT)_kHUoH2 < Jluoll* £ Y3,
1

which implies that

T [l < ()2
Taking the sum of (3.2) for k from ko + 1 to n, we complete the proof of the
lemma. (|

Corollary 3.2. For any given go > g and Ry > 0, if ||uo|| < Ro, then

BN e en
g(%(ga)?)“ (A+ar).

Lemma 3.3. In addition to the conditions of Lemma 2.2, the solution u’fv of
problem (2.1) satisfies

||u}{,||2 < Q%, Vn > ng = (1n

1
(1+ cgm)m

||vu§:\f”2§g§5 vn2n0+NOén1,

IVup|* < [Vuoll® + s < [Vuo|* + e £ T3, n>1,

n
72 Z 10, Vb, || < CH(1 +t,,), Yn>1,
k=1
where ng is given by Corollary 3.2, Ny is an arbitrary positive integer, v is an
arbitrary positive number such that NoT = r, the constant o1 is independent of
N, n, 7 and ||uo| g1, the two constants Cy = Cy(||uollg1) and Y1 = YT1(||uol 1)
are independent of N, n and 7.

Proof. Setting v = Auk; in (3.1), we derive that
1= T, =
SOV + S0 Vuy [ + [ VAuy [ + (¢ (uk), [Aui[*)

= = (¢"(up)|Vur [, Au) = (8- ¢/ (up) Vi, Aul).
Similar to the proof of Lemma 2.2, use Sobolev’s interpolation inequality. Sim-
ple calculations show that

0| Vuly||® + 718 Vug |* + 4| VAuy|* < Cr.
By Poincaré’s inequality, we get
IVuf | < CillAuk|? < CP|IVAuR |12
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Hence
(84) AVl + 710Vl | + 555 VUl P + 55 I Auk|? < Cr,
2073 2C
that is
(3.5) (1 + 5 IVuly|? < [IVuf | + Cor.
1
Multiplying (3.5) by (1 + 3&z7)*~! and summing then for k from 1 to n, we
1
have
1 20%C,

(3.6) IVl < g | Vo ||* + =

R G =

202C
< [ Vu|? + ==L 2 13
Y

It then follows from (3.2) that

~ ko+No

k
.0 (35 -20) 7 2 IVl < g
ko+1
By applying the discrete uniform Gronwall’s inequality, we deduce that
ko+No ko+No ko No
IVukl® < (f > IVl > c») ¢k et
" ko+1 ko+1
<o}, VYn>mni=no+ No.

Taking the sum of (3.4), we complete the proof of Lemma 3.3. O

Corollary 3.4. Under the hypotheses of Lemma 3.3, we have
ufllqg < Cloo,01), Yn>ny, 0<q< oo,
[uflly < C(To, Y1), Yn>1, 0<q< oo.

Lemma 3.5. In addition to the conditions of Lemma 2.4, we suppose that
ug € HY(Q) satisfying || Aug||®> < R?. Then we have

[AuR (@, )1 < 03, Y >mna=mn1+ No,

[Auy|® < Y3, Vn>1,

n n
72 Z [0 Ak |12 + TZ VAWK |2 < C4(1 +t,), Vn>1,
k=1 k=1
where ny is given by Lemma 3.3, Ny is an arbitrary positive integer, v is an ar-
bitrary positive number such that NoT = 1, the constant g2 is independent of N,
n, 7, and ||uol| g2, the two constants Yo = Yo(||luol|g2) and C4 = C4(J|uoll 2)
are independent of N, n and T.
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Proof. Setting v = A%u%; in (3.1), we derive that
1~ T, =
(3.8) SOHIAUR | + IO Auf || + [ A%l |

= (Ap(uly), A%uly) + (8- Vi (u), A%uf).

When k > nj, similar to the proof of Lemma 2.2, use Sobolev’s interpolation
inequality. Simple calculations show that

2
'ﬂ' (k) V|2

gl
g lAa%ur ] + CIIUNIIQIIVU?VII?;

(39) (8- Veb(uk), A%K) < LA+

IN

IN

Y
Tja%ul |12 + Cleos 01)

and
(3.10)

(Ap(ul), A%uf)
2
gIIAQU’?vH2 + ;Ilsﬂ’(uﬁcv)ﬁu?vll2 + ;IIsﬂ”(U’?v)IW?VIQII2

gl
SIA%ul | + Cllup lls Aup |3 + [k 2 Vuklls + [ VuR [ Vi [13)

| /\

IN

IN

Y
SIA%uk | + CAuk I + [ Vuklls + [ Vur )

IN

1A% + Cleo. 01):
It then follows from (3.8)-(3.10) that
Oel| AuR 1 + 70 AuR | + vl A%un|* < Cleo, 01)-
Hence
(3.11) Bl Auf |® + TN Auy[* + Cra ([ Au|* + [ VAuR[?) < Cleo, 1)
By (3.4), we obtain

ko+No
312 (g -20)7 X IAGIE < [Vl + o

ko+1
By applying the discrete uniform Gronwall’s inequality, we deduce that

r ko+No ko+No 5 Ko+ No
) k 12 < ’ k |12 =T 2 k41 11
(3.13)  [lAuk | < | - Do lAuRIP+7 Y Cloo+01) | e =r0
ko+1 ko+1

<03, Vn>mns=ni+ No.
For k > 1, as the proof of inequality (3.11), we have
(3.14)  FllAuk|® + 7|0 Auiy|* + Cu(|AuR[* + (VAR [*) < C(To, T1).
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Taking the sum of (3.14) for k from 1 to n, we obtain

(3.15)
JAuk 12 + 72 3 10 2 + Crr S VAWK < Ch(1+ta), V> 1.
k=1 k=1
Combining (3.13) and (3.15), the proof of this lemma is completed. O

Corollary 3.6. Under the hypotheses of Lemma 3.3, we have
||u’r]<7||00 SC(QOle)) VRZRQa

Theorem 3.7. Suppose that v is sufficiently large, ug € Hg(Q), p € C? and
W € CY are also satisfy

) >0, D) <crf 4+, () <er? V' (r) + ¢,
where k < 3 is a positive constant and © = 0,1,2. Then the semigroup of

operator {S%(n)}n>o generated by problem (3.1) has a compact global attractor
Ay C H2(Q)( Sn-

Proof. Set H = Hg(Q)ﬂSN, S7, is a semigroup operator, i.e., the solution
operator generated by problem (3.1).
(I) By using the results of Lemma 3.1, Lemma 3.3, Lemma 3.5, and assuming
that u, € B = {ul]||ul |l < Ro} C€ HZ(Q2) () Sn, we have
ISR (m)u | = l[ufll = < (g5 + 6 +@3)*. Vi = m(R).
Therefore

By = {u} € Hy()[ )| Swllluillme < (0f + of + 03)%)

is a bounded absorbing set of the semigroup of operator {S% (n)}n>0.
(IT) From Lemma 3.1, Lemma 3.3, Lemma 3.5 and their corollaries, we have

IS5 (n)uQ |2 < (T2 4+ T2+ T3)%, ¥ >o0.

This means that {SF (n)} is uniformly bounded in H?(Q)( Sy. Since a closed
bounded set is a compact set in the finite dimensional space H2(Q2) () Sy, the
operator S%;(n) is uniformly compact for any n > 0.

On the other hand, it is easy to see that the continuity of operator S% (n)
is from its boundness. Hence, the proof is completed. O

3.2. Convergence of the global attractors A%,

Let Gy : Li(Q) — Sy be the integral projection operator, i.e., for any given
u € L?(Q), we have

(3.16) (V(Gyu), Vo) = (u,v), Vv € Sy.
Then for any u, v € L*(Q2), we have (Gyu,v) = (u, GnNv).



1460 X. ZHAO

Lemma 3.8. For the integral projection operator Gy, the following results
hold:

(1) IAGNu)l| = [[Pyull, Vu € L3(Q);

(2) IGN(Vu)ll = [V(Gyu)ll, Vu e Hy();

(3) IGN (Au)[| = [VIGN (Vu)lll = [A(GNu)ll,  Vu € HY(Q);

4) IGR (Au)[| = [VIGR (Vu)lll = [AGRu)ll,  Vu € H(9).
Similar to Lemma 3.5, the following result can be proved easily.

Lemma 3.9. Under the hypotheses of Lemma 3.5, we have the estimates for
the smooth solution u(x,t) of problem (1.1)-(1.3) :

t
/ [ Vauel|2ds < C(1+ 1),
0
t
tHutHQ—i—/ s Ay |2ds < C(1 +£2),
0
t
t2||VutH2 Jr/ 52||VAutH2ds <C(l1+ tg),
0
t
3| Aug | +/ $?(Juge|)® + |A%w||*)ds < C(1 +tY),
0

t
4|V Ay +/ s Vug||2ds < C(1 4 t°),
0

where the constant C' is independent of t.
Theorem 3.10. Suppose that the conditions of Theorem 3.7 hold. Then
d(Ay, A) =0 asT—0, N = +oo.

Proof. Let ||uo|lgz < Ro. On account of Theorem 2.7, this theorem will be
proved by taking the error estimates of the solution u}; of discrete problem
(3.1). Now, we accomplish them through two steps.

Step 1. Take the error estimates of the solution v™ of the linear scheme as
follows:
3.17) (Opvy + A%y — YAy — Ap(uly) — B+ Vip(ul), O) = (—7Auf, O,
. ’U]OVZPNUO, VCGSN.
Set uk — va = u* = PyuF + Pyub — U]kv = pk + 0%. Hence, 0% satisfies

(040F + yA%0% — yAOF — (JpuF —uf),() =0, V(€ S,

(3.18) 2 —o

Letting ¢ = 0% in (3.18), we derive that

1= T, = _
§at|\9k|\2 + §H5t9k||2 + (A2 + (| VO*[1?) = (Deu® — ug, 07).
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From the definition of Gy, we find that
(Opu” — g, 0%) = (V[Gn (9u® — up)), VO*) < %IIW”“H2 + %Ilv[étuk —up)]ll.
Noticing that

_ 1 tr
IV = b)) = 1 [ s~ i) VG unds
tp—1

1 tr S — t27 tr
<= (%ds/ s%|| VG nug||*ds
T te—1 S th_1
T "o 2
S w) S ||VGN’U,tt|| dS.
tk th—1

Therefore, we deduce that

5 5 A [t
(3.19) Dl|0" P +710:0% || +27]| A6% ||+~ V6" || < 7?/ $* ||V Gy ||*ds.

kJtk—1

Multiplying (3.19) by ¢2, taking the sum for k from 1 to n, using [|[VG yugll <
C||VAu|, we get

(3.20) Ea 16”17 7 D 611068 |1P + v Y (2] A6% 7 + [ V6F)?)
k=1 k=1

" 42 [
< 37'Ztk||9k|\2 + - Z 82| VG nu||*ds
k=1 k=1

tp—1

n tn,
< 3thk||9k|\2+072/0 52|V Aug||2ds
k=1

<37y 0%+ CTP 1+ 85).
k=1

Now, we estimate 7Y, _, t]|0%]|? in (3.20). Set ¢ = Gn0* in (3.18), we have
(010F + yA20F — yAOF — (Opu® — uf), GNOF) = 0.
Noticing that
(0:6",GnO") = %&HVGNG’WF,
(YA20" —yAGF, GNO") =~ VO* || + 4]|6%||*,
(@ra = b, G 0) < LI0F7 + - |G (O — )P
Hence

_ 1 _
(3.21) O VGNO*|? + (2 VOF||* + [|6%]|%) < ;HGN(@W’“ —up)|?.
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Multiplying (3.21) by 7t, taking the sum for k from 1 to n, using ||Gyuu| <
C||Autl|, we get

(3.22) tall VG O™ > + 77 ) k(2] VO*|1* + [16%)%)
k=1

T — - n
=Y tellGn (@t — )2+ 7Y [V G0k
R k=1

IN

IN

7_2 tn n
—/ sl|Gyuw|’ds + 7Y [VGNO¥|
Y Jo 1

SCr(L+t)+7 Y VGO
k=1

To estimate 7Y ,_, [[VGNO"||? in (3.22), set ¢ = G%6" in (3.18). Therefore
(0:0F + yA%0F — yAOF — (Opu® — ul), GR6%) = 0.
Noticing that
(@04, G30) = SDNG 0¥ + IV Gne* P,
(VA0 — AR, GR0%) = A[|0F(° + 4[| VGN O],
(B = uf GR0") < FIVGNO? + [V (Ot — )
Thus

(323)  QIGNO™|? +2II0"|* + [VGNO*[?) < ZIVGR (Bu® — uf)|*.

3
Y
Taking the sum of (3.23) for k from 1 to n, applying ||VG%usu| < C||Vus||, we
obtain

(3.20)  [GNO* 2+ 7SI + [VGNOH?)
k=1
T o = T2 [t =
< I3 VG (@ —ub)2 < = / VG2, (Bt — ub)||?ds
7 7 Jo
< OT%(1 4 ty,).

Adding (3.20), (3.22) and (3.24) together gives

(3.25) 210512 + 72> G005 + 47 Y 7 (20 2051 + || V6* ()
k=1 k=1
+7 Ytk (2VOHP + (10%]%) + 7 Y (211057 + [ VGNE*|?)
k=1 k=1
<O (1413).
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Setting ¢ = A#* in (3.18), we derive that
_ 1 _
OelIVO*|I? + 29I VAGF||* + ]| A0*|* < ;Ilatuk —ug .
Multiply above inequality by ¢, take the sum for k from 1 to n. Simple
calculations show
(3.26) V1> < O3 (1 +ty).
Setting ¢ = A20* in (3.18), we derive that
_ 1 _
OellAG% |2 + 29[| A% |12 + ]| VAG*|? < ;HV[@tuk — ]|
Multiply above inequality by 7t{, take the sum for k from 1 to n. Simple
calculations show
(3.27) Ve |? < CrA(1 +15).

Step 2. Take the error estimates of solution w} of problem (3.1). Set

vk, —uk; = e¥. Thus, e* satisfies

3.28
( @e)k + YAt + 7 A — Alp(uF) — p(uy)) — 8- V(W (u¥) — ¢ (uf)), () =0,
VCeSn, k=1,2,...,
eV =0.
Setting ¢ = e* in (3.28), we get
SO + T8I + 4| Aek|?
= (A(p(uF) — p(uly)) + B V(@ (uF) — p(uk)), e") — 7(AGF, F)
< ' nwk + (1 = Ar)uk) [lsol|u® — ||| Ak
+ 1Bl (hauF + (1 = Aa)uko) oo llu® — uh [ Ve | + y]|6%[[]| A
Cllu® — ul || Ae®|| + Cllu® — ul|[|Ve|| + v]|6%[[]| A
< SIACH|2 4+ C(llp" 12 + 1612 + f1e*]),

IN

where A € (0,1). Hence
Oelle® 1 + 710ee®|1* + Il Ae®|* < Cllp" |17 + 1% + lle®[|?).

Using discrete Gronwall’s inequality, we obtain
(3.29) le™|* + 7l Aek* < O Y (F 1 + 1)) < C(N~* + 72).
k=1
Setting ¢ = AeF in (3.28), using Sobolev’s interpolation inequality, we imme-
diately obtain

OV + A VA2 < CUIVAE| + IVO™|* + [le¥]1?).
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Multiplying above inequality by 7t7, taking the sum for k from 1 to n, using
(3.29) and (3.25), we get

(3.30) IV (P +7 > VALK
k=1

SCONT24+ 72 +7) (IVeF|P + ]VO*)?) < C(N 72 + 7).
k=1

Setting ¢ = A2 in (3.28), using Sobolev’s interpolation inequality, we imme-
diately obtain

Dul| At [ + A A%F | < CUIAPM P + [ A0°]* + [le"]*)
< C(NT2IVAu|? + A2 + [|e"|).

Multiplying above inequality by Tﬁi, taking the sum for k from 1 to n, using
(3.29) and (3.25), we get

(3.31) thllAe™|? +47 ) | A%F)?
k=1

SCNT? 472 +7) G| VO*|P) < C(N2 + 7).
k=1
By using the triangle inequality, we have

lu" —uRlFre < 200" 132 + 10" 7= + €™ 132) < CNT2+72), ¥t € (0, +00).
Then, we complete the proof of the theorem. O
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