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RESULTS ON MEROMORPHIC FUNCTIONS SHARING
THREE VALUES WITH THEIR DIFFERENCE OPERATORS

X1a0-MiN Li, HONG-XUN Y1, AND CONG-YUN KANG

ABSTRACT. Under the restriction of finite order, we prove two uniqueness
theorems of nonconstant meromorphic functions sharing three values with
their difference operators, which are counterparts of Theorem 2.1 in [6]
for a finite-order meromorphic function and its shift operator.

1. Introduction and main results

In this paper, by meromorphic functions we will always mean meromorphic
functions in the complex plane. We adopt the standard notations of the Nevan-
linna theory of meromorphic functions as explained in [5], [10] and [16]. It will
be convenient to let F denote any set of positive real numbers of finite lin-
ear measure, not necessarily the same at each occurrence. For a nonconstant
meromorphic function h, we denote by T'(r, h) the Nevanlinna characteristic of
h and by S(r, h) any quantity satisfying S(r, h) = o(T'(r,h)), as r — oo, & E.

Let f and g be two nonconstant meromorphic functions, and let a be a value
in the extended plane. We say that f and g share the value a CM, provided
that f and g have the same a-points with the same multiplicities. We say that
f and g share the value a IM, provided that f and g have the same a-points
ignoring multiplicities (cf. [16]). Throughout this paper, we denote by p(f) the
order of f (cf. [5], [10] and [16]). We also need the following two definitions:

Definition 1.1 ([15]). Let f be a nonconstant meromorphic function. We
define difference operators of f as

Anf(2) = f(z+n) = f(2) and AT f(2) = AF7H(A, f(2)),

where 7 is a nonzero complex number, n > 2 is a positive integer. If n = 1, we

denote A, f(z) = Af(z).
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Remark 1.1. Definition 1.1 implies Ay f(2) = 3°7_, (1) (=1)"77 f(z + jn).

Definition 1.2 ([8]). Let k be a nonnegative integer or infinity. For any
a € CU{oo}, we denote by Ei(a, f) the set of all a-points of f, where an a-
point of multiplicity m is counted m times if m < k, and k + 1 times if m > k.

If Ex(a, f) = Ex(a, g), we say that f, g share the value a with weight k.

Remark 1.2. Definition 1.2 implies that if f, g share a value a with weight k,
then zp is a zero of f — a with multiplicity m (< k) if and only if it is a zero
of g — a with multiplicity m (< k), and zg is a zero of f — a with multiplicity
m (> k), if and only if it is a zero of g — a with multiplicity n (> k), where m
is not necessarily equal to n. Throughout this paper, we write f, g share (a, k)
to mean that f, g share the value a with weight k. Clearly, if f, g share (a, k),
then f, g share (a,p) for all integer p, 0 < p < k. Also we note that f, g share
a value a IM or CM if and only if f, g share (a,0) or (a, c0), respectively.

Recently the value distribution theory of difference polynomials, Nevanlinna
characteristic of f(z + 1), Nevanlinna theory for the difference operator and
the difference analogue of the lemma on the logarithmic derivative has been
established (cf. [2], [3], [4], [11] and [12]). Using these theories, uniqueness
questions of meromorphic functions sharing values with their shifts have been
recently treated as well (cf. [6], [7] and [19]). In this paper, we will consider
a uniqueness question of meromorphic functions of finite orders sharing three
values with their difference operators.

We recall the following result due to Heittokangas-Korhonen- Laine-Rieppo
[6]:

Theorem A ([6, Theorem 2.1]). Let f be a meromorphic function of finite
order, and let n be a nonzero complex number. If f(z) and f(z+n) share aq,
as, az CM, where a1, az az are three distinct finite values, then f(z) = f(z+n)
for all z € C.

Theorem A gives a sufficient condition for a finite-order meromorphic func-
tion and its shift to be identical. One may ask: What can be said about the
conclusion of Theorem A if we replace “f(z+n)” with A, f(2)? In this direction,
we will prove the following theorem, which gives a counterpart of Theorem A
for finite-order meromorphic functions and their first order difference operators:

Theorem 1.1. Let f be a nonconstant meromorphic function of finite order,
and let n) be a nonzero complex number. If f and A, f share a1 ,a2 and az CM,
where a1, as, az are three distinct values in the extended complex plane. Then

2f(z) = f(z+n) for all z € C.
From Theorem 1.1 we get the following result:

Corollary 1.1. Let f be a nonconstant entire function of finite order, and let n
be a nonzero complex number. If f and A, f share a1 and az CM, where a1 and
ay are two distinct finite values in the complex plane. Then 2f(z) = f(z +n)
for all z € C.
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Proceeding as in the proof of Theorem 1.1 in Section 3 of the present pa-
per, we can get the following more general result by Remark 2.1, Lemma 2.1,
Lemmas 2.6 and 2.7 in Section 2 of the present paper:

Theorem 1.2. Let f be a nonconstant meromorphic function of finite order,
and let n be a nonzero complex number. If f and A, f share (a1, k1), (a2, k2)
and (as, k3), where a1, as, as are three distinct values in the extended complex
plane, and k1, ko, k3 are three positive integers satisfying

(1.1) ki1 + ko + ks > ki1koks + 2.
Then 2f(z) = f(z+mn) for all z € C.

2. Some lemmas

In this section, we will give the following lemmas which play an important
role in proving the main results of the present paper:

Lemma 2.1 ([13, Lemma 2.2]). Let f and g be two nonconstant rational func-
tions that share (0,k1), (1,k2) and (0o, k3), where k1, ko, ks are three positive
integers satisfying (1.1). Then f = g.

Lemma 2.2 ([17, Lemma 1]). Let f and g be two distinct nonconstant mero-
morphic functions sharing 0,1 and co CM. Then there exist two entire functions
«a and B such that

e*—1 e “—1

:eﬁfl’ g:e*ﬁ—l’

where € # 1, ¢* # 1 and e~ # 1, and T(r,g) + T(r,e®) + T(r,e?) =
O(T(r, f)), asr & E and r — oo, where E C R is a subset which has a finite
linear measure.

(2.1) /

Lemma 2.3 ([1]). Let f and g be two distinct nonconstant meromorphic func-
tions such that f and g share 0, 1, co CM. If f is a Mobius transformation
of g, then [ and g assume one of the following siz relations: (i) fg = 1; (ii)

(f=D(g—1) =1L () f+g=1(@v) f=cg (v) f—1=clg—1) (vi)
[(e=1)f+1][(c—1)g—c] = —c; where ¢ is a complex number satisfying ¢ # 0, 1.

Lemma 2.4 ([16, Theorem 1.62]). Let fi, fa,..., fn be nonconstant mero-
morphic functions, and let fn,y1 Z 0 be a meromorphic function such that
Z?Ll = 1. If there exists a subset I C R satisfying mesI = oo such that

n+1 1 n+1 .
ZN(T, 7) +n Z N(r, fi) < A+o(1)T(r, fj), j=1,2,...,n,
i=1 v

i=1,i#j

asrT — oo and r € I, where A <1. Then f,41 =1.
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Lemma 2.5 ([2, Corollary 2.5]). Let f be a nonconstant meromorphic function
of finite order, and let  be a nonzero complex number. Then for any positive
number e, we have

o (D) 1 (5 LELY) — pgun-res

Lemma 2.6 ([9, Lemma 6]). Let f and g be two distinct nonconstant mero-
morphic functions such that f and g share 0, 1, oo IM. If f is a quasi-Mobius
transformation of g, then f and g assume one of the following siz relations:

(i) f-9=1 (i) (f-Dg-1)=1
(iii) f+9=1 (iv) f=cy
(V) f—1=clg—1), Vi) [e=Df+1]-[(c—1)g—d = —¢

where ¢ £ 0, 1,00 is a small function of f and g.

Lemma 2.7 ([18, Lemma 2.6]). Let f and g be two distinct nonconstant mero-
morphic functions that share (0,k1), (1,k2) and (oo, ks), where ki, ka2 and ks
are three positive integers satisfying (1.1). Then

(i) Nea(r, 3) + Nea(r, 757) + Nea(r, f) = S(r, )

(i) N(g(r, é) +N(2(T, g_£1) + N(g(r,g) =S5(r, f).
Remark 2.1. Suppose that f and ¢ in Lemma 2.7 are distinct transcendental

meromorphic functions of finite order. Then, from the proof of Lemma 2.6 [18]
we can find that

(2.2) N(g(r, %) + N(g(r, ﬁ) + N(g(r, f)=0O(logr)
and
(2.3) N(Q(T, %) + N(Q(T, %) + N(Q(T, f) = O(log 7’)

as r — o0o. Therefore, in the same manner as in the proof of Lemma 1 [17] we

have from (2.2) and (2.3) that
B hie® — 1 _ hl_lefd —1

2.4 f= - , 9= 3 ;
24) hoef —1 h;le_ﬂ -1

where hy and hy are two non-vanishing rational functions, & and B are non-
constant polynomials such that hie® # 1, hoe” # 1 and e/~ # Z—;, and
T(r,g) +T(r,e®) +T(r,e?) = O(T(r, f)) as r — oo.

3. Proof of theorems
Proof of Theorem 1.1. First of all, we set
(3.1) g=A,f.

Suppose that f and g are rational functions. Then, by Lemma 2.1 and the
assumptions of Theorem 1.1 we have f = ¢g. Combining this with (3.1), we get
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the conclusion of Theorem 1.1. Next we suppose that f and g are transcen-
dental meromorphic functions such that f # g. We consider the following two
cases.

Case 1. Suppose that g is a Mobius transformation of f. We discuss the
following two subcases.

Subcase 1.1. Suppose that one of a1, as and as is 0o, say ag = co. Without
loss of generality, we let a; = 0, as = 1 and a3z = co. From Lemma 2.2 we have
(2.1). By Lemma 2.3 we know that f, g satisfy one of the six relations (i)-(vi)
of Lemma 2.3.

Suppose that f, g satisfy one of the relations (i), (ii) and (vi) of Lemma 2.3.
Then oo is a Picard exceptional value of f and g, and so f and g are entire
functions. In fact, if f and g satisfy the relation (i) of Lemma 2.3, then

(3.2) [(2) =, fztn) - f(z) = e

for all z € C, where 71(z) is a nonconstant polynomial. By (3.2) we deduce
e (40 _ 271(2) = 1 for all z € C, this together with Lemma 2.4 implies
a contradiction. If f and g satisfy (ii) of Lemma 2.3, then

(3:3) fR) =147 flz4n) - f(z) =1+ 2
for all z € C, where 72(z) is a nonconstant polynomial. From (3.3) we deduce

eV2(z+m) _ o72(2) _ omv2(2) — 1

for all z € C, which together with Lemma 2.4 yields a contradiction. Similarly,
if f and g satisfy (vi) of Lemma 2.3, we also get a contradiction.

Suppose that f and g satisfy (iii) of Lemma 2.3. Then 0, 1 are Picard
exceptional values of f and g. Hence f = (f — 1)e™*, where 73 is a noncon-
stant polynomial. Combining this with (3.1) and (iii) of Lemma 2.3, we have
ev3(z+m) /(e13(=4m) _ 1) =1 for all z € C, which is impossible.

Suppose that f, g satisfy (iv) of Lemma 2.3. Then 1 and ¢ are Picard
exceptional values of f. Hence f — 1 = (f — ¢)e™*, where 74 is a nonconstant
polynomial. Hence f = (1 — ce?)/(1 — e7*), this together with (3.1) and (iv)
of Lemma 2.3 gives

(3.4) c2em(®) 4 (14c— 02)674(Z+77) — e (Hmalzn) — 1

for all z € C. From (3.4) and Lemma 2.4 we can get a contradiction.

Suppose that f, g satisfy (v) of Lemma 2.3. By substituting (2.1) into (v)
of Lemma 2.3 we can get e = ¢, and so it follows from (2.1), (3.1) and (v) of
Lemma 2.3 that

(3.5) ceBEAM=B() _ GB(ztm) _ o1
for all z € C. The only possibly constant term of the left side of (3.5) is

cePEtm=B()  This together with Lemma 2.4 and ¢ # 1 gives e+ =8() =
¢—1, and so e#(*t") = 0 for all z € C, which is impossible.
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Subcase 1.2. Suppose that none of a1, ay and ag is co. We set

f(z)—a1 az—as Ay f(z)—ar as —as
3.6 H(z) = : . K(2)= : .
( ) () f(z) —as az —ay () Anf(Z)*GB as —ay
From (3.6) and the condition that f and A, f share a1, as, a3 CM we know
that H and K share 0, 1, co CM. From (3.1) and f # g we deduce H # K.
Hence we get from Lemma 2.2 that
e —1 e 1 —1

T o1 T e A1

(3.7)

where a7 and f8; are polynomials such that et # 1, e # 1, e#17* £ 1 and
T(r,K)+T(r,e®) + T(r,ef1) = O(T(r, f)) as r — oo. By the condition that
A, f is a Mobius transformation of f we know that K is a Mobius transforma-
tion of H. By Lemma 2.3 we consider the following six subcases.

Subcase 1.2.1. Suppose that H and K satisfy HK = 1. Then

(3.8) H(z)=e"® and K(z)=e 1),
where v5 is a nonconstant polynomial. From the left equalities of (3.6) and
(3.8) we get

a3a4€75(z) —ai
3.9 e e
(39) fe) = B
for all z € C, where
(3.10) a; = 29
az —as
From (3.9) we get

as(a1 — ag) (e =+ — (=)
A1 - =
(3.11) f(z+mn) = f(2) (a2e® — 1)(agenGrm —1)

for all z € C. Meanwhile, from (3.11) and the right equalities of (3.6) and (3.8)
we get

fletm) - ) —a _ )
fGz+mn) = f(z) - as
for all z € C. By substituting (3.11) into (3.12) we get

(3.13)
(a3a4 —2aia4 — agai)e%(z)'f‘%(z‘f"ﬂ) _ a3a462%(2) + alaieQ’Ys(z)-‘r’Ys(z-i-ﬂ)

(3.12)

+ a1a2eC N 4 (20302 — a1a2)e”?) = azay
for all z € C. By rewriting (3.13) we get
(3.14) b1(2)€375) 4 by(2)e23) 4 b3(2)e” ) = agay
for all z € C, where

(3.15) bi(z) = alaie%(z—kn)—%(d,
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(3.16) ba(2) = (asas — 2a1a4 — agai)e%(z"'")_%(z) — asay
and

(3.17) b3(2) = arale M =G L2502 — aqa2

for all z € C. From (3.15)-(3.17) and Lemma 2.5 we get

(3.18) T(r,b;(2)) = O(rdest) =145y 1 < j <3

as r — oo, where € is an arbitrary positive number. Suppose that b; # 0.
Applying Valiron-Mokhonko identity (cf. [14]) to (3.14) and (3.18), we get
T(r, bl(z)eBW(z)) =37T(r, evs(Z)) + O(Tdeg(vs)*lﬂ)
=T(r,asaq — bg(z)e""”(z) - bg(z)e27"’(z))
< 27 (r, evs(Z)) + O(Tdeg(vs)flﬂ)’
which implies that
T(r, 675(2)) — O(Tdeg(vs)flﬂ).
But this means that v5(z) is a constant, which is impossible. Hence b; = 0.
Similarly by = b3 = 0. Combining this with (3.14) and (3.15), we get ajai =
asaq = 0. From (3.10) we get a4 # 0, 1. Hence a; = as = 0, which is impossible.
Subcase 1.2.2. Suppose that H and K satisfy (H —1)(K — 1) = 1. Then
oo and 1 are Picard exceptional values. Hence

(3.19) H(z)=1+e"® K(z)=1+e ),
where 74 is a nonconstant polynomial. From (3.10) and the left equalities of
(3.6) and (3.19) we get
(a1 — azas) — agase?®®
(1 — a4) — a4€’)’6(z)

(3.20) 1) =
From (3.20) we get

(3.21)
B as(a; — a3)[€76(2+77) — e%‘(z)]
f(Z + 77) - f(Z) B (1 — a4)2 + a4(a4 — 1)[@%)‘(2) + eVG(Z‘H])] + aie’YG(z)'i"YG(z'l‘U) ’

From (3.10), Definition 1.2 and the right equalities of (3.6) and (3.19) we get

(a1 — agay) — aszage~16(2)
(1 —ay) — age=76(2)

(3.22) flz+n) - f(z) =

From (3.21) and (3.22) we get

(3.23) 1?6 H6(H) 40 70 (2)H76 (240) g 0296(2) ) 076024 e @76 (2) — g

for all z € C, where

(3.24) c1 = cq4 = (agayq — al)ai,

(3.25) c2 = 2a1a4 — azay — 2a105 + 2a3a3,
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(3.26) c3 = azas(as — 1)%,
(3.27) cs = (a1 + azaq — 2a3)a’
and

(3.28) Cg — —a3a4(a4 — 1)2.

We note that vs(z) and v6(z + 1) are two nonconstant polynomials that have
the same highest terms. Hence the non-vanishing terms on the left side of (3.23)
must be nonconstant terms. This together with Lemma 2.4 and a4 # 0,1 gives
¢ = 0, and so az = 0. Hence (3.23) can be rewritten as

(3.29) age2e(H+re(ztn) 4 2(aq — 1)6%-(Z)+va(z+n) 1 aueE g em(z) —

for all z € C. Next in the same manner as in Subcase 1.2.1 we get from (3.29)
that ay = 0 and a4 = 1, which is impossible.

Subcase 1.2.3. Suppose that H and K satisfy H + K = 1. Then 0, 1 are
Picard exceptional values of H and K. Hence

H
B
(3.30) T_1-¢"
where 77 is a nonconstant polynomial. Substituting (3.6), (3.10) into H + K =
1, we get
fetn) -~ f@-a  fE)-a
flz+n) = f(z) —as  f(z)—a3

From (3.10), (3.30) and the left equality of (3.6) we get

(3.31)

= Q4.

ay + (azaq — ay)er )

3.32 =
(3.32) f(2) 1+ (a1 — e
for all z € C. From (3.32) we get

f(z) —a1 _ [(azas—1) — ar(ag — 1)]er®
f(z) —as3 (a1 — a3) + (a3 — 1)677(2)

(3.33)

and
(3.34)

flz+n) = [f(2)

for all z € C. By substituting (3.33), (3.34) into (3.31) we get

(3.35)
dle277(2)+77(2+n) + d2eV7(Z)+W7(2+77) + d36277(2) + d4€77(z+n) + d5ev7(Z) = ds

— [a’l (0,4 - 1) — (0,3(14 — 1)][@77(2) —_ 677(Z+n)]
1+ (as — 1)[677('2) + €V7(Z+77)] + (ag — 1)26V7(z)+V7(z+77)

for all z € C, where

(336) di = (a4 — 1)2(a1 + as + ai1azaq — 2a1a3 — a3a4),
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(3.37)
do = (a1 +as —ajaq — 1)(@1 + a4 —ajaq — 1) + (ag — al)(al — a3a4)(a4 — 1)2

+ (ag — 1)(asag — 2a1a4 + 2a; — 1),

(3.38)
ds = (1 — a3a4)(a3 — 1) + (a3a4 —aia4 +a1 — 1)(@1&4 +az — a1 — 2aza4 + 1)

— a4(a3 — 1)((11(14 + a3z —ayp — 2(13(14 + 1),
(3.39) dy = (a1 — a3)(a1a3 — 3a1a4 + 2a1 + ag — 1),

(340) d5 = (a3 — 1)((13(14 — (11) + ((13 — 0,1)((14 — 1)((11(14 — 2(13(14 + 1)

and

(3.41) ds = (a1 — a3)(a1 — agaq).

Proceeding as in Subcase 1.2.1, we get from (3.35)-(3.41) and Lemma 2.4 that
(3.42) dy = dg = 0.

By (3.41) and dg = 0 we have

(3.43) asaq = aq.

From (3.10) and (3.43) we get az = 0, and so a; # 0 and ag # 0. Noting that
ay # 1, we get from (3.36), (3.43) and d; = 0 that a? = (2a; — 1)as. This
together with a; # 0 and ag # 0 reveals that

(3.44) 2a1 # 1
and
__a
(3.45) az = 20 1
By (3.38), (3.43) and (3.45) we get
a; —1)3

From (3.45) and a; # a3 we have a; # 1. This together (3.44) and (3.46)
implies that d3 # 0. By (3.43) and (3.45) we get

2a1 — 1
==
By substituting (3.45) and (3.47) into (3.37) and (3.39) we deduce da = dy = 0.
Combining this with (3.42), we know that (3.35) can be rewritten as

dgez’”(z) + d5€77(z) =0

for all z € C, which together with d3 # 0 and the standard Valiron-Mokhon’ko
lemma we deduce T'(r,e77(*)) = S(r,e?7(?)), which is impossible.

Subcase 1.2.4. Suppose that H and K satisfy H = cK. Then 1, ¢ are
Picard exceptional values of H and K. Hence H(z) — 1 = (H(2) — ¢)e™(*) for

(3.47) ay
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all z € C, where ~g(z) is a nonconstant polynomial. Combining H = c¢K with
(3.6), we have

fle)—ar _ c(flz+n) = flz) —a1)
(3:45) fG—a)  Jetm) S
for all z € C. By substituting the left part of (3.6) into H(z) — 1 = (H(z) —
c)e’(?) we have

a1 — azay + (cazay — ay)e’s®)
1 — a4+ (cay — 1)ers(2)

(3.49) flz) =

From (3.49) we have
(3.50)
flz+n) = f(z) =

(c —1)(a3 — a1)ag (TN — e13(2)
(1 —ayg + (cag — 1)ersEM)(1 — ay + (cay — 1)ers(2))’

By substituting (3.49) and (3.50) into (3.48), we have

(3.51)
hlevs(Z-i-n)-i-st(Z) + hQEVs(Z-‘rn)-i-vs(Z) + h3€2vs(2) + h4evs(z+n) + hsevs(Z) = hg

for all z € C, where

(3.52) hi = c(a1 — azaq)(cag — 1),

he = ¢(c — 1)as(as —a1)(as — 1) + ¢(1 — aq)(cag — 1)(a1 — asaq)

(3.53) — (cag — 1)2(ca1 — azaq),

(3.54)  hg =c(c—1)as(ar — az)(as — 1) + ¢(1 — aq)(cas — 1)(a1 — asaq),

(3.55)  hs=(1—aq)(cas —1)(azaq — car) + (¢ — 1)as(c — aq)(as — a1),

(3.56)
hs = (1—a4)(cas—1)(azas—car)+c(a —azas)(1—ag)*+(c—1)as(as—c)(az—ay)

and
(357) hﬁ = (a3a4 — cal)(l — a4)2.

Proceeding as in Subcase 1.1, we get from (3.51)-(3.57) and Lemma 2.4 that
hi = he = 0. This together with (3.52), (3.57) and a4 # 1 gives aszas = cay,
and so it follows from (3.52) that

hi = c(1 — ¢)ay(cay — 1)* = 0.

Combining this with ¢ # 0 and ¢ # 1, we have a; = 0 or caq = 1.
Suppose that a; = 0. Then, by asas = cai, and a4 # 0 we have az = 0,
which contradicts the assumption that a; and az are two distinct finite values
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in the complex plane. Suppose that cay = 1. Then, by (3.51)-(3.57) we find
that (3.51) can be rewritten as
(3.58)

c(c—1)ayg(as — ar)(aq — l)eVS(ZJr"H'Vg(Z)

+ ¢(e — 1)ag(ar — as)(as — 1)e2E) 4 (¢ — 1)ag(c — ag)(as — ap)esE+M
+ {(car — a3)(1 — as)* + (c — L)as(as — ¢)(az — a1)}e* =0
for all z € C. Next, in the same manner as in Subcase 1.1, we can deduce from
(3.58) and Lemma 2.4 that e7tM=75(2) = 1 and so (3.58) can be rewritten
as
(3.59) (ca; — az)(1 — ayg)?e*®) =0
for all z € C. Noting that a4 # 1,0 and ¢ # 0,1, we have from (3.59) that
ca; = ag. This together with asay = cay gives a; = ag = 0, which is impossible.
Subcase 1.2.5. Suppose that H and K satisfy

(3.60) H—1=c(K —1).
By substituting (3.7) into (3.60) we get e** = ¢, and so
c—1 (1—c)e
. 1 = —m -_—,—
(3.61) efr —1’ c(1 — efr)

for all z € C. From (3.10) and the left equalities of (3.6) and (3.61) we get

azas(c —1) +a; —a;e®
.62 =
(36 ) f(z) a4(671)+1*€ﬂ1('z)

for all z € C. From (3.62) we get

(c — Dau(ar — ag)[efr(?) — er(z+m)]
(3.63) f(Z +n) — f(Z) - [1 + (C — 1)a4 — eﬂl(z-iil)][l + (C —1)ag — 651(2)]

for all z € C. From the condition a; # as and the right equalities of (3.6) and
(3.61) we get

(¢ = Dasay — car]e® ) + cay
(3.64) flz+mn) = f(z) = [(c— Das — 0)]ePr @ + ¢

for all z € C. From (3.63) and (3.64) we get
(3.65) J1e2HEHBD | jo B AN) jy 201(2) 4 o) (o) — g

for all z € C, where

(3.66) Jj1=ca; — (¢ — 1)aszay,

(3.67)

jo = {(c—1)agas —car }{1+ (¢c—1)as} — (¢c—1)as(as —as){(c—1)as — ¢} — caq,
(3.68) js = (c—1)as(a1 —az){(c—1)as—c}+{(c—1)azas—cas }{1+ (c—1)aq},

(3.69) Jja = c(c = 1as(ar — a3),
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(3.70) Js = car{l + (¢ — Daa} — c(c — 1)as(ay — a3)
and
(3.71) jo = car{l + (c — 1)as}>.

Proceeding as in Subcase 1.2.1 we get from (3.51)-(3.57) and Lemma 2.4 that
j1=Js =0,and so 1+ (¢ — 1)a; = ca; — (¢ — 1)azaq = 0. Hence (3.65) can be
rewritten as
(3.72)

{(a1 — a3)[(c — ag — ] + az}ePrEFHEEN L (45 — a1)[(c — 1)ay — ]e?P1(Z)

+ c(as — a1)e®®) 4 ¢(ag — az)eP T =0

for all z € C. Proceeding as in Subcase 1.2.1, we get from (3.70) that

rrm—pi(x) _ (@ —as)c—Das—¢d
(a1 —as)[(c — 1)as — ] + as

)

which implies that a3 = 0. Combining this with ca; — (¢ — 1)agas = 0 and
¢ # 0, we get a; = az = 0, which is impossible.
Subcase 1.2.6. Suppose that H and K satisfy

(3.73) [(ce—1DH+1][(c— 1)K — ] = —c.
By substituting (3.7) into (3.73) we get
(3.74) ce P et _hrmar L B em e — ¢ 1,

By (3.6), (3.7) and the standard Valiron-Mokhon’ko lemma we know that at
least one of e* and €’ is not a constant.
Suppose that e is not a constant, e®! is a constant. Then from (3.74),

Lemma 2.4 and the supposition H # K we get e** = —c. Hence we get from
(3.7) that
(3.75) H—-1=—¢K-1).

Proceeding as in Subcase 1.2.3, we get a contradiction from (3.75).
Suppose that ef' is a constant, e is not a constant. Then from (3.74),

Lemma 2.4 and the supposition H # K we get e/1 = —1 or e/ = ¢, from
which we will derive a contradiction. In fact, if ¢®* = —1, from (3.10) and the
left equalities of (3.6) and (3.7) we get

(3.76)

2a4(a; — az)[e®?) — g1 (z4m)

(2= a4)? + as(2 — aq)[e1(*) + e (zHM)] 4 gFear (2)Faa(z4n)

flz+m) = f(z) =
From (3.10) and the right equalities of (3.6) and (3.7) we get from e/t = —1
that

(agaq — 2a1) — azage~1(?)
(ag — 2) — age=*1(2)

(3.77) flz+n) - f(z) =
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From (3.76) and (3.77) we get

(3.78)
k162a1(z)+a1(z+77) + k2€a1(z)+a1(z+n) + k3€2a1(z) + k4ea1(z+n) + kseal(z) — ka

where

(3.79) k1 = (asaq — 2a1)a§,

(3.80) ko = (2 —aq)(azas — 2a1)aq + 2(a1 — a3)(as — 2)aq — agai,
(3.81) kg = (2 — a4)(a3a4 — 2a1)a4 — 2(&1 — a3)(a4 — 2)&4,

(3.82) ks = 2(az — ay)a; + aza3(aq — 2),

(3.83) ks = azaj(as — 2) + (azaq — 2a1)(2 — aq)?® + 2(a1 — az)a3
and

(384) k/’6 = a3a4(a4 — 2)2.

Proceeding as in Subcase 1.2.1 we get from (3.76)-(3.84) and Lemma 2.4 that
k1 = kg = 0. Hence

(385) azayg — 2a1 = a3a4(a4 — 2)2 =0.

Noting that a1 # as and a4 # 0,1, we get from (3.85) that a4y = 2, and so

a1 = a3, which is impossible. Similarly we can get a contradiction if e’ = c.
Suppose that e*t and e are not constants. Then from (3.74), Lemma 2.4

and the supposition H # K we get ce®* P = —1, this together with (3.7)
gives cH = —K. Next in the same manner as in Subcase 1.2.4 we can get a
contradiction.

Case 2. Suppose that g is not a Mobius transformation of f. We consider
the following two subcases.

Subcase 2.1. Suppose that one of a1, as and as is oo, say ag = co. Without
loss of generality, we let a1 = 0, ag = 1 and a3 = co. Then we have (2.1). From
(2.1) and the above supposition we deduce that none of e®, e, e/~ is a
constant. From (2.1), (3.1) and the condition p(f) < co we deduce p(e®) < oo
and p(ef) < oo, and so «, B are polynomials. By substituting (2.1) into (3.1)
we get
(3.86)

eB(2) _ Bltm—alztn)ta(z) _ Blz+n)—alz+m)+p(2) | oB(z)—a(z)+B(z+n)—a(z+n)
4 PEtn—alztn) | pa(z)-a(ztn) _ Blz)—alz)—alz+n) = 1

Then the only possibly constant terms in the left sides of (3.86) are
—efErm—alztn)talz) _Bltn)—alz4n+h(z) qa(z)—alztn) _oA(z)—a(z)=a(z+n)

We discuss the following four subcases.
Subcase 2.1.1. Suppose that ezt —a(z+m+a(2) j5 5 constant. Then

(3.87) deg(B) < deg(a) — 1.
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From (3.86), (3.87) and the above supposition we deduce that the only possibly
constant term on the left side of (3.86) is —ef(>+mM—alztm+alz) this together
with Lemma 2.4 gives

(3.88) Bt —alz+n+a(z) = _q

and

ePEtm—alztn) _ Blztn)—alz+n)—a(z) _ Blz+n)—F(z)-a(z+n)
(3.89) o) —aletn) () | gma(2)—a(tn) — 1.
From (3.87), (3.89) and the above supposition we deduce that the only possibly
constant term on the left side of (3.8) is —e*(*)=@(=+m=8(2) Hence we get from
Lemma 2.4 that e*(*)=2(z+m=6(2) = 1. Combining this with (3.88), we get
eB(E)+B(=+1) = 1 which is impossible.

Subcase 2.1.2. Suppose that efztm—alz+tm+a(2) ig not a constant and
that ef(ztm—a(z4n+5(2) is a constant. Then the highest term of « is equal to 2
times of the highest term of 8. Hence deg(«) = deg(8) and the orders of other
terms of the left side of (3.86) apart from e?(z+mM=alztm+5(2) and ex(x)—alz+n)
are equal to deg(«), while the order of the term e(z)=alztn) i5 smaller than
deg(a). This together with Lemma 2.4 gives

(3.90) ec()—a(ztn) _ Blztm)—alz+n)+8(2) = 1

and
eBlrtn—alztn+a(z)=B(2) _ Blz+m—alz)—alz4n) _ Blz+n)—B(2)—a(z+n)

(3.91) 4 ealaalem) = 1.

From the above analysis we know that the only possibly constant term of the
left side of (3.91) is ef(ztm—alztn+a(x)=F() This together with Lemma 2.4
gives

(3.92) Bl —a(etn+a()=p() = | =Bl=+n) _ a()=B() = 1.

From Lemma 2.4 and the right equality of (3.92) we get e #**7) = 0, which
is impossible.
Subcase 2.1.3. Suppose that e*(*)=(z+7) i a constant, while
Bt —alztn)+a(2) 45,4 Bz+m—alz+n)+8(2)

are not constants.

Subcase 2.1.3.1. Suppose that ef(?)—a(z)=a(z+n) i5 4 constant. Then the
highest term of (8 is equal to 2 times the highest term of «. This together with
(3.86) and Lemma 2.4 gives

(3.93) () —alztn) _ B(2)—a(z)—alz4n) = |

and
(3.94) e@GHmM—=Bz+n) _ pa(2)=B(2) 4 p—alz) 4 o=B() = 1
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From (3.94), Lemma 2.4 and the above supposition we get a contradiction.

Subcase 2.1.3.2. Suppose that ef(*)=a(z)=a(z+1) i5 not a constant. Then
from (3.86), Lemma 2.4 and the above supposition we get

(3.95) e malz4n) = q
and
(3.96) eSEHM—al4m+a(z)=p() 4 Bls+m—als+n) _ o—a()+B(z+n)—a(=+n)

_ (Bletm—alz+m-B(2) | p—alz)—alz+n) — 1

By substituting (3.95) into (3.96) we get
(3.97)
(20(2) 4 Bletn) | Bletn)—B(2)ta(z) _ (Blztmtalz) _ 20(2)+B(zn)~B() — |

Noting that none of e®, €?, ¢#~* is a constant, we deduce from (3.97) that at
most one of ef(FtM=B2)talz) Blztntalz) g2a(2)+B(z+m=F(2) gay

e2(2)+B(z4m=B(2) ig 4 constant.

This together with Lemma 2.4 gives

(3.98) e2(2)+B(z+m)—B(z) = _1
and
(3.99) e20(2) 4 oBlatn) | Bz =B(z)+alz) _ Bltn)+alz) —

Multiplying two sides of (3.99) by e~ #(+m=2(*) and noting (3.95), we get
(3.100) eo(ztm=B(z+n) 4 o—alz) | o=B(2) = 1
From (3.100), Lemma 2.4 and the above supposition we get a contradiction.

Subcase 2.1.4. Suppose that ef(*)=a(2)=a(z+1) i5 5 constant, while

e@)—alztn)  oAlatm—alztn)ta(z)  Blzn-alz+m+5(=) are not constants.
Then it follows from (3.86), Lemma 2.4 and the above supposition that
(3.101) BB —a(z)—alz4n) = _q

and

(3.102)
) _ Blatm—alztnta(z) _ oS+ —al+n+B(2) | oB(x)—a(2)+B(s+n)-al(=+n)

4 ePletm—alz+n) | galz)-alz+n) = g,

By substituting (3.101) into (3.102) we get

(3.103)
GRarn)tale+2m) | 2a(+n) _ ga(s+n)+a(z+2n) _ 2a(s+n)+a(z+2n)—a(z)

4 ea(z+n)+a(z+2n)—a(z) =1.
By rewriting (3.103) we have
(3104) ll(z)esa(z) + l2(2)6204(z) + lg(z)ea(z) — 1,
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where
(3.105) 11(z) = e2(=tmta(z+2n)—3a(z)

(3106) 12 (Z) _ e2a(z+n)72a(z) 7€a(z+n)+a(z+2n)72a(z) 7e2a(z+n)+a(z+2n)73a(z)

and
(3.107) I3(z2) = e (ztm)+a(z+2n)—2a(z)

From (3.105)-(3.107) and Lemma 2.5 we get
3.108 T(r,1;(z)) = O(rdeel@=1+ey 1 <5 <3
(3.108) i

as r — 0o, where ¢ is an arbitrary positive number. Next in the same manner
as in Subcase 1.2.1 we can get from (3.104)-(3.108) that Iy = Il = I3 = 0, which
contradicts (3.105) and (3.107).

Subcase 2.2. Suppose that none of a1, as and az is co. We set (3.6).
In the same manner as in Subcase 1.2 we have (3.7), where «; and (; are
polynomials such that none of ef1, e®t, ef1=1 is a constant, and such that
T(r, K)+T(r,e®)+T(r,e’) = O(T(r, f)) as 7 — oo. From the left equalities
of (3.6) and (3.7) we get

aze®(?) —qy _ azase® ) — azay
T TR 1 (B) =1 - —— 55

(3.109)

From (3.109) and a; # a3 we have

a1e%1) — azae®'?) + azay — ay

3.110 =
( ) f(Z> ePi(z) — a4€a1(z) tag—1
and
Bi(z+m) _ ai(z+n) _
(3.111) f(Z+77) _ aie asaq€ + asaq — a1

ePr1(z+n) — guer(zHm) 4 gy — 1
for all z € C, where a4 is defined as in (3.10). From (3.7), (3.10) and the right
equalities of (3.6) we get
fletm) =) —ar _ ase”®) —ay
flz+n) = f(z) —az e P —1
By substituting (3.110) and (3.111) into (3.112) we get
(3.113)
arale®rGTM=BGEE 4 (102 4 azay)e ) + (asay — ara?)e G

a1 (z)—P1(z)+ai(z+n)—B1(z+n) _ a3a4€2a1 (2)—2B1(2)

(3.112)

+ 2a4(araq — 2a1 + az)e

+ (asay — ap)er(*)~2A1(2)
2a1a4 — ar1a’ — a3a4>6a1(2)+0¢1(Z+n)—251(2)—61(2+n)

(201(2)=2B1 ()= B (=++)

+ (
+ (agas — ara?)
y g1 () () =B (4)

2
2a1a4 — azay — ajay)
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+ (11111421 _ 20,30,?1 + a3a4)62a1(z)—51(2) _ a3a4(a4 _ 1)262a1(2)_ﬂ1(2)_ﬂ1(2+’0)
+ a1 (ag — 1)2e G =AEE Lo (a) — az)(ay + 1)e F)=AE)=Alz4n)
— agay(ag — 1)2€*ﬂ1(z)*ﬂ1(z+77) + alaie%ﬂ(Z)Jral(Z+77)*251(Z)*51(2+77)
T al(a4 _ 1)2€a1(z)—261(z)—61(z+n) + (a3a4 _ al)eal(z)
+ (agay — al)aieml(zHal(Z+77)*51(2+77)*ﬂ1(z)
+ (azay — al)aieal(Z+77)—,31(Z)—,31(Z+77)
—2(azay + a1a3 — 2aza3 — al)eo‘l(z)fﬁl(z) = asay
for all z € C. We discuss the following four subcases.
Subcase 2.2.1. Suppose that one of
e®1(2)=281(2) - 201 (2)=fi(2) - ger(z)ten(zdm—Fr(ztn) = gor(2)=Fr(z4n)
6041(2)—51(2)—51(2'*-77), 6041(2)—2[31(2)—,31(24'77)’ e (z+m)—=B1(2)=P1(z+n)
is a nonzero constant, say e® 2/ = A;. By substituting e** = A;e?% into

(3.113) we have

(3.114)
516451(z)+251(z+77) + 52€4ﬂ1(2)+51(z+77) + 5363[31(2)4'2[31(24'77) + 546351(z)+[31(2+77)

+ S5€2ﬂ1(z)+2ﬂ‘1(2+77) + 36€4ﬂ1(z) + S7€3ﬂ1(z) + S8€2ﬂ1(z)+ﬂ1(z+77)

4 59651(2)+251(2+77) 4 8106261(2) 4 Slleﬂl(Z)Jrﬁl(zﬂLn) 4 5126251(z+77) 4 Slgeﬂl(z)
+ 5141 GT = 515
for all z € C, where

(3.115) 51 = (azas — a1)al A}, sy = (a1a3 — 2a3a3 + azas) A3,
(3.116) S3 = A%(2a1a4—a3a4)+(14i’—A%)alai, Sq4 = (a3a4—a1)A1—a3a4A%,
(3.117) S5 = 2a4(a1a4 —2a1 + a3)A%, Sg = —a3a4(a4 — 1)214%,
(3.118)

s7 = azay — aras +ay(ag — 1)%Ay, s = —2(azaq + a1a’ — 2aza3 — ap) Ay,
(3.119) Sg = alaiAl+(2a1a4—a1ai—a3a4)A%, S10 = a4(a1 —a3)(a4+1)A1,
(3.120) S11 = (a3a4 — al)Al — a3a4, S12 = (a3a4 — al)aiAl,
(3.121)

s13 = (azas—arai)+ai(as—1)*Ay,  s14 = araj+azas, s15 = azas(as—1)>
By rewriting (3.114) we get

(3.122)
S2€—ﬂ1(z+77) + 536—51(2) + S4€—ﬂ1(z)—51(z+ﬂ) + 856_2’81('2) + 366—2[31(z+77)

+ 576*&(2’)*251(2“7) + 586*2&(2)*51(%”7) + 596*3&(2) + 5106*251(2)*%1(2“7)
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+ 5116 381 =Bz4n) 4 g 0= 4P1(2) 4 5136—351(2)—2[31(24'77)
+ 5146—451(2)—51(2+U) _ 5156—451(2)—2[31(24'77) = —s
for all z € C. From (3.114), (3.122) and in the same manner as in Subcase 1.2.1

we get s1 = s15 = 0. This together with (3.115), (3.121) and a4 # 0,1 gives
a1 = ag = 0, which is impossible.

Subcase 2.2.2. Suppose that one of
e201(2)=2B1(2)=Br(z41) gnd e201(2)=B1(2)=Bi(z+n)  gay e201(2)=261(2)=B1(24n) jg
a nonzero constant. Then

(3.123) 1 (2) = 4,e27(2) v (z+n)

for all z € C, where Ay # 0 is a constant. By substituting (3.123) into (3.113)
we get

(3.124)
(asas — al)aiAS647(Z)+47(z+77)+’7(z+277)+(a1ai72a3ai + a3a4)A§e4V(z)+4’Y(Z+")

+ (2a1a4— azas— alai)A§€4V(Z)+37(Z+n)+v(2+2n)_|_(a3a4_al)A2647(Z)+3V(Z+77)
+ a1aiAg627(2)+47(Z+’7)+7(z+2”)+2a4(a1a4—2a1+a3)Ag627(2)+37(Z+")+7(z+2")
— agag A2 AFEEN _aa,(ay — 1)2 A2 (H)F20(z4n)
+ a1(aq — 1)2A2647(Z)+7(Z+") —2(azay + a1a3 — 2aza3 — a1)A2€27(Z>+3’Y(z+n)
+ alaiAQeQV(Z)+27(Z+n)+V(Z+2U) + (asay — alai)Age%(z)”V(”")
_ a3a4€27(2)+2'r(z4rn) + (2a1a4 — a1a421 _ a3a4)A§e3v(Z+n)+v(z+2n)
+ as(a1 — as)(ag + 1)A262V(2)+V(Z+77) + (asas — al)A2€3v(z+n)
+ (asay — a1)al Age® GHMTYEE2) 4 (4162 + agay)e®r (30
+ (azay — a1a2)e®®) 4 ay(ag — 1) A7+ = aza4(ayg — 1)
for all z € C. In the same manner as in Subcase 2.2.1 we get
(azay — a1)a3 A3 = azaq(ag —1)* =0,

which together with a4 # 0,1 implies that a; = az = 0, this is impossible.
Subcase 2.2.3. Suppose that

e®1(2)=201(2) 200 (2)=B1(2)  gen(z)ten(zdm—Pr(ztn) = goa(2)=F1(z)=fr(z+n)
6041(2)—51(2'*-77)’ 6041(2)—2[31(2)—,31(24'77), ea1(2+77)—51(2)—,31(2+77)’
620z1(2)*2ﬂ1(2)*ﬂ1(ZJﬂ?)7 e201(2)=B1(z)—B1(2+n)

are not constants, and that one of

6041(Z)+0<1(Z+77)—251(Z)—:31(Z+77)’ e2o(2)+ar(z+4n) =B1(2)=f1(z+n)

is a constant.
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If e@r(2)+ar(z4+n)—281(2)=B1(2+n) gpq e21(2)+ai(z+n)—B1(2)—B1(z+1) gre con-
stants, then e®(®)+81(2) is a constant. Next in the same manner as in the

proof of Subcase 2.2.1 we get a contradiction.
If e201(2)ten(z+m)=F1(2)=Br(=41) jg not a constant, e (2)+e1(z+n)—261(2)—F1(=+n)

is a constant, then we get from (3.113) and Lemma 2.4 that
(3.125) (2a1a4 — a1a? — agay)e®r(FTorEHmM=260(2)=filz4n) — 444,

and
(3.126)
alaieal(zﬂﬂfﬂl(”") + (alai + a3a4)6751(z) + (asaq — alai)efﬁl(zﬂﬂ
+ 2a4(araq — 2a; + ag)eal(Z)—ﬂl(Z)+0¢1(Z+77)—51(Z+77) _ a3a4e2a1(2)—251(2)
+ (asay — al)eal(z)*wl(z) + (asas — alai)e%ﬂ(Z)*Qﬁl(z)*ﬁl(zﬂ%)
+ (20104 — asay — alai)eal(z)+a1(z+")_51(z+”)
+ (04104421 _ 2(13(1?1 + a3a4)62&1(z)*51(z) _ a3a4(a4 _ 1)262041(2’)*ﬂ1(z)*ﬂ1(z+77)
+ ay(ay — 1)260¢1(2)—[5’1(2+77) + aq(ar — as)(ag + l)eo‘l(z)—ﬂl(z)—ﬂl(z-‘m)
_ a3a4(a4 _ 1)26*51(2)*51(%”7) + ala?le?al(z)ﬂwl(Z+77)*2ﬂ1(z)*ﬂ1(z+77)
+ ay(ag — 1)2e1 =201 =BG40) o (gaa, — ay)e®r )
+ (a3a4 _ al)aie%ﬂ(Z)+0<1(Z+77)—51(Z+77)—,31(Z)
+ (a3a4 _ al)aieal(ern)*ﬂl(Z)*ﬂl(ZJrﬁ)
— 2(azay + ara3 — 2aza3 — ap)e** A1) =

for all z € C.
If additionally as = 0, then from (3.125) we get as = 2, and so (3.126) can
be rewritten as

(3.127) deor (M =Pr(z4n) | go=F1(2) _ go=Pr(z+n) _ ga1(2)—261(2)
— 4201 (2)=2B1(2)=Pr(zm) 4 ge201(2)=Pi(z) 4 pau(z)=Bi(z+n)
+ 61 () =B1()=Pi(z4n) 4 ge201(2)Fa1(z+n)=261(2)—pi(z+n)
+ e@1(2)=2B1(2)=Pi(z4m) _ po1(2) _ ge20i(z)tar(z4+n)—B1(z+n)—p1(2)

— 41 (zEn)=P1(2)=B1(z4n) _ ger(2)=F1(2) —

for all z € C. Multiplied by e—2@1(z)—er(ztm+51(2)+51(24+1) on two sides of
(3.127

(3.128
4eP1(H)—201(2) | gohi(ztm—201(z)—a1(z4n) _ goh1(2)—201(2)—oa(z+n)

), we have

)

— emau(B)man(ztn =p1(2)+Bi(z4n) _ ge—Fi(z)—ai(z4n) 4 goP1(z+n)—ai(z+n)

+ eP1(z)—ai(z)—ai(z+n) + e~ (z)—a(z+n) + 4e—P1(2) + e—1(z)—a1(z+n)=p1(2)

_ PR —on (2B (ztm a1 (=4n) _ go—201(2) _ goBi(ztm)—on(z)—aa(=+n) — 4
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for all z € C. Proceeding as in the proof of Subcase 2.2.1 and applying the
above supposition we know that every term of the left side of (3.128) is not
a constant. This together with Lemma 2.4 gives a contradiction. Next we

suppose that az # 0. Multiplied by e?#1(*)=2¢1(2) on two sides of (3.126), we
have

(3.129)
a1a260¢1(2+77) 201 (2)+2B1(2)—B1(z+n) + (alai + a3a4)€ﬂ1(2)—2a1(z)

+ (azay — ayad)e?Pr () =Filz+n—2a1(2)
+ 2a4(aray — 2a1 + ag)e® GHN =1 EANHAE)—en(2) L (gaay — ap)e” ()
+ (asas — a1a?)e PG L (2a1a4 — azas— aya?)erFHM=AizHm+201(z)—au(2)
+ (a1a2 — 2a3a? 4 azas)e®®) — azay(ag — 1)2ePr1H-A4m
+ a1 (ag — 1)2e2P1G) =) =514 o g (0 — as)(ag + 1)ePrH—er(z)=Filztn)
~ azaa(as — 1)2 B1()=200(2) =B () | g g2t () =B (+)
+a1(as — 126~ B EFN=01) 4 (qaay — gy)e2P D=0 ()
+ (asas — ap)a2er GTM=Aizrm+6(2)
+ (asay — ap)ale®r GHM=Arlztn)+51(2)=201(2)
— 2(agay + ara? — 2asa? — ;)P F) 7N ) = gaq,.
From (3.125) and a3 # 0, a4 # 0 we know that
(3.130) 20deg(ar) = 3bdeg(sr)s

where and in what follows, ageg(a,) and bgeg(s,) denote the coefficients of the
highest terms of a; and f; respectively. From (3.130) we know that every
non-vanished term of the left side of (3.129) is not a constant. This together
with Lemma 2.4 gives asas = 0, which is impossible.
If e (D) Far(z4n)=261(2)=Fr(z+n) ig not a constant, 21 (2)Tor(z+n)—=F1(z) =L (z+n)
is a constant. In the same manner as above we can get a contradiction.
Subcase 2.2.4. Suppose that
e1(2)=2B1(2) 201 (2)=Fi(2)  ear(2)tan(z4m)—Pi(z+n) ear(2)=fr(ztn)
e@1(2)=Br(z)=Pi(z4n) g1 (2)=2p1(2)=Br(z4n)  gar(z4n)=F1(2)=Pr(z+m)
e201(2)=261(2) =B (z4n)  g201(2)—fr(2)— ﬂl(ZJrﬁ) ea1(2)+aa(z4n)— 251(2) Bi(z+n)
g2 () Fai(ztm) —fu(z)— B (=) are not constants Then from (3.113), Lemma
2.4 and the above supposition we get asas = 0, and so ag = 0. Hence (3.113)
can be rewritten as
(3.131)
aie2’81(z) 201 (2) | a2 B1(2)+B1(z+n)—2a1(z)—a1(z+n) _ aie2ﬂ1(z)—2a1(z)—a1(z+ﬁ)

+ 2a4(a4 _ 2)651(2)—%(2) — ePrlztn)—ai(z)—aa(z+m) + (2a4 _ ai)e_al(z)

_ aiefal(ZwLn) + (204 — a ) 2P1(2)—aa(z) 4 a2€ﬂ1( 2)+p1(z+n)—a1(z+n)
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+ (a4 — 1)262[31(2)—‘11(2)—a1(z+ﬂ) + ay(ag + 1)651(2)—%(2)—041(2'*‘77)

+ (a4 _ 1)26—%(2)—@1(24'77) —e(2) _ aieﬁl(z) _ aieﬂl(z)_Qal(z)

_ 2((1?1 _ 1)6131(2)*&1(Z)+ﬁ1(2+77)*0t1(Z+77) — ,ai

for

all z € C. Next in the same manner as in Subcase 2.2.1 we can prove

that every non-vanished term of the left side of (3.131) is not a constant. This
together with Lemma 2.4 gives —a? = 0, and so a4 = 0, which is impossible. [
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