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Abstract: We investigate physical properties of the nearby (∼ 7.5 pc) astrometric binary µ Cas in the
context of standard evolutionary theory. Based on the spectroscopically determined relative abundances
([α/Fe] & +0.4 dex, [Fe/H] ∼ −0.7 dex), all physical inputs such as opacities and equation of state are
consistently generated. By combining recent spectroscopic analyses with the astrometric observations
from the HIPPARCOS parallaxes and the CHARA array, the evolutionary model grids have been con-
structed. Through the statistical evaluation of the χ2-minimization among alternative models, we find a
reliable evolutionary solution (MA, MB, tage) = (0.74 M⊙, 0.19 M⊙, 11 Gyr) which excellently satisfies
observational constraints. In particular, we find that the helium abundance of µ Cas is comparable with
the primordial helium contents (Yp ∼ 0.245). On the basis of the well-defined stellar parameters of the
primary star, the internal structure and the p-mode frequencies have been estimated. From our seismic
computation, µ Cas is expected to have a first order spacing ∆ν ∼ 169µHz. The ultimate goal of this
study is to describe physical processes inside a low-mass star through a complete modelling from the
spectroscopic observation to the evolutionary computation.

Key words: stars: individual: µ Cas — fundamental parameters — evolution — interiors — atmospheres
— asteroseismology

1. INTRODUCTION

Accurate determination of physical parameters is a cru-
cial cornerstone in stellar astrophysics. Especially, stel-
lar mass is the most fundamental factor with which the
lifetime of a star is outlined. In principle, an impor-
tant application of binary systems is that they provide
the most reliable method to measure stellar masses. In
this respect, with the well-defined parallaxes through
the orbital analysis, nearby visual binaries are invalu-
able contributors to define physical parameters of stars.
Moreover, the chemical abundances of the old stellar
populations provide essential constraints in our under-
standing of the stellar evolution. Recent development of
high-resolution spectroscopic observations has greatly
enhanced our ability to reconstruct the galactic chem-
ical enrichment history. In this study, we investigate
physical parameters of a well-constrained visual binary
through a consistent stellar modelling. Especially, we
focus primarily on the evolutionary status and inter-
nal structure of this system through the calibration of
stellar parameters.
The visual binary µ Cassiopeiae (µ Cas, HD6582,

HR321, HIP5336, GJ53) is a low-mass old Population
star in the solar neighborhood. Owing to its proxim-
ity (∼ 7.5 pc) and brightness (MV ∼ 5.17), the orbital
elements have been well-defined through a series of as-
trometric observations (Russell & Gatewood 1984; Hay-
wood et al. 1992; Drummond et al. 1995). This binary
system consists of G5 + M5 pair of main-sequence stars
with the orbital period (P ∼ 22 yr). However, in spite
of the well-constrained total mass (ΣM ∼ 0.9 M⊙),
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a large magnitude difference (∆mag ∼ 6.5) makes it
hard to determine each individual mass of components.
Employing the full adaptive optics, Drummond et al.
(1995) estimated the mass ratio of (MA, MB) ∼ (0.75
M⊙, 0.17 M⊙). More recently, Lebreton et al. (1999)
provided an evolutionary solution based on the more
accurate HIPPARCOS parallax data. Most of all, as it
is a very rare case in contemporary astrophysics, Boya-
jian et al. (2008) directly measured the radius of the pri-
mary star (R ∼ 0.79R⊙) using the optical interferomet-
ric observation of the CHARA array (Center for High
Angular Resolution Astronomy). In general, radius is a
fundamental stellar parameter which impacts on the in-
ternal structure and atmospheres. Especially, one of the
most uncertain properties in the one-dimensional (1D)
stellar model is the mixing length parameter (αMLT )
and the Eddington T (τ) relation as a boundary con-
dition. Therefore, an accurate determination of stellar
radii implies that these parameters can be evaluated
using a well-defined observational constraints.

From its kinematics of a high space velocity (∼ 160
km s−1) and metallicity ([Fe/H] ∼ −0.7 dex), µ Cas
has been categorized into halo stars (Hearnshaw 1974;
Russell & Gatewood 1984). The chemical composi-
tions of late-type stars play a crucial role in improv-
ing our understanding of galactic and cosmic evolution.
In this context, the chemical abundance of µ Cas has
attracted the attention of many observers (Catchpole
et al. 1967; Cohen 1968; Hearnshaw 1974). Recent
high resolution spectroscopy permits the precise deter-
mination of relative abundances with respect to iron
(Takeda 2007; Mishenina et al. 2013; Bach & Kang
2015). Through their spectroscopic analysis of cool
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Table 1
Astrometric parameters of the µ Cas system

Element Lippincott (1981) Russell & Gatewood (1984) Drummond et al. (1995)

P 21.715 ± 0.100 yr 21.855 ± 0.100 yr 21.753 ± 0.069 yr
a 0.′′1979 ± 0.′′0074 0.′′1879 ± 0.′′0067 0.′′1908 ± 0.′′0043
e 0.544 ± 0.027 0.525 ± 0.025 0.561 ± 0.017
i 106.◦2± 1.◦1 106.◦0± 1.◦1 106.◦8± 0.◦9
Ω 47.◦8± 1.◦4 48.◦4± 1.◦3 47.◦3± 1.◦0
ω 334.◦3± 4.◦6 336.◦3± 4.◦7 332.◦7± 3.◦1
π 0.′′132± 0.′′002 0.′′1386 ± 0.′′0033 0.′′1333 ± 0.′′0017

ΣM /M⊙ 0.972 ± 0.079 0.879 ± 0.084 0.916 ± 0.058
MA /M⊙ 0.783 ± 0.080 0.718 ± 0.086 0.742 ± 0.059
MB /M⊙ 0.189 ± 0.015 0.161 ± 0.015 0.173 ± 0.011

stars, the relative abundances of µ Cas have been de-
termined to be [Mg/Fe] ∼ +0.43 dex (Zhao & Gehren
2000), [C/Fe] ∼ +0.4 and [O/Fe] ∼ +0.5 (Takeda &
Honda 2005; Mishenina et al. 2013) suggesting that
the α-captured element is enhanced. On the other
hand, Dennis (1965) suggested that µ Cas is a favor-
able source from which the primordial helium abun-
dance can be measured using stellar evolutionary the-
ory. Therefore, µ Cas has significance for the chemical
composition of the elemental enhancement and the he-
lium abundance. Combining the astrometric orbit anal-
ysis and the evolutionary model computations, Hay-
wood et al. (1992) obtained the helium abundance of
this star (0.18 ≤ Y ≤ 0.23). However, a proper treat-
ment of gravitational sedimentation of helium was not
considered in their computations, so their estimation is
too lower than the recent measurements of the primor-
dial helium content (Yp ∼ 0.245).

In this study, we investigate physical properties of the
µ Cas binary system utilizing the recent high-resolution
spectroscopy of the BOES observation (Bach & Kang
2015). By collecting recent spectrophotometric obser-
vations, stellar parameters have been defined in the
context of standard stellar theory. In our evolutionary
computation, physical quantities that govern the stellar
interior are consistently generated based on the chemi-
cal mixture. Through the statistical evaluation, we find
a reliable evolutionary solution of µ Cas which is in
excellent agreement with the recent observational con-
straints. Regarding the microscopic diffusion process,
we also examine an initial helium abundance of this sys-
tem. In addition, using the best fit model, the p-mode
frequencies of the primary star are estimated within
the framework of asteroseismology. The ultimate goal
of the present paper is: (1) to constrain the physical di-
mensions through a consistent modelling in the context
of standard stellar theory, (2) to provide an estimation
of a possible frequency spectrum of the mode oscilla-
tion, and (3) to produce a reliable initial configurations
for the three-dimensional radiation-hydrodynamic sim-
ulations for low-mass stars.

2. OBSERVATIONS

2.1. Fundamental Parameters

Since Wagman (1961) discovered the binarity of µ Cas
from the variable proper motion, a series of astromet-
ric observations of the parallax and orbital parameters
has been continued. In earlier studies, the position an-
gle and the separation of the system were measured by
double-aperture interferometry (Wickes & Dicke 1974;
Wickes 1975) and by narrow-band photography (Feibel-
man 1976). Through compilation of several decades
of photometry, this nearby (∼ 7.5 pc) binary system is
found to have a priod of P ∼ 22 years (Wagman et
al. 1963; Lippincott & Wyckoff 1964; Lippincott 1981;
Russell & Gatewood 1984). Spectroscopically, µ Cas
is categorized as a single-line binary consisting of a
G5 + M5 pair of subdwarf stars with low metallic-
ity. Based on the spectroscopic orbit analysis, Worek &
Beardsley (1977) also provided a similar period and or-
bital elements. However, a large magnitude difference
(∆mag ∼ 6.5) between components make it hard to re-
solve a faint companion, µ Cas B. More recently, Drum-
mond et al. (1995) determined the astrometric orbit and
relative masses combining his adaptive optics observa-
tions with the previous astrometric measurements (Lip-
pincott 1981; Russell & Gatewood 1984). The recent
orbital elements and mass ratios of the µ Cas system
are summarized in Table 1.
The radius of a star is one of the most fundamen-

tal characteristics that is tightly related to the internal
structure and evolutionary status. Conventionally, a
star approximates well to a point source located at an
infinite distance. In this respect, it has been believed
that a direct detection of stellar radii is nearly impossi-
ble to achieve. Generally, the radius of a star has been
indirectly estimated by relying on the mass-luminosity
relation of stellar models. Fortunately, recent advances
in the long-baseline optical interferometry enable us to
directly measure stellar angular diameters of nearby
stars (Lane et al. 2001; Ségransan et al. 2003; Berger et
al. 2006). In a recent interferometric observation using
the CHARA array, Boyajian et al. (2008) determined
the angular diameter of the primary component µ Cas
A with a high accuracy within a 1% error. Their radius
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Table 2
Physical properties of µ Cas

Parameter µ Cas A µ Cas B Ref.

Teff (K) 5297 ± 32 3034± 160 1–4,6,7
Mb 5.54 ± 0.04 10.22 ± 0.14 2,4
M/M⊙ 0.742 ± 0.059 0.173 ± 0.011 2,4
L/L⊙ 0.442 ± 0.014 0.0062 ± 0.0008 1,2,4
R/R⊙ 0.791 ± 0.008 0.29± 0.02 2,4
[M/H] −0.810 ± 0.1 — 3,4,5,7
logg 4.52 ± 0.04 — 3,4,6,7

Note. 1. McCarthy et al. (1993) 2. Drummond et al. (1995) 3.
Fuhrmann (1998a) 4. Boyajian et al. (2008) 5. Thévenin &
Idiart (1999) 6. Fulbright (2000) 7. Takeda (2007)

detection yields a well-constrained physical parameters
such as an effective temperature (Teff ∼ 5300K), lu-
minosity (L/L⊙ ∼ 0.442), and radius (R/R⊙ ∼ 0.79),
which is in good agreement with the global properties
provided by Drummond et al. (1995). Recent deter-
minations of physical parameters and global properties
are collected in Table 2.

2.2. The Primordial Helium Abundance

The formation of the elements and the initial mass frac-
tion are key subjects for understanding the cosmologi-
cal evolution. Especially, the primordial helium abun-
dance (Yp) is an essential cosmological parameter which
reflects the initial condition of the early stage of the
Universe. Historically, Gamow (1948) proposed that
an initial amount of heavier elements than hydrogen
is a fundamental consequence of nucleosynthesis in a
few minutes after hot big bang. After that, Peebles
(1966) provided an estimate of the primordial helium
abundance (0.22 . Yp . 0.26) based on a homoge-
neous and isotropic cosmological model (see also Peim-
bert & Torres-Peimbert 1999). In general, the primor-
dial helium abundance is estimated from metal-poor
extragalactic H ii regions (Steigman 2007). Recent val-
ues of the initial helium abundance are determined to
be Yp = 0.245 ± 0.003 by Peimbert et al. (2007) and
Yp = 0.256±0.005 by Izotov & Thuan (2010). Compre-
hensive reviews on the recent developments of the pri-
mordial helium abundance are provided in literatures
(e.g., Steigman 2007; Weinberg 2008; Pagel 2009).
Meanwhile, the primordial helium abundance is also

empirically determined by the old stellar systems on the
basis of the chemical enrichment history. The main idea
is that the chemical enrichment can be established sta-
tistically by determination of the helium-to-metal ratio

∆Y/∆Z = (Y − Yp)/Z . (1)

For instance, Ribas et al. (2000) introduced Yp =
0.225± 0.013 using the detached double-lined eclipsing
binaries (EGs). Through their statistical analysis of the
globular cluster (GC) NGC 6752, Cassisi et al. (2003)
provided Yp = 0.244± 0.006. Moreover, using the mor-
phology of blue horizontal branch (HB) stars, Villanova
et al. (2009) yielded Yp = 0.245±0.012. Due to its long
lifetime, a low-mass old population star still stays on

the main-sequence phase, consequently it also becomes
a favorable source that can provide observational con-
straints of the primordial helium abundance. For this
reason, Dennis (1965) suggested that µ Cas would be
a promising candidate for measurement of the primor-
dial helium abundance. Later, combining the astro-
metric analysis and the evolutionary model computa-
tion, Haywood et al. (1992) obtained the initial helium
abundance of µ Cas (0.18 ≤ Y ≤ 0.23). However, since
a proper treatment of the microscopic elemental diffu-
sion was not included in their model, their estimation
is lower than the recent measurements (Yp ∼ 0.245). In
this study, we examine the initial helium content of µ
Cas by adjusting a fine grid of Y0 instead of the slope
of the chemical enrichment (Equation 1) which is con-
sidered in the most of isochrone-fitting methods.

2.3. Spectroscopic Observations

The chemical abundances of a metal-poor star have
the potential to inform our understanding of an en-
vironmental condition when the star forms. The α-
elements are built from nucleosynthesis of He nuclei
via α-capture process during various stellar evolution-
ary stages, and subsequently they are dispersed during
supernova (SN) explosions (Bensby & Feltzing 2006;
Reddy et al. 2006). Recent analyses of the stellar abun-
dances revealed that the majority of metal-poor stars
with [Fe/H] ∼ −1.0 dexhave an α-enhanced chemical
mixture ([α/Fe] = +0.4 dex). Because µ Cas is a metal-
poor halo star in the vicinity of the Sun, its elemental
abundances are expected to deliver invaluable informa-
tion related to the chemical enrichment history of the
Galaxy. Particularly, from a point of the ELS model
(Eggen et al. 1962), it was believed that µ Cas was
formed in an early phase of rapid collapse during for-
mation of the Galactic disk, since its orbital eccentricity
is considerably greater than those of the thin disk stars.
In earlier spectroscopic observations (Catchpole et al.

1967; Cohen 1968), it is known that Mg, Si, Ca, and Ti
are overabundant with respect to iron by a factor of 2.
The near-infrared OH line analysis revealed that oxy-
gen is also enhanced with [O/Fe] ∼ +0.28 (Israelian
et al. 1998; Meléndez et al. 2001). From the photo-
spheric CNO abundances analysis of metal-poor stars,
Takeda & Honda (2005) derived a more enhancement of
[C/Fe] ∼ +0.44 and [O/Fe] ∼ +0.53. Recent spectro-
scopic studies on the Galactic disk substructure, the en-
hancement of the s-process and the r-process elements
has been identified (Takeda 2007; Takeda & Takada-
Hidai 2011; Mishenina et al. 2002, 2004, 2013). In ad-
dition, through atmospheric analysis utilizing the Bo-
hyunsan Optical Echelle Spectrograph (BOES; Kim et
al. 2002), Bach & Kang (2015) confirmed that µ Cas has
the α-enhanced chemical compositions ([α/Fe] & +0.4
dex). In Table 3, recent elemental analyses of relative
abundances are collected (Takeda 2007; Mishenina et
al. 2013; Bach & Kang 2015).
Recent studies on NLTE effects have revealed that

over-ionization by UV photons plays an important
role in stellar atmospheres especially of metal-poor
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Table 3
Recent spectroscopic relative abundances of µ Cas

Element
[X/Fe]

TAK2007 MIS2013 BK2014

C a 0.44 – 0.45
O a 0.53 0.51 –
Na 0.02 c 0.10 0.04
Mg 0.43 d 0.37 0.48
Al 0.29 c 0.38 0.30
Si 0.23 d 0.32 0.29
S b 0.22 – –
Ca 0.26 0.32 0.20
Sc 0.11 – 0.38
Ti 0.35 – 0.33
V 0.24 – 0.13
Cr 0.02 – 0.00
Mn −0.12 – −0.26
Co 0.10 – 0.17
Ni 0.00 d 0.00 0.06
Cu −0.06 −0.03 –
Zn 0.30 c 0.25 0.28
Y – 0.04 –
Ba – −0.12 0.27
La – 0.10 –
Ce – −0.06 –
Nd – 0.13 –
Sm – 0.19 –
Eu – 0.41 –

Note. TAK2007: Takeda (2007), MIS2013: Mishenina et al.
(2013), BK2014: Bach & Kang (2015), (a) Takeda & Honda
(2005), (b) Takeda & Takada-Hidai (2011), (c) Mishenina et al.
(2002), (d) Mishenina et al. (2004)

stars (Nissen et al. 1997; Fuhrmann 1998b; Feltzing
& Gustafsson 1998; Thévenin & Idiart 1999). It is
known that there is a serious discrepancy between spec-
troscopically determined surface gravities and those
obtained from HIPPARCOS parallaxes (Nissen et al.
1997; Fuhrmann 1998a). Furthermore, Fulbright (2000)
insisted that surface gravities deduced from HIPPAR-
COS are systematically overestimated. Through an ex-
tensive calculation of statistical ionization equilibrium,
Thévenin & Idiart (1999) quantitatively derived the
NLTE effects for late-type stars. In cases of metal-
poor main-sequence stars, Fe I line blocking decreases
rapidly as the metal abundance decreases, and over-
ionization becomes more important. Consequently,
metallicity and surface gravity are significantly under-
estimated due to the over-ionization effect. In this
study, we adopt their NLTE corrections: metallicity
with [Fe/H]

NLTE
∼ [Fe/H]

LTE
+ 0.15 dex (Thévenin &

Idiart 1999) and surface gravity with log gNLTE ∼ 4.52
for the µ Cas system (Fulbright 2000).

3. EVOLUTIONARY STATUS

3.1. Physical Inputs and Microscopic Diffusion

Combining recent spectrophotometric observations, we
investigate evolutionary status of the µ Cas binary sys-
tem within the framework of the standard stellar the-

ory. The evolutionary model grids are constructed us-
ing the Yale stellar evolution code (YREC) (Guenther
et al. 1992) with recently updated physical inputs. In
particular, opacities and equation of state (EOS) are
crucial ingredients that have the serious impact on
the stellar internal structure. Basically, two sets of
the Rosseland mean opacities have been considered in
our model computation: the OPAL opacities (Iglesias
& Rogers 1996) in the deep interior (logTeff ≥ 4.0)
and low temperature opacities (Ferguson et al. 2005)
near surface (logTeff ≤ 4.5). In the overlapping re-
gion (4.0 ≤ logTeff ≤ 4.5), two opacities have been
averaged. In case of equation of state, we adopt the
OPAL EOS which is consistently computed with opac-
ities. Above physical inputs are newly generated based
on the α-enhanced chemical composition with respect
to the scaled solar abundance (Grevesse & Sauval 1998).
The GS98 solar mixture is known to be in good agree-
ment with the sound-velocity distribution of the solar
interior (Basu & Antia 2008).
On the other hand, microscopic diffusion is a slow

migration of small particles arising from gravitational
settling and the thermal gradient inside stars. Feeding
helium into the central region, the microscopic elemen-
tal diffusion can seriously modify the internal struc-
ture and surface constituents. Especially, in cases of
low-mass stars, even a small rate of diffusion can sig-
nificantly affect local physical properties (equation of
state and opacities) during their long lifetime. Since the
µ Cas system is composed of two cool stars, radiative
levitation is practically negligible, so only gravitational
sedimentation becomes important. In our evolutionary
computation, both helium (Y−) and metal (Z−) diffu-
sion are included on the basis of a standard description
(Bahcall & Loeb 1990; Thoul et al. 1994).

3.2. Mixing Length

In the outer envelope of solar-like stars, energy gener-
ated in the core is transported mainly by convection.
Basically, convection itself is the three-dimensional
(3D) phenomenon. In 1D model, the efficiency of the
convective energy transport is usually prescribed by the
classical mixing-length parameter (Böhm-Vitense 1958)
defined as αMLT = l/Hp. The super-adiabatic layers
(SAL) of the stellar atmosphere are sensitive to the
mixing-length parameter. Therefore, even a tiny vari-
ation of mixing length parameter can produce a sig-
nificant change of the thermodynamic properties near
surface. The recent standard solar model suggests that
the mixing length parameter will be placed in the range
between 1.5 and 2.0 (Cox & Giuli 1968). Unfortunately,
since the radius of a distant star cannot be accurately
defined, a direct determination of mixing length param-
eter is believed to be mostly impossible. Most of all, to
evaluate the mixing length parameters, stellar model
atmosphere as a upper boundary condition should be
defined priorly. For this reason, the solar value α⊙ (or
a mild variation) has been unavoidably adopted in the
1D stellar model. This subject will be discussed further
in Section 4.
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Figure 1. Evolution tracks of the µ Cas binary system. Through a statistical assessment, the best fit model (solid) which
minimize the observational errors has been determined. By adjusting the initial helium abundance (left) and the metallicity
(right), the representative models that marginally satisfy physical properties of the primary star have been presented. Boxes
denote the domains of observational errors.

However, if physical dimensions of a stellar system
are well-defined, the mixing-length parameter can be
calibrated statistically (Fernandes et al. 1998). For in-
stance, from the well-constrained stellar parameters of
nearby detached binaries, a calibrated αMLT is in good
agreement with those of the low-mass main-sequence
slope of open clusters (Vandenberg & Bridges 1984;
Vandenberg & Hrivnak 1985). Furthermore, it is known
that the calibrated αMLT matches well to the effective
temperature distribution of red giant branch (RGB)
stars (Chieffi et al. 1995; Vandenberg & Bridges 1984;
Alonso et al. 1999). Most of all, recent advances in the
optical interferometric observations enabled to directly
detect the radius of the primary component µ Cas A
(Boyajian et al. 2008). Therefore, our model grids in-
clude the mixing length calibration within a modest
range of αMLT. The solar mixing length parameter is
calibrated to α⊙ ∼ 1.88 in our standard solar model
based on the Grevesse & Sauval (1998) abundances with
(Z/X)⊙ ∼ 0.0229. Here, metallicity of a star is defined
as

[M/H] = log(Z/X)− log(Z/X)⊙,

where X is the hydrogen mass fraction, and Z is the
mass fraction of metal elements at the stellar surface.
If the mixing-length parameter is well-calibrated, then
this classical approximation will provide a computa-
tionally efficient way of describing convection in the 1D
stellar modelling.

3.3. Calibration of Stellar Parameters

In the context of the standard evolutionary theory, stel-
lar models can be constructed from a set of initial
configurations, that is, modelling parameters: stellar
mass, metallicity, helium mass fraction, and the mix-

ing length parameter. By adjusting modelling parame-
ters, calibration of a star is to find an initial condition
with which an evolved status satisfies observational con-
straints. In general, the standard evolutionary theory
is valid for single stars. However, if a binary system
is sufficiently detached and each component is within
its Roche lobe, the standard evolutionary model can be
safely applied. In this case, µ Cas is composed of two
low-mass main-sequence stars (MA, MB) ∼ (0.7 M⊙,
0.2 M⊙). From its subdwarf status and separation, we
assume that there is no significant interaction between
components without loss of generality. In addition, bi-
nary systems are supposed to have the same age (tage)
with an identical initial chemical composition (X0, Y0,
Z0). If the bright primary is calibrated with a well-
constrained observational errors, then, this calibrated
configurations can be applied to the faint secondary
star.

Based on the well-defined chemical mix (Table 3),
we construct a model grids using the mass range (0.10
M⊙ ≤ MA ≤ 0.85 M⊙) with the step of ∆M = 0.001
M⊙. The initial mass fraction of metal element is as-
sumed to be within the range (0.001 ≤ Z0 ≤ 0.01)
with the resolution of ∆Z = 0.0001. Regarding helium
abundance as a free parameter with the constraint of
Y >∼ Yp , the initial helium content has been also exam-
ined in the range of 0.20 ≤ Y0 ≤ 0.30 with ∆Y = 0.005.
In addition, the mixing length parameter is estimated
by regarding a mild variation (∆αMLT = 0.01) with re-
spect to the solar value (α⊙ ∼ 1.88) that is obtained
from the standard solar model. In our evolutionary
computations, all models are computed from the be-
ginning of the pre-main sequence (PMS) contraction,
that is, the stellar birth-line, until the helium ignition
occurs in the core.
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Table 4
Calibrated parameters and physical inputs

µ Cas A µ Cas B

M /M⊙ 0.74± 0.01 0.19± 0.04
tAge 11.7 ± 2.0 Gyr

X0 0.7495 ± 0.010
Z0 0.0055 ± 0.002
Y0 0.2450 ± 0.010

Xs 0.8000 0.7414
Zs 0.0044 0.0055

Xc 0.2880 0.7406
Zc 0.0062 0.0055

αMLT 1.65± 0.2 1.55± 0.4

Teff (K) 5299 3136
L/L⊙ 0.4418 0.0047
R/R⊙ 0.7907 0.2238
[M/H] −0.62 −0.50
log g 4.51 5.10

OPAL opacities
OPAL equation of states
Low temperature opacities
Pheonix atmospheres
Microscopic (Y − /Z−) diffusion

Note. (X0 ,Y0 ,Z0 ) denotes the initial mass fraction at the
beginning of the pre-main sequence contraction. (Xs ,Zs) and
(Xc ,Zc) correspond to the mass fraction of hydrogen and metal
elements at the surface, and in the central region, respectively.

From their statistical studies on kinematics and age
of the solar neighborhood stars, Caloi et al. (1999) sug-
gested that high space velocity stars (V ∼ 30 km s−1)
have a low metallicity ([Fe/H] ∼ −0.6). Since µ Cas is
categorized into a high-velocity star with respect to the
local standard of rest, we also consider tage ≥ 7 Gyr
as a constraint for the age estimation. In general, due
to the many-fold degeneracy among physical parame-
ters, the evolutionary solution of a star is not uniquely
determined. For a statistical evaluation among possi-
ble models, the χ2-minimization (Lastennet et al. 1999)
has been regarded:

χ2 =
∑

[

(

Ai −Ai
obs

σ(Ai)

)2
]

, (2)

where Ai denotes physical parameters of the theoretical
model, Ai

obs is the center value of observation, and σ(A)
is the observational error of the corresponding quanti-
ties. In a conventional isochrone fit, age of the stel-
lar system is generally estimated based on two physical
properties (L, Teff) on the HR diagram. Instead, in or-
der to minimize uncertainties between parameters, we
consider more number of physical constraints (L, R,
Teff , log g, [M/H]), which provides a better estimation
of physical dimensions.
Through our evolutionary computations, we find a

reliable set of physical parameters which statistically
minimize observational errors. The calibrated parame-
ters and global properties of the best fit model are listed

Figure 2. The evolution track of the secondary star. On
the basis of the identical configurations of the primary star,
the evolutionary status of µ Cas B has been calculated
from the stellar birth-line to the age of tage ∼ 11.7Gyr.
Two isochrones of 9 Gyr(solid) and 13 Gyr(dotted) have
been compared with the evolution track of µ Cas B on
the HR diagram. The box denotes the observational er-
ror domain. The grey area corresponds to an alternative
solution computed with uncertainties of the initial helium
abundance (∆Y = 0.005), the fractional mass of metal ele-
ments (∆Z = 0.002), and mass (∆M = 0.02 M⊙).

in Table 4. From its relative abundances, metallicity
and high space velocity, µ Cas seems to have a typi-
cal old population star. Accordingly, its evolutionary
status has been estimated to be a main-sequence phase
with an age of tage ∼ 11 Gyr. The evolutionary tracks
of the primary star are presented in Figure 1. Most of
all, it is notable that µ Cas has an extremely low he-
lium abundance (Y0 ∼ 0.245) which is comparable to
the primordial helium content (Yp). In the left panel of
Figure 1, two representative models that have the differ-
ent helium abundance (Y0 = 0.24, 0.25) are compared
with the best fit solution (solid). In the stellar struc-
ture theory, helium content has impact on the equation
of state of internal gas by increasing the mean molec-
ular weight. Half of the gravitational energy raises the
temperature of the central region, and consequently it
increases the nuclear reaction rates. Then, the outer
layers expand compensating for the steepened temper-
ature gradients in the central regions. Eventually, the
larger mean molecular weight increases the luminosity
of the star. On the other hand, with their low ionization
potential, metal elements are the main opacity source
by increasing the electron density. Therefore, the higher
metallicity decreases the effective temperature and lu-
minosity of the star. By changing the mass fraction of
metal elements, the evolutionary tracks of two compar-
ative models (Z0 = 0.0047, 0.0055) are compared with
the best fit model in the right panel of Figure 1.
Using the identical initial configurations of the pri-
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Figure 3. The age estimation of the µ Cas binary system.
Theoretical isochrones of 9 Gyr (solid) and 13 Gyr (dot-
ted) are presented on the HR diagram. According to the
calibrated parameters from the primary star, isochrones are
generated with the metallicity range (0.002 ≤ Z ≤ 0.30)
and the mass range (0.1 M⊙ ≤ M ≤ 2 M⊙). Boxes denote
the observational error domains of each component.

mary, the faint secondary is calibrated to be a very
low-mass star (MB ∼ 0.19). Due to its long main-
sequence lifetime, µ Cas B is slightly moved from the
ZAMS position on the HR diagram. In Figure 2, the
evolutionary track (dash-dot) of the secondary is pre-
sented with two isochrones (9 Gyr and 13 Gyr). The
grey area corresponds to the location of an alternative
model with uncertainties of the initial helium abun-
dance (∆Y = 0.005), metallicity (∆Z = 0.002), and
mass (∆M = 0.02 M⊙). In addition, the α-enhanced
isochrones are constructed on the basis of our model
grids. In Figure 3, theoretical isochrones are illustrated
with observational constraints of both components of
the µ Cas system. Through a consistent modelling, our
calibrations are in excellent agreement with the recent
observational constraints (McCarthy et al. 1993; Drum-
mond et al. 1995).

3.4. Asteroseismic Analysis

Asteroseismology is a unique tool for probes of stellar
interiors. In general, acoustic waves can penetrate to
different depths inside the star according to their oscil-
lation modes. The mode frequencies provide the density
profile of the internal region where the sound waves are
emanating and travelling. Conversely, the oscillation
modes can be translated into an estimation of the in-
ternal structure of each evolutionary phase. Owing to
its detectable micro-variability, the primary component
of µ Cas may be a favorable target of the seismological
studies especially on low-mass stars. Then, the seis-
mic modes of the acoustic eigen-frequencies will pro-
vide more stringent constraints that define the internal
structure of the star.

Preferentially, the p-mode spectrum can be charac-
terized by the large frequency separation which is the
inverse of the sound travel time (going and returning)
from the surface to the core, that is,

∆ν ≡

(

2

∫

dr

c(r)

)−1

, (3)

where c(r) is the sound speed at the radius r inside
stars. Therefore, the large separation is very sensitive
to the radius (as a boundary condition) and the density
profile (as a function of the depth) inside the star (Aerts
et al. 2010). If the mode frequencies are detected, then
it can be inversely translated to the density profile. For
the low degree p-modes, the large separation can be
written as

∆ν = νn+1,l − νn,l , (4)

and reduced frequency modulo is

νn,l = ν0 + k∆ν + ν̃n,l , (5)

where ν0 is a suitably chosen reference frequency, and
k is an integer such that ν̃nl lies between 0 and ∆ν.
According to the asymptotic expansion (Gough 1986),
the small frequency separation can be defined as

δνn,l ≡ νn,l − νn−1,l+2 (6)

≃ −(4l+ 6)
∆ν

4π2νn,l

∫ R

0

dc(r)

dr

dr

r
. (7)

This implies that the small frequency separation is seri-
ously affected by the sound-speed gradient in the core.
In other words, it is closely related to the chemical com-
position of the core, that is, the evolutionary status. On
the basis of the non-adiabatic analysis (Guenther 1994),
the theoretical frequency spectrum is computed using
the best fit model of µ Cas A. In the left panel of Fig-
ure 4, the large frequency separations ∆ν of two modes
(l = 0, 2) are presented. Two kinds of the small fre-
quency separations (δνn,0, δνn,1) are calculated in the
right panel. In addition, the Echelle diagram of the
frequency spectrum is illustrated in Figure 5. Circles,
triangles, squares, and diamonds correspond to modes
l = 0, 1, 2, and 3, respectively. From our seismic com-
putations, we find that µ Cas A has the mean first order
spacing 〈∆ν〉 = 169 µHz with the reference frequency
ν0 = 120 µHz. If the mode frequencies can be detected,
these models will provide a more stringent constraint
of the evolutionary status of µ Cas.

4. DISCUSSION AND SUMMARY

An elemental enhancement in abundances of metal-
poor stars plays a key role in probes of the formation
history of the Galaxy. In particular, the mutual con-
nection between [α/Fe] and [Fe/H] can be understood
from a point of the stellar nucleosynthesis feed-back to
the interstellar medium. Therefore, it is worthwhile to
discuss the correlations among the stellar parameters
such as metallicity, α-enhancement, and space veloc-
ity. From its chemical characteristics ([α/Fe] ∼ +0.4
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Figure 4. Theoretical estimations of the p-mode frequencies of the primary component of µ Cas. In the context of the
asteroseismology, the large frequency separations ∆ν (left) and the small frequency separations δν (right) are calculated.
Circles donote l = 0 modes, triangles l = 1 modes, and squares l = 2 modes.

dex, [Fe/H] ∼ −0.8 dex), µ Cas seems to be cate-
gorized not into a typical halo star ([Fe/H] < −1)
but into a thick disk star (Bensby & Feltzing 2006;
Reddy et al. 2006; Mishenina et al. 2013). Moreover,
the space velocity with respect to the local standard
of rest (VLSR ∼ 160 km s−1) belongs to the thick disk
domain (VLSR & 182 km s−1) (Takeda 2007). In addi-
tion, the maximum separation from the Galactic plane
(zmax ∼ 0.35kpc) also corresponds to an intermediate
value of disk stars (zmax < 0.5) (Ibukiyama & Arimoto
2002; Takeda 2007). For these reasons, µ Cas seems to
be marginally close to the thick disk stars.

In stellar astrophysics, the surface convection is one
of the most uncertain physical process. Inevitably,
in the 1D stellar models, convection phenomenon has
been treated by the classical mixing length parameter
(Böhm-Vitense 1958). Within a range of mild varia-
tions from the solar value, our model computation of
µ Cas includes calibrations of the mixing length pa-
rameter. Conventionally, the well-defined binary stars
provide a good estimation of the mixing length param-
eters in a semi-empirical way. For instance, the α Cen
binary system is one of the closest multiple systems
whose physical dimensions are well-defined (Demarque
et al. 1986; Kim 1999). In the recent studies, it was cali-
brated to be αA ∼ 1.64-1.86 and αB ∼ 1.58-1.97 (Morel
et al. 2000; Yildiz 2007). In the case of 85 Peg, the mix-
ing length parameters are known to have (αA, αB) =
(1.85, 2.14) by Fernandes et al. (2002), and (αA, αB) =
(1.6, 1.4) by Bach et al. (2009). Generally, many stellar
evolution codes employ a different model atmospheres
and physical inputs, which leads to a slight change in
optical and thermal properties near the surface, and
therefore the mixing length parameters are calibrated
into different values. However, the calibrated mixing
length parameters are still closed to their solar value α⊙

generated from the standard solar model (Trampedach

et al. 2014b).
Indeed, to improve estimations of the mixing length

parameters, stellar model atmosphere as an outer
boundary condition should be defined priorly. The ma-
jority of stellar models adopt the grey atmosphere ap-
proximation (Mihalas 1978) which relates the temper-
ature distribution to the mean optical depth τ in the
outer layers. This is the well-known the Eddington T−τ
relation, and it can be generalized by

T (τ)4 =
3

4
T 4
eff [τ + q(τ)] , (8)

with the Hopf function (q(τ) ≃ 2/3) that is originally
introduced to describe radiative transfer in a semi-
infinite atmosphere (Hopf 1930).
For the solar-like star whose outer region is covered

with the envelope, the optical transmittance is seriously
affected by the large temperature fluctuation driven by
convection. The surface convection zone is an extremely
turbulent region where the partly ionized particles move
fast at high temperature. In particular, the super-
adiabatic layers (SAL) are a transition region where
the transport of energy immediately changes from con-
vection to radiation. In order to describe radiant flows,
a detailed treatment of radiative transfer (RT) should
be included in the hydrodynamic (HD) simulations.
Recent advances in numerical simulations have en-

abled to directly compute the surface convection in 3D
radiation-hydrodynamics (RHD) (Chan & Sofia 1987;
Stein & Nordlund 1989; Freytag et al. 1996). From
their comparison test of the solar model, Bach & Kim
(2012) found that the location of the SAL in the 3D
RHD model considerably differs from those of the 1D
model due to turbulent motions of the fully compress-
ible flows. Furthermore, recent measurements of the
solar abundances based on the 3D RHD simulations
(Asplund et al. 2005, 2009) seriously differs from the
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Figure 5. The Echelle diagram of the frequency spectrum for
our model of µ Cas is presented. With our calibrated param-
eters, the theoretical frequency spectrum was calculated in
the context of asteroseismology. Circles, triangles, squares,
and diamonds correspond to modes l = 0, 1, 2, and 3, respec-
tively. The approximated large separation is ∆ν ∼ 169 µHz
at the reference frequency ν0 = 120 µHz.

previous one (Grevesse & Sauval 1998). More recently,
through the intensive RHD simulations (Trampedach
et al. 2014a,b; Tanner et al. 2014), they attempted to
evaluate the validity of the classical approximations.
Especially, Trampedach et al. (2014b) provided an ab-
solute calibration of the mixing length parameter com-
bined with a realistic T − τ relation considering a wide
range of the evolutionary stage. In addition, Tanner et
al. (2014) examined the effect of metallicity on convec-
tion and overshoot in the SAL of main-sequence stars.
However, such an inclusion of the detailed radiative
transfer in hydrodynamic simulations is still computa-
tionally expensive. In order to quantify the classical
approximations, a larger variety of model grids (metal-
poor, low-mass) should be counted. In this respect,
based on a well-defined internal structure of µ Cas, we
are computing the 3D RHD model, which will provide
more detailed information about the surface convection
phenomena of the metal-poor low-mass stars. On the
other hand, using the well-defined stellar parameters
of nearby stars, (Chen et al. 2014) provided an empir-
ically calibrated T − τ relation for the very low-mass
stars (VLMS). They found that the newly determined
T −τ relation has a significant effect on the stellar radii
(larger) and temperature (cooler) for the lower MS star.
The secondary star µ Cas B is regarded as a very low-
mass star (MB ∼ 0.2 M⊙), and our main-sequence so-
lution is calibrated into a slightly higher temperature
than the center value of observational error. If a newly
calibrated T −τ relation is applied to our computation,
a more accurate modelling will be possible.

Based on the high-resolution spectroscopy of the

BOES observation (Bach & Kang 2015), we investi-
gate physical properties of the µ Cas binary system.
By combining recent observations, stellar parameters
of this binary system have been calibrated in the con-
text of standard stellar theory. In our evolutionary
computation, the whole physical inputs such as opac-
ities and the equation of state are consistently gener-
ated based on the chemical mixture ([α/Fe] & +0.4 dex,
[Fe/H] ∼ −0.7 dex). Through the statistical evaluation
of the χ2-minimization among alternative models, we
find a reliable evolutionary solution (MA, MB, tage) =
( 0.74 M⊙, 0.19 M⊙, 11 Gyr) which excellently satis-
fies observational constraints. In particular, we confirm
that the initial helium abundance of µ Cas is compa-
rable to the primordial helium contents (Yp ∼ 0.245).
From the best fit model of the primary star, the p-
mode frequencies are estimated within the framework
of asteroseismology. With the well-defined stellar pa-
rameters, µ Cas will provide deeper insight of various
physical processes inside the metal-poor low-mass stars.

ACKNOWLEDGMENTS

We are grateful to Yong-Cheol Kim, Pierre Demarque,
and Marc Pinsonneault for their insightful discussions
on physical processes of stellar astrophysics. The au-
thor sincerely appreciates Young-Woon Kang and Jae-
Woo Lee for their invaluable discussions on the binary
system and spectroscopic analysis. The author thanks
Jason W. Ferguson for his opacity computations at low
temperature. We also thank Evangelia Tremou and
Camilla Pacifici for their helpful comments on a draft
version of this paper. This research was supported
by the BK21 Plus Research Programme (21A-2013-
15-00002) and in part by the Basic Science Research
Programme (2014-11-1019) through the National Re-
search Foundation (NRF) funded by the Ministry of
Education. The author gratefully acknowledges sup-
port of computing facilities of Yonsei Observatory and
the KASI-Yonsei DRC programme of Korea Research
Council of Fundamental Science and Technology (DRC-
12-2-KASI).

REFERENCES

Aerts, C., Christensen-Dalsgaard, J., & Kurtz, D. W. 2010,
Asteroseismology, Astronomy and Astrophysics Library
(Berlin: Springer)

Alonso, A., Arribas, S., & Mart́ınez-Roger, C. 1999, The
Effective Temperature Scale of Giant Stars (F0-K5). II.
Empirical Calibration of Teff versus Colours and [Fe/H],
A&AS, 140, 261

Asplund, M., Grevesse, N., & Sauval, A. J. 2005, The Solar
Chemical Composition, ASPC, 336, 25

Asplund, M., Grevesse, N., Sauval, A. J., & Scott, P. 2009,
The Chemical Composition of the Sun, ARA&A, 47, 481

Bach, K., Lee, J., Demarque, P., & Kim, Y.-C. 2009, Evo-
lutionary Status of 85 Pegasi, ApJ, 703, 362

Bach, K., & Kim, Y.-C. 2012, Hydrodynamical Comparison
Test of Solar Models, Astron. Nachr., 333, 934

Bach, K., & Kang, W. 2015, Determination of Physical Di-
mensions of µ Cas, ASPC, in press



174 Bach

Bahcall, J. N., & Loeb, A. 1990, Element Diffusion in Stellar
Interiors, ApJ, 360, 267

Basu, S., & Antia, H. M. 2008, Helioseismology and Solar
Abundances, PhR, 457, 217

Bensby, T., & Feltzing, S. 2006, The Origin and Chemi-
cal Evolution of Carbon in the Galactic Thin and Thick
Discs, MNRAS, 367, 1181

Berger, D. H., Gies, D. R., McAlister, H. A., et al. 2006,
First Results from the CHARA Array. IV. The Interfer-
ometric Radii of Low-Mass Stars, ApJ, 644, 475
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