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Stress Analysis in Polymeric Coating Layer Deposited on Rigid Substrate
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This paper presents an analysis of thermal stress induced along the interface between a polymeric coating 
layer and a steel substrate as a result of uniform temperature change. The epoxy layer is assumed to be 
a linear viscoelastic material and to be theromorheologically simple. The viscoelastic boundary element 
method is employed to investigate the behavior of interface stresses. The numerical results exhibit relaxation 
of interface stresses and large stress gradients, which are observed in the vicinity of the free surface. Since 
the exceedingly large stresses cannot be borne by the polymeric coating layer, local cracking or delamination 
can occur at the interface corner.
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Fig. 1. Epoxy layers separated from steel substrates.

1. Introduction

  Polymeric materials such as an epoxy are widely used 
as coating layers.1,3) Thermal stresses in coating layer/sub-
strate structures are an unavoidable result of the difference 
in coefficients of thermal expansion between coating layer 
and substrate. Such stresses result from the polymeric 
coating layer having a higher thermal coefficient of ex-
pansion than the substrate. The deformation of the coating 

layer is constrained by the substrate, and hence thermal 
stresses are built up in the coating layer. These thermal 
stresses can play a very important role during subsequent 
loading of the coating layer/substrate system. Such ther-
mal stresses may cause premature failure upon external 
loading.
  When the temperature change occurs, adhesion of ep-
oxy coating layer to substrates such as steel tends to fall 
off as shown Fig. 1. It is well known that the interface 
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Fig. 2. Region near interface corner between the coating layer 
and the substrate.

of bonded quarter planes suffers from a stress system in 
the vicinity of the free surface under the external loading.4,5) 
In such a region two interacting free surface effects occur, 
and singular interface stresses can be produced.
  Polymeric layers in general respond in a viscoelastic 
manner under loads and their time-dependent behavior is 
affected by temperature. Therefore, a time-dependent 
stress analysis of the bi-material system is essential in 
understanding and predicting failure in such systems. The 
interface stresses in viscoelastic layer have been studied 
by several investigators. Weitsman6) analyzed the mechan-
ical behavior of an epoxy adhesive layer as the adhesive 
absorbs moisture from the ambient environment. Delale 
and Erdogan7) presented the viscoelastic behavior of an 
adhesively bonded lap joint. Lee8) performed the boundary 
element analysis of the stress singularity for the viscoelastic 
adhesive layer under transverse tensile strain. Because the 
order of the singularity is material-dependent, it tends to 
change with time in viscoelastic materials. Lee9) also ana-
lyze the osmotic blistering behavior of polymeric coating 
film which is contact with an aqueous environment. 
  In this study, the thermal stress singularity at the inter-
face corner between an elastic steel substrate and a viscoe-
lastic epoxy coating layer subjected to a uniform temper-
ature change is investigated. The substrate is assumed to 
be rigid as it is much stiffer than the viscoelastic layer. 
The boundary element method (BEM) is employed to in-
vestigate the interface stresses in the viscoelastic coating 
layer. 

2. The Stress Singularity

  The order of the stress singularity at the interface corner 
between the substrate and the viscoelastic layer can be 

determined using a method similar to that described in 
Ref.8,10) Fig. 2 shows the region near the interface corner 
between perfectly bonded viscoelastic and rigid quarter 
planes. The free surfaces are assumed to be traction-free 
and the uniform temperature change provides the only 
loading. 
  Epoxy coating layers in general are thin. For sufficiently 
thin layer it is possible to neglect the temperature gradient 
through the thickness and consider the transient case of 
uniform temperature )(),( tTtT =x . It is further assumed 
that the coating layer is thermorheologically simple. 
  In the following, a condition of plane strain is considered. 
A solution of

  0);,(4 =Ñ tr qf (1)

  or, equivalently,

  0);,(4 =Ñ xqf r (2)

  is to be found such that the normal stress, s qq , and 
shear stress, t qr ,vanish along 2

pq = , further that the dis-
placements are zero across the common interface line 

0=q . In Eq. 2, x  is the reduced time defined as fol-
lows:

  
( ) rrxx dTAt

t

T )()(
0
ò==

(3)

  where AT is the shift function, a function of temperature 
history. 
  In the present study, a constant temperature change 

)(tTHD  is considered. Under the constant temperature 

change, the reduced time x  of Eq. 3 becomes

  tAT=x (4)
 
  The solution of this problem can be facilitated by the 
Laplace transform. With temperature change )(tTHD  in 
layer, it is convenient to use the Laplace transform with 

respect to reduced time x , instead of real time t . Then, 
Eq. 2 can be rewritten as follows:

  0);,(*4 =Ñ sr qf (5)
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Fig. 3. Variation of the order of the singularity.

  where *f denotes the Laplace transform of f  with re-
spect to x  and s  is the transform parameter.
  Using a method similar to that described by Williams 
[10], the Laplace transformed characteristic equation is 
obtained as follows:

  
[ ] 0)cos()(*435)(*12)(*82 2

2

=úû
ù

êë
é ---+- lpnnnl s

ss
sss

s   

    
[ ] 0)cos()(*435)(*12)(*82 2
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=úû
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é ---+- lpnnnl s
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sss

s
(6)

  where l  is the stress singularity parameter and s  is 
the transform parameter. )(* sn is Laplace transform of 
the viscoelastic Poisson’s ratio )(xn .
  The time-dependent behavior of the problem is recov-
ered by inverting Eq. 6 into the time space. The coating 
layer considered here is characterized by a standard solid 
shear relaxation modulus and an elastic bulk modulus as 
follows: 

  
÷
ø
ö

ç
è
æ-+==

*
exp)(,)( 10 tkK o

x
mmxmx (7)

  where )(xm is a shear relaxation modulus, )(xK is a 
bulk modulus, m 0 ,m1 and k o  are positive constants, and 

*t is the relaxation time. Introducing Eq. 7 into Eq. 6 
and inverting the resulting equation, we have

  [ ] 0)cos()(435)(12)(82 221
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    [ ] 0)cos()(435)(12)(82 221
2 =---+- lpxxxl MMM (8)

  where 
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  and
  

[ ] [ ]
[ ] [ ]

)0(3
3

)0(23
23

3
)0(3

)0(3
3

)0(23
232

3)0(23
23)0(3

0

00
3

0

00

2

00

0

0

00

0

00
2

000

000
1

m
m

m
m

m
m

m
m

m
m

mm
mm

+
+

=

ú
û

ù
ê
ë

é
-
-

+
+

-
+
+

-
-
-

=

+-
-+

=

k
kN

k
k

k
k

k
k

k
kN

kk
kkN

(9b) 

  The singularity at the interface corner has a form 
of r l-1 . Roots of Eq. 8 with 1)Re(0 << l  are of 
main interest. The calculation of the zeros of Eq. 8 
can be carried out numerically for given values of 
material properties. For 5.0)(0 << xn , there is at 
most one root l  with 1)Re(0 << l , and that root is 
real . 
  The numerical values used in this example are as fol-
lows:

  100;/106;57
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  Fig. 3 shows the variation of the order of the singularity 
with the real time for the material properties given by 
Eq. 10.
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Fig. 4. Boundary element analysis model. 

3. Boundary Element Analysis

  A viscoelastic layer bonded to a thick rigid substrate 
is shown in Fig. 4(a).  The coating layer has thickness 
h  and length L2 . Due to symmetry, only one half of 
the layer needs to be modeled. Fig. 4(b) represents the 
two-dimensional plane strain model for analysis of the 
interface stresses between the layer and the substrate. 
Calculations are performed for 20/ =hL .
  A uniform temperature change )(tTHD in the film is 
equivalent to increasing the tractions by nt j)(g 11)where

  )(3)( tTHKt D= ag (11)

  Here, K  is the bulk modulus; n j  are the components 
of the unit outward normal to the boundary surface; and 
a  is the coefficient of thermal expansion of the viscoe-
lastic layer.
  With a uniform thermal change in the layer, it is con-
venient to write the boundary integral equations with re-
spect to reduced time x , instead of real time t . Then, 
the boundary integral equations without any other body 
forces are written as follows11):
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  where u j  and t j  represent displacement and traction, 
and S  is the boundary of the given domain. )(ycij  is de-
pendent only upon the local geometry of the boundary. 
For y  on a smooth surface, the free term )(ycij is simply 
a diagonal matrix d ij5.0 . The viscoelastic fundamental sol-
utions, );',( xyyU ij and );',( xyyT ij , can be obtained by ap-
plying the elastic-viscoelastic correspondence principle to 
Kelvin’s fundamental solutions of linear elasticity. 
  Eq. 12 can solved in a step by step fashion in time 
by using the modified Simpson’s rule for the time integrals 
and employing the standard BEM for the surface integrals. 
Eq. 12 can be rewritten in matrix form to give the global 
system of equations:

  [ ]{ } [ ]{ } { }RBtGuH ++= T (13)

  where H and G  are the influence matrices; BT  is the 
known input due to temperature change; R  is the heredi-
tary effect due to the viscoelastic history. Solving Eq. 13 
under boundary conditions leads to determination of all 
boundary displacements and tractions. 
  In order to examine the viscoelastic behavior along the 
interface line of the film, the numerical values given by 
Eq. 10 were used. The boundary element discretization 
consisting of 46 line elements was employed. The refined 
mesh was used near the interface corner. Quadratic shape 
functions were used to describe both the geometry and 
functional variations. The solutions were obtained in terms 
of reduced time. The final solution was then obtained by 
converting to real time. Viscoelastic stress profiles were 
plotted along interface to investigate the nature of stresses. 
Fig. 5 shows the distribution of normal stress s yy  and 
shear stress t xy on the interface at nondimensional times 

0*/ =tt and 07.0 . The numerical results exhibit the relax-
ation of interface stresses and large gradients are observed 
in the vicinity of the free surface. Singular stresses may 
cause interface debonding in the absence of applied ex-
ternal stresses or local cracking. To characterize the singu-
larity levels near the free-edge, the stress singularity factor 
needs to be determined.  
  The stress singularity factor is normalized by the quan-
tity hs 2+ , giving it stress unit, as follows:
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Fig. 5. Distribution of interface normal stresses and shear stresses 
at times 0*/ =tt  and 07.0 .

Fig. 6. Variation of the free-edge stress intensity factors.

  Fig. 6 shows the variation of the stress singularity 
factor. It is shown that the stress singularity factor is re-
laxed with time while the order of the singularity increases 
first and then remains constant with time as shown in 
Fig. 3.

4. Conclusions

  The stress singularity at the interface corner between 
the viscoelastic film and the elastic substrate has been 
investigated. The interface stresses have been calculated 
using BEM. Localized but large gradients have been ob-
served in the vicinity of the free surface.  The order of 
the singularity has been obtained numerically for a given 
viscoelastic model. Since the exceedingly large stresses 
cannot be borne by a viscoelastic coating layer, local 
cracking or the delamination can occur at the interface 
corner as shown Fig. 1. 
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