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Robust Delay—dependent Stability Criteria for Takagi—Sugeno Fuzzy Systems with
Time—varying Delay
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Abstract — This paper presents the robust stability condition of uncertain Takagi—Sugeno(T—S) fuzzy systems with
time—varying delay. New augmented Lyapunov—Krasovskii function is constructed to ensure that the system with time—varying
delay is globally asymptotically stable. Also, less conservative delay—dependent stability criteria are obtained by employing
some integral inequality, reciprocally convex approach and new delay—partitioning method. Finally, two numerical examples are
provided to demonstrate the effectiveness of the proposed method.
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1. Introduction

Since Takagi—Sugeno(T—S) fuzzy model was first
introduced in [1], the stability and design conditions for
T—S fuzzy systems have been paid much attention. The
main advantage of T—S fuzzy model is that it can combine
the exibility of fuzzy logic theory and rigorous mathematical
theory of linear system into a unified framework to
approximate complex nonlinear systems [2—4]. On the other
hand, time delays often appears in many dynamical systems
such as metallurgical processes, biological systems, neural
networks, networked control systems and so on. The
existence of time delay may cause poor performance or
instability. Hence, the stability of T—S fuzzy systems with
time delay has been studied by many researchers
[5—24,30,31].

It is well known that the delay—dependent stability
criteria are less conservative that delay—independent ones
especially that the time—delay is small. The main issue of
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delay—dependent stability criteria is to find a maximum
delay bounds to guarantee the asymptotic stability of the
considered systems. Therefore, the study of increasing the
maximum delay bounds in delay—dependent stability criteria
for fuzzy systems is an important topic and have been
investigated by many researchers. In [5], the delay
dependent stability problem for T—S fuzzy systems with
time varying delay was investigated. Some stability criteria
or stabilization of delayed T—S fuzzy systems were derived
by employing free—weighting matrix [6,9,12]. Furthermore,
the results was further studied by using delay—partitioning—
based approach [13,17,19,23]. Recently, in [18], an
augmented Lyapunov—Krasovskii functional approach that
introduces a triple integral and some augmented vectors was
employed to investigate the stability problem of T—S fuzzy
systems with time—varying delay. In [20], the improved
results was obtained by quadratically convex approach. The
results was further improved in [24] by employing the
delay —partitioning method and reciprocally convex approach.
However, though these results and analytic methods are
elegant, there still exist some rooms for further
improvements. First, in [8,11,20,18], Jensen's inequality,
free—weighting matrix and quadratically convex combination
approach are used to derive the stability condition. However,
reciprocally convex approach [25], which can play an
important role in reducing conservatism of the stability
condition, is not used in [8,11,20,18]. Second, though the
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reciprocal convex approach, delay—partitioning and integral
inequalities method are combined to obtain some less
conservative results in [24], it still needs some
improvements since it only used the improved inequality in
constant delay, not employed in time—varying delay.
Furthermore, it can be predicted that delay—partitioning
approach can provide tighter upper bounds than the results
without delay—partitioning approach. However, as
delay —partitioning number increases, matrix formulation
becomes complex and time consuming and computational
burden grow bigger. Therefore, there are rooms for further
improvement in stability analysis of T—S fuzzy systems with
time—varying delay.

In this paper, the stability analysis conditions for uncertain
T=S fuzzy systems with time—varying delay are proposed. By
construction of a modified augmented Lyapunov—Krasovskii
functional approach, an improved stability criterion for
guaranteeing the asymptotically stable is derived by using
Wirtinger—based integral inequality [261, reciprocally convex
approach [25], and new delay—partitioning method. It should
be pointed out that different with delay—partitioning method
used in [24], we only divide the time interval into two
sub—intervals, and consider two different cases of
delay —partitioning method. Moreover, some robust stability
criteria of uncertain T—S systems with time varying delay is
provided. Finally, two numerical examples are given to
demonstrate the effectiveness of the proposed method.

Notation: Throughout the paper, R" denotes the n
—dimensional Euclidean space, R™*" denotes the set of
m by n real matrix. For symmetric matrices X, X>0
and X<0, mean that X is a positive/negative definite
symmetric matrix, respectively. 7/ and 0 denote the
identity matrix and zero matrix with appropriate
dimension. * represents the elements below the main
diagonal of a symmetric matrix. diag... denotes the

diagonal matrix.
2. Problem Statements

Consider the following nonlinear system which can be
modeled as T—F fuzzy model type subject to time—varying
delay:

Rule it If 0,(t) is M, and .. and if 0, (¢) is M,

(>:(A +A4,)z () + (A.+AAdi)x(t—h(t)), (1)
o), t E[—h,p00,i=1,2,...,7

where 0,(t),0,(t),....0, (t) are the premise variables, M is

n

fuzzy set, i=1,2,...,7,j=1,2,...,n r is the index number of

892

fuzzy rules, and z(t)ER" denotes the state of the system.
A, and A, are the known system matrices and
delayed—state matrices with appropriate dimensions,
respectively. ¢(t) is a continuously real—valued initial
function vector. we assume that h(t) is a time—varying
delay satisfying

0<h(t) <hy,hlt) < p (2)

where h,,u are known constants.

The uncertainties satisfy the following condition:
[A4, AA,)=DFWIE E,). (3)

where D,E,E, are known constant matrices; F(t)ER"*"
is the
Lebesgue measurable elements bounded by

unknown real time—varying matrices with

FIO)Ft) <L t=0 (4)
Using singleton fuzzifier, product inference, and
center—average defuzzifier, the global dynamics of the
delayed T—S system (1) is described by the convex sum
form

= 35, (B[4, + A4 ) (6) + (4, + A4, (e~

i=1

R(t))] (5)

where  p, (0(t))

function satisfying

denotes the normalized membership

OO o) =TT, 0,00 ©

Y, (0(1))

i=1

p(0() =

where M, (0,(t)) is the grade of membership of 6,(t) in
M; 1t is assumed that

) >0, Ew

i=1

)>0,t >0 (7)

Then, we have the following condition

)=1t=0 (8)

) =0, Zp1

i=1

For the sake of simplicity, let us define
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P, (0)A, A= Yp (0(0)A,,. (9)

1 i=1

0N B= Y 00)E,

i=1

N
Il

|
I
M* i

Il
—

Now, the system (5) can be rewritten as

2(t) = Az (t)+ Az (t—h(t)) + Dp(t), (10)
p(t) = F(t)q(t),
q(t) = Et)+ Ea(t—h(t)).

In what follows, some essential lemmas are introduced.
Lemma 1 [26] For a given matrix R>0, the following
inequality holds for all continuously differentiable

function z(t) in [a,b|ER™:

(b= a) [ 5 Ts)Re (5 )ds =~ [2 ()~ 2 ()] Rlo () — o (0)] ~ 32RO

2 b
bia'/aac(s)ds.

Lemma 2 [28] ©For a given
h, < h(t)< h,,, and any appropriate dimension matrix X,

where 2=z)+z(a)—

matrix ~ M>0,

MT
which satisfies [ifﬂzo. Then, the following inequality
holds for all continuously differentiable function z(¢)

=) <070 Y 1o

where
alt) =lof ()0 (t),05 (t),0] (£)]7,
alplha, t)=z@t—h@))—z(t *h”),

2 t—h(t)
) =z(t—h@t)+az(t—hy,)—— (s)ds,
2 ’ ’ M hﬂl_h(t) ‘/z oy o
qg(t):x(t*hm)*l’(t*h(ﬂ)v
R
o () =alt—h ) talt—h(t) - h ft 5)ds,
t—h(t
— (MO
M= {* 3M|
Lemma 3 (Fisher's Lemma [27]) Let

¢eR"o=d"€R"*", and BER™™" such that rank(B) <n.
The following statements are equivalent

(i) €7BE<0,VBE=0,6#0,

(ii) B*'®B* <0, where B' is a right orthogonal
complement of B.

(iii) 3 XER"™™:p+XB+(XB)T <0.

I
e
02
0x
TEL
E
d
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3. Main Results

In this section, we first propose a stability criterion for
delayed T—S fuzzy systems without uncertainties, and the
following nominal system will be considered:

z(t) = Az (t) + A,z (t — h(t)), (11)

For the sake of simplicity of matrix and vector
e ER " (i=1,2,...,8) are defined as

=00070000]7).

representations,
block entry matrices (for example (e,

The other notations are defined as :

()= [27(t) 2" (t—ahy) 2" (t—h(t)) =7 (t—h,,)
t=n(t)

(7)/,;,90 it S L]
t—ah,y,

’

T
7{1;1“ o x(s)ds) a(0)

)= [ (1)

/z—h(z) ( ) T 1 t—ah,y, ( ) T
x(s)ds — z(s)ds
t—hyy ) (h(t)iahjl] t—h(t) )

( x(s)ds)rdt(t)
[ L ah,,

2T (t—ah,,) 7@t —h(t) 2Tt —h,,)

’

H [ (ahu h(t ))e +h(t)e € (h *ahM% 1,
H [ ohy e, (hl, h(t))€5+(h( t)— ozh‘,) 6]
H1 [65_62 e;te,—2e, e —eg e teg— eb},
=le;—e, e;te, —2e; e, ey €, te, —2¢],
:H]P[e8 e, —ey ey—e, ] +leg e, —e, eZ*eA]TPH}T,
Ef:]TfP[eS € — e, 62—64]T+[68 € —ey e —84]TPHfT,

22 :€1Q1‘91T_(1_“)‘93Q1€3T7
Ty = e, Qye, —eyQey ey Qpey —e, Qe
R S|
i =(ah, e Rel — I " 1T,
) = (ahy,) egReg z*Rlz

242 = (ahﬂy[)ZeSRleST— [61 _ezh?i [61 _62] .
—3le, +e,—2¢,1R [e, +e,—2¢,]7,
251 = ((1_0‘)}1111)268%85_ [82 _64]Rz [62 _64] g
—3le, +e, —2¢,1R,le, +e, —2¢.]7,

252: ((170[)}7"”)268]22687'7113

Y, =5 +5,+5,+ 5+ 2,
Y,=2+5,+5,+ 55+ 52

T=[404,0000—1,
=[4,04,0000—1,
Now we have the following Theorem.

Theorem 1 For given scalars hy,>0,0<a<1,u, the
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system (11) is globally asymptotically stable if there

exist symmetric positive matrices
PER™ " Q. Qy QR Ry, and any

Sj(j:l,?)ERQ"”” such that the following LMIs hold

matrix

T

Fi,L [Yllh(t)e[o.,ahj,]FiL <0, (12)
T

Fi,L [n]h(t)e[uh”huinl <0, (13)
T =0,5=12, (14)

* R] J

— R 0
B
where £#, [*33/}

Proof: Let us consider the following Lyapunov—Krasovskii
functional candidate as

Vi)=YV, (15)
i=1
where
z(t) T z(t)
¢ ¢
[7 was| | [ atas
V= t—ah,y, P|Y t—ahy ,
t—ahy t—ahy
f z(s)ds f x(s)ds
t—hy t—hy
t
V,= z(s)ds,
t—h(t)
t t—ah,y,
V= z(s)ds+ z(s)ds,
t—ah,y t—hy
0 t - .
V,=ah,, :UT(S)Rlx(s)ds,
h —ah,” t+a

—ahy -, | .
x (S)sz(s)ds.

—hyy

Vs =(1=a)hy,

Depending on whether the time—varying delay h(t)
belongs the interval 0<h(t) <h, or ah, <h(t)<h,,
different upper bound of the V;(i=1,4,5) can be obtained

as two cases:
When  0<h(t) <ah,, the
V;(i=1,2,3) can be calculated as

time—derivative of

(t) =(t) !
t—hlt. t .
s ; (t)
VF 2 t—ahuw(S)d - /t—h(t)y(S)ds rl oz(t)— .;f(t —ah,,) }
/’7{”’& s)ds x(t—ahy)—x(t—"h,)
t=hy
=& (6)ZE), (16)

894

=T (t) D,E(t), a7

I'/3 < IT(t)QQI(t) *xT(t*ahM) QQZL‘(t*O(hM)
+Z’T(L‘_Oth‘w) Qsm(t—ahM) —xT(t—hM) ng(t—h,M)

=¢"(t)5,e(t), (18)

By applying Lemma 2, an upper bound of V4 is obtained

as

. t

Vi=(ohy,)'e (1) Ra(t) —ohy, | ] 27(s) R a(s)ds
(o PaTORED) —ahy, [ 5T R as
t—ah,,
—ah,, L x.T(s)Rl:.v(s)ds
t—h(t) -
T () AT R S5
< (ahy )’z () Ra(t) =57 ()| 7 B(t)
=& (t)ZE(t), (19)
where
B =1871).67 ). 6L ), 87 (1) T
B, (t) =z(t—h(t)) —z(t—ah,,),
t—h(t)
8,0 =alt=h(e) +att—ah)~ s [T Vaoas
M t—ah,,
By (t) =z (t) —z(t—h(t)),
54(t):x(t)+x(t7h(t))*%/7}()x(s)ds,.

Note that when A(t)=0 or h(t)=h,, we have
Bt)=5,t)=0 or pB(t)=p8,t)=0 Then (19) still
holds.

Next, an upper bound of V5 can be derived by Lemma

T () R (s)ds

t—hy

V.= (1—a)hy) % (t) Ryat) — (1—a)h,,
< (1= a)hy, 2" (t) Ra(t) — 30T R,
- [I (t - ah”) - (t - hn/)] T]?Q [I (t - ahn/) - (t - hﬂ{)}

=" ()2, (20)

W h e r e
2, = alt—ahy) +alt—hy) ——— [ e(s)ds
=zx(t—ah,)tz(t—h,, *4f x(s
! M M hyr—ahy J oy,

Therefore, in the case of 0<h(t) <h,, form Egs.

(16)—(20), an upper bound of t) can be given as
Wt) < €7 (t)Y,E(t). (21)
Based on Lemma 3, & (t)Y,&(t) <0

with  Te()=Yp (6)0et) =0 s

i=1

equivalent  to



Sip, (0L TYIF; <0. Furthermore, the above
i=1

condition is affinely dependent on h(t). Hence, (12)
and (14) imply sz NI YF' <0.

Next, when ah,, <h(t) <h,,, the time—derivative of V]

is
z(t) r
. fi z(s)ds z(t)
V=2 - ahy, Pl x(t)—z(t—ah,)
/r h(t)w (5)d5 N r—ahwﬁ s) ) x(t _ thM) _ m(f, _ hu\l)
=y t—h(t)
= 7 (£) STE(), (22)

Based on Eq. (17) and (18),

V,(i=2,3) can be calculated as

an derivative of

V< ()5E),i=2.3. (23)
By Lemma 1,
V (ah”) ( )Rx( )— ah,, ' x'T(s)an'c(s)ds

t—ah,y,
< (ahy)c ") Rx(t) — 32 R 2,
—lat) —z(t—ah ) R [x(t) 2t —ah,,)]

= () 2E (), (24)

t
2 z(s)ds.

where QQ:a:(t)-Q-:U(t—ahM)——
ahyJ o,

Also, an upper bound of ¥, can be obtained by

utilizing Lemma 2

Vo= (1= a)hy 2o (6 Ry(t) — (1—a)h,, L ) Ryx(s)ds
< (= 0RO - 0=y [ a R s)as
—(1—a)h,, t:}”:;’gg'r(s )Ry (s)ds
RS,
< (=0 PO Ra D~ 0] % 22 0)
=7 (6)22E (1), (25)
where
)= @)% @)% @) )]
&)=zt —=ht)—zt—h,,)
t—n(t)
2 (6) =t =)+t —hy,) — — Qh(t)/) 2 (s)ds,
M t—hy
t—ah,y
(O =2(t—ah,) +a(t h(t))—m/mm‘z(s)ds,.

Note that when h(t)=ah,, or h(t)=h,, we have
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7 () =%{#)=0 or ~(t)=~,t) =0, B(t)=0. Thus, Eq.
(25) still holds.
Therefore, from Egs. (22)—(25), an upper bound of

"V(t) in the case of ah, <h(t) <h, can be given as

t) < ()Y, E(t). (26)

Based on Lemma 3, f_T(t)Y2§(t) <0

with  TE() = Y p 0u)NE) =0 s

i=1

sz NI Y, <.

i=1

condition is affinely dependent on h(¢). Hence, (13)

equivalent  to

Furthermore, the above

and (14) imply Zp1 NI Yg( ) <o. This

i=1

completes the proof. Il

Remark 1. Unlike in [24], the proposed Lyapunov—Krasovskii
functional in (15) are divided the time delay interval
[0,h] into different size because of introducing parameter
a. When a=0.5, it can be reduced to the ones employed
in [24], which divides the time delay interval into the

h h,,
same size, that is, [0,h,,]=10, i}U[i,h,w].

; In other

words, based on two delay decomposing approach, the
Lyapunov—Krasovskii functional constructed in this paper
is more general than the ones used in [24]. When
a=0.5, constructing the following Lyapunov functional

candidate as

:EV,- (27)
i=1

where

Y= /t ah\,|: O‘hu)}rQ

the others are the same with the ones in (15).

x(s)
a:(sfah‘u)

]ds,

Remark 2. It should be pointed out that the proposed
delay —partitioning method is different from existing ones
[24,29]. In [29], by using nonuniform decomposition method
that the whole delay interval is nonuniformly decomposed
into multiple subintervals. In [24], uniform decomposition

method is used, which divides the delay interval into the
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same size. While the conventional method use pre—known
constant value to divide the delay interval, a new
nonuniform delay—partitioning method is proposed by
introducing parameter «, that is, delay interval is divided

as [0,k =[0,0h,,]Ulah,,h,,].

Based on Eq. (27) with a=0.5, the following Corollary

can be obtained from Theorem 1.

Corollary 1. For given scalars hy,>0,a=0.5pu, the
system (11) is globally asymptotically stable if there
matrices

exist symmetric positive

PER:;”X:‘”,QERQ"XQ”QI,RURZ, and any
S.(j=1,2)ER*™"*" such that the following LMIs hold

matrix

L W 2 oo I <0, (28)
. [Yz]h(t)e[ah,‘,}”,][l'L <0, (29)
05 0= (30)

e 2 7-: )~y
"

where

V=X + 5, + S+ 5+ 5

V=545, + 5+ 32+ 32,

- [62 64] Q[ez 64] T

= [61 SQ}Q[CI eQ]T

Remark 3. Unlike the constructed Lyapunov—Krasovskii
functional in (15), the cross term of the state x(¢) and
z(t—ah,) in (15) are considered, which may provide
improved stability condition.

For uncertain T-S fuzzy system (10), since
pT(t)pt) < q"(t)g(t), there exists a positive scalar e

satisfying the following inequality:

ela (D)alt) =" (Dp(2)] = 0. ) =1 (1)) and
FO=1").p"(1)], ¢ER™" (i=1.2...9), and the other

notations are given as follows:

Define

¥ =[E0E,000000],

11 = [ei (oth:h(t))ec)-i-h(t~)e6 (h ahM) ﬂ,
2— [el ahme7 (hU h(t))e5+( (t)— ahu)e]
[ed e, es-i—e2 2e~5e~1 e, € -ﬁ-e3 266]
= [63 €, €3+64 265 e~2 e~3 62+€3 266],
r

211: HllP[eS €= €y 3™ 64]T+[68 e~ 62—64] TPHI1 s
ST, o~~~ ~ o~ ~ ~ ~ ~ ~ Y
D2EIPleg e,—e, ey—e ) +eg ey—e, ey—e, ) PII}

896

E € Qlel (1_“)55Q1€3T

Y= e Q2€1*62Q26’2+€2Q362 64Q384T?
— — 7 S —
Z!=(ah,,)? eSH e — Hl & Rl 1721T7

= (ah‘E)ng;lees: [61162]121 [61: e;] r
—3le,+ey—2e,] R le,+e,—2e,] 7,
5= ((1_3‘)}%.11)2‘;%}?268 [62 64]}22[62 64}]-
—3[62+e4—267]]?2[62+e4 267} s
* R| 2
Y= S S+ S S Sl egel — 0w,

i

552: (- a)hu)z%j?‘z%; ;7;2

Y= S S Tt S S —e, :—wTu?
I, =[I,,Dl.

Now we have the following Corollary 2 and Corollary 3.

Corollary 2. For given scalars hy,>0,0<a<1,u, the
system (10) is globally asymptotically stable if there
exist symmetric positive matrices
PER QL Q@ R Ry, and any

S,(j=12)ER*™"*", and a positive scalar e such that the
following LMIs hold

matrix

. T[?]h o, ochj,]lf;il<0’ (31)

[ ]h uh,,h\,]ﬁ <0, (32)
E s,

T 2=0,j=1,2 (33)
I

Corollary 3. For given scalars hy,>0,a=0.5pu, the

system (10) is globally asymptotically stable if there
exist symmetric positive matrices
PER™ M QER™ ™Q R.R,, and any matrix

S(j=1,2)ER*™"*" and a positive scalar ¢ such that the
following LMIs hold

[;L [Yllh(t)e[),ah ,][;L<0? (34)

LW e onun Ly <0, (35)

_JSJ 0,j=1,2, (36)
> =

* R e

where

= D4 St Sy Sl Sl - eged — 0w,

V)= X2 5,4 Sy S 52— el — 0w,



V=5 4+ 5, + 5+ 5L+ 5L,
V=524 5, + S+ 52+ 52

.
Si=ley el Qley )" —ley ,]Qley ¢

4. Numerical Examples

In this section, two numerical examples are given to
show the effectiveness of the proposed method.
Example 1 Consider the system with the following

parameters:
_[-3.2 06 _[109
Alf{ 0 —2.1]"4#1*[0 2}’
_[-10 090
AQ*{ 1 —3]’A42*[1 1.6}'

For different u, the upper bounds of the time—varying
delay computed by the proposed method and those in
[8,11,20,18,24] are listed in Table 1. It is easy to
know that the proposed method in this paper is less
conservative than those in the existing results.

B 1 oE pgkel A AEHAAA hy,
Table 1 Upper delay bound h,, for different u

m 0.03 0.1 0.5 0.9
[8] 0.5423 ] 0.4809 0.4752 0.4455
[11] 0.5456 | 0.5030 0.4995 0.4988
[20] 0.7806 | 0.5906 0.5392 0.5268
[18] 0.8369 | 0.7236 0.7154 0.7014
[24] 0.8771 ] 0.7687 0.7584 0.7524
Theorem 1
1.5835| 1.2444 1.2216 1.1686
(=0.5)
Theorem 1
1.5906 | 1.2698 1.2445 1.1852
(=0.6)
Corollary 1
1.6840 | 1.3925 1.3566 1.2771
(a=0.5)

Example 2 Consider the system with the following
parameters:

[-21 _[-10 _[-20
Al*{0.571]"4&“*[7171]"42*{0 71}’
_[-16 0 (16 0 o1 0
A *[ 0 —1]’El - [ 0 0.05 En = [ 0 0.3]’

16 0 _Jox 0 _[0.03 0
*{0 —0.05 ‘Ed?*{o 0.3]’07[ 0 —0.03]‘

£

For different pu, the upper bounds of the time—varying
delay computed by the proposed method and those in
[5,9,12,24] are listed in Table 2. It can be concluded that

>
T
A
e
io
\J
B
rr
_|
w
L]
A
>
|>
o
fjo
)
ok
I~
>
>
]
[0
I
e
o
ox
TEL
nE
It
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the result proposed in this paper is better than the existing
ones.

E 2 vE pkell I AFHAAD by,
Table 2 Upper delay bound h,, for different u

1 0.01 0.1 0.5 unknown

[5] 0.944 | 0.892 0.637 -

[9] 1.163 | 1.122 0.934 0.499

[12] 1.187 | 1.155 1.100 1.050

[24] 1.382 | 1.318 1.132 1.127
Theorem 1

1.379 | 1.323 1.151 1.148

(a=0.5)
Theorem T a0 |1 306 1.154 1.149
(a=0.4) ) ) ) )
Corollary 1l ) 990 | 1325 1.152 1.149
(a=0.5) ’ ’ ’ ’

5. Conclusions

The robust stability for uncertain T—S fuzzy systems with
time—varying delay has been investigated. Based on a
modified Lyapunov—Krasovskii functional, some less
conservative criteria have been obtained by employing new
delay—partitioning technique, integral inequality and
reciprocally convex approach. It should be worthwhile
pointed out that different case of delay—partitioning method
is used in this paper, that is, the delay interval is divided
into even and not even. Two numerical examples have been
given to demonstrate the effectiveness of the proposed
method.
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