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Abstract – This paper presented an improved analytical method for calculating armature-reaction 
field in the surface-mounted permanent magnet machines accounting for opening slots. The analytical 
model is divided into two types of subdomains. The current of the armature is centralized in the center 
of the slots. The field solution of each subdomain is obtained by applying the interface and boundary 
conditions of the model. Two 30-pole/36-slot prototype machines with different slot-opening width are 
used for validation. The FE (finite element) results confirm the validity of the analytical results with 
the proposed model. The investigation shows that the wider the slot-opening width is, the smaller the 
peak value of radial and circumferential components of flux density, and the analytical armature-
reaction field produced by centralized current in the slots is similar with the armature-reaction field 
produced by distributed current in the slots in the FE. 
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1. Introduction 
 
Permanent-magnet machines have become more and 

more popular in the commercial, industrial and military 
products benefiting from higher power ratio to mass, 
torque ratio to volume, efficiency and lower vibration and 
noise over conventional electrically excited synchronous 
machines and asynchronous machines [1-3]. The magnetic 
field is one of the most important issues in the permanent-
magnet machines. It influences the performance of the 
motor such as torque ripple [4], armature winding 
inductances [5, 6], acoustic noise and vibration spectra [7], 
radial force distribution [8, 9], etc. Its accurate prediction 
can significantly facilitate and expedite their optimal design 
in terms of efficiency, compactness, cost and reliability. 
At the present time, the numerical methods for magnetic 
field calculation, such as finite-elements method, provide 
accurate results concerning all kinds of magnetic sizes of 
permanent magnet machines, taking into account the 
saturation and without making any simplification of the 
geometry. But the numerical methods are very time-
consuming, not suit to the initial design and optimization 
of the machines. Usually, the numerical methods are very 
good for the adjustment and validation of the design. 
Furthermore, the results which are obtained by numerical 
methods may be not accurate to calculate cogging torque 
and unbalanced magnetic force [10, 11] since it is sensitive 
to the FE meshes. Indeed, the motor performance can be 
obtained by the analytical methods of field computation 

based on the sufficient hypotheses [12]. 
Carter’s coefficient has been widely used to consider 

the slotting effects in conventional electrically excited 
synchronous machines and asynchronous machines [3, 13]. 
Its accuracy is not enough sometimes. The current of 
armature winding is equivalent to the distributed current 
sheet in the inner surface of the stator by Zhu et al. [14]. 
Then he proposed the analytical method accounting for 
stator slot openings by the application of the conformal 
transformation method and a “2-d” relative permeance 
function [15]. Zarko [16] introduced the notion of complex 
relative air-gap permeance, calculated from the conformal 
transformation of the slot geometry, to take into account 
the effect of slotting. This solution follows directly from 
the Schwarz-Christoffel transformation, which is a complex 
function by nature. 

Zhu [5] proposed distributed current area, and divided 
the field domain into two regions: the region with air-gap 
and magnet and the region with slotless winding. The 
accuracy of the 2-D model depended on the assumed 
radial location of the equivalent current sheet. Wu [17] 
calculated armature-reaction field of surface-mounted 
permanent-magnet machines accounting for tooth-tips. 
The field domain is divided into three types of subdomains. 
The subdomain model predicted similar flux density in 
the air gap and magnets, but exhibited much higher 
accuracy for the flux density in the slots. Its solution is 
complicated. Rahideh [18] presented analytical armature-
reaction field distribution of slotted brushless machines 
with surface inset permanent magnets. Overlapping and 
non-overlapping windings with all teeth or alternate teeth 
were also studied. 

In this paper, an improved analytical method accounting 
for opening slots is derived for calculating the armature-
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reaction field distribution of machine. In the derivation, the 
current in the slot is centralized in the center of the slot. 
The field domain is divided into two types of subdomains: 
(1) permanent magnet and air-gap; (2) Slots. The analytical 
field expressions of two subdomains excited by armature 
windings are obtained by the variable separation method. 
The coefficients in the expressions are determined by 
applying the interface and boundary conditions. The 
investigation shows the developed model has high 
accuracy to calculate the armature-reaction field of surface-
mounted permanent magnet machines. And the wider the 
slot-opening width is, the smaller the peak value of radial 
and circumferential components of flux density. The FE 
results verify the validity of the analytical model. 

 
 

2. Analytical Field Modeling 
 
In this paper, the analytical modeling is based on the 

following assumptions: 

(1) Linear properties of permanent magnet; 
(2) Infinite permeable iron materials; 
(3) The relative permeability in the PM is equal to air; 
(4) Negligible end effect; 
(5) Simplified slot as shown in Fig. 1; 
(6) The current in the slot is centralized in the center of 

the slot. 
 
The two-dimensional subdomain model for calculating 

armature-reaction field is shown in Fig. 1. The magnet 
field is divided into two types of subdomains for the 
convenience of analysis: (1) subdomain of permanent 
magnet and air-gap (The first subdomain is limited by a 
circle characterized by a Rs radius); (2) subdomain of slots. 

 
2.1 Armature-reaction field in the first type of 

subdomains 
 
Since in the 2-D field, the vector potential has only z-

axis component which satisfies Laplace equation in the 
first type of the subdomains: 
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where Az1 is vector potential in the air, r and θ  are the 
radius and he angle between OP and the line of 0°, which is 
shown in Fig. 1. 

The radial and circumferential components of flux 
density can be obtained from the vector potential distribution 
by 
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where Br and Bθ  are radial and circumferential components 

of flux density respectively. 
In the first type of subdomains, the general solution of 

(1) can be given by 
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According to the boundary condition in the first type of 

subdomain, the circumferential component of flux density 
is zero in the outer surface of rotor. So 

 
 * * 2m

m m rB A R=  (4) 
 

where m is the harmonics of the armature-reaction field in 
the air-gap, and Rr is the radius of the outer surface of rotor. 

Substituting (4) into (3), the vector potential in first type 
of subdomains can be given by 
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where mC  and mD  are coefficients to be determined, and 
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According to (2) and (5), the radial and circumferential 

components of flux density can be given by 
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where Br1 and 1Bθ are radial and circumferential 
components of flux density respectively in the air-gap, and 

iθ

Slot  
region 
2i, i=3

θ

 
Fig. 1. Symbols and types of subdomains with windings.
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1 ( )m m m
m rF m r R r−= −  (9) 

 
2.2 Armature-reaction field in the second type of 

subdomains 
 
The vector potential in the ith slot produced by I (the 

current of the winding) can be given by 
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where 0μ  is permeability of the air, n is the harmonics of 
the armature-reaction field in the slots, and  
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where a is the distance between windings and the center of 
the machine. 

Boundary conditions in the ith slots: ① 0rB =  while 
/ 2i sabθ θ= ± and .s sbR r R≤ ≤  ② 0Bθ =  while sbr R=  

and / 2 / 2i sa i sab bθ θ θ− ≤ ≤ + .Where Rs is the radius of 
the inner surface of stator. Rsb is the bottom radius of the 
slot. bsa is the radian of the each slot. 

Then according to boundary conditions, the armature-
reaction field produced by the single slot can be solved in 
the slot. Since the armature-reaction field is symmetrical 
about the line iθ θ=  in the polar coordinates, according to 
the general solution of (11), the vector potential in the slot 
can be given as 
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where niA  and niB  are coefficients to be determined, μ0 
is the permeability of the air, r is the radius of point P, θi 
is the angle between center line of the ith slot and the line 
of 0º. 

Then 
 

0
2

1

02

[( )
2

      ( ) ]cos[ ( )]
2 2

n n

n n n

E E
z i ni

n n

saE E E
ni sb n i

n

I
A A a r

E
I b

A R a r E
E

μ
π
μ

θ θ
π

∞
−

=

−

= +

+ − + −

∑

1
1

= cos[ ( )]
2
sa

ni n i
n

b
F E θ θ

∞

=

+ −∑  (13) 

for r a< , and 
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for r a≥ , where 
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2.3 Interface conditions between two types of sub-
domains 

 
2.3.1 The First Interface Condition 

 
The first interface condition is that the circumferential 

component of the flux density in the inner surface of stator 
sr R=  is equal. 

According to the vector potential distribution in the ith 
slot, the circumferential component of the flux density 
along the stator bore can be obtained: 
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The circumferential component of the flux density along 

the stator bore outside the slot is zero since the stator core 
material is infinitely permeable. So Fourier series of the 
circumferential component of the flux density in the inner 
surface of stator can be given by 
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According to (8), (20) and the first interface condition, 

the following equations can be obtained: 
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Substituting (8), (20) into (25), the following equations 

can be obtained: 
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Combining (17), (21), (22) and (26), the following 

equations with matrix format can be obtained: 
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where C1, D1 and A2i are the column vectors for 
coefficients Cm, Dm and Ani, e.g. C1=[C1, C2, …, CM]T, M is 
the maximum harmonic order in the air gap and magnet 
regions, N is the maximum harmonic order in the slot 
regions and Ns is the number of slots. 

 
2.3.2 The second interface condition 

 
The second interface condition is that the vector 

potential of the ith slot opening is equal in the two types of 
the subdomains. 

According to (5), the vector potential in the inner surface 
of stator can be given as 
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The equation (44) can be expanded into Fourier series 

along the stator inner surface of the ith slot: 
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where 
 

 
2( , ) ( , )i i

sa
n m n m

b
πσ η=   (49) 

 
2( , ) ( , )i i

sa
n m n m

b
πτ ξ=   (50) 

 
According to (14), the vector potential in the inner 

surface of stator can be obtained:  
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According to (47), (53) and the second interface 

condition, the following equation can be obtained:  
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Combining (45), (46), (52) and (55), the following 

equations with matrix format can be obtained: 
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According to (27) and (56), the final equations with 

matrix format are shown in (67). 
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Then the coefficients C1, D1 and A2i can be obtained 

according to (67). 
 
 

3. Finite-Element Validation 
 
The major parameters of two 30-pole/36-slot prototype 

machines with different slot-opening width which are 
used for validation are shown in Table 1. The analytical 
prediction is compared with the linear FE prediction. The 
Finite element mesh of the geometry is shown in Fig. 2. 
The current with 700A is distributed in the two slots in FE, 
while the current with 700A is concentrated in the two slots 
in the analytical method. 

 
Table 1. Parameters of prototype machines (Unit: mm) 

Stator outer diameter 520 2P/Ns 30/36
Rotor diameter 370 Stator yoke height 15 

Stator inner diameter 400 Active length 460 
Slot opening 8 16 Rated speed(rpm) 200 

 

 
Fig. 2. Finite element mesh of the geometry 

 
Fig. 3 shows the results between analytical and FE 

predictions of armature-reaction flux density in the air-gap 
of machine with slot-opening width=8 mm. The peak value 
of radial component of flux density are 0.083T air-gap 
r =198mm of motor. And the peak value of circumferential 
component of flux density are 0.07T in the air-gap 
r =198mm of motor. 

Fig. 4 shows the results between analytical and FE 
predictions of armature-reaction flux density in the air-gap 
and slots of machine with slot-opening width =16 mm. The 
peak value of radial component of flux density are 0.077T 
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in the air-gap r =198mm of motor. And the peak value of 
circumferential component of flux density are 0.048T in 
the air-gap r =198mm of motor.  

As can be seen from Fig. 3 and Fig. 4, the predicted 
armature-reaction flux density by subdomain model almost 
completely matches FE results, and the error is less than 
2%. The results show that the wider the slot-opening width 
is, the smaller the peak value of radial and circumferential 
components of flux density. At the same time, the analytical 
armature-reaction field excited by centralized current in the 
slots is similar with the armature-reaction field excited by 
distributed current in the slots in the FE. 

 
 

4. Conclusion 
 
This paper presented an improved method for 

calculating the armature-reaction field in the surface-
mounted permanent magnet machines accounting for 
slots. The analytical model is divided into two types of 
subdomains. The current in the slot is centralized in the 
center of the slot. The field solution of each subdomain 
is obtained by applying the interface and boundary 
conditions. The analytical armature-reaction field excited 
by centralized current in the slots is similar with the 
armature-reaction field excited by distributed current in the 

slots with FE method. And the FE results confirm the 
validity of the analytical results with the proposed model. 
The investigation shows that the wider the slot-opening 
width is, the smaller the peak value of radial and 
circumferential components of flux density. 
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Fig. 4. FE and analytically predicted armature-reaction 
flux density waveforms in the air-gap r =198mm of 
motor having slot-opening width =16 mm: (a) 
Radial component; (b) circumferential component.
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