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STRONG CONVERGENCE IN NOOR-TYPE ITERATIVE
SCHEMES IN CONVEX CONE METRIC SPACES

BYUNG-S00 LEE

ABSTRACT. The author considers a Noor-type iterative scheme to approximate com-
mon fixed points of an infinite family of uniformly quasi-sup(f,)-Lipschitzian map-
pings and an infinite family of g,-expansive mappings in convex cone metric spaces.
His results generalize, improve and unify some corresponding results in convex met-
ric spaces [1, 3, 9, 16, 18, 19] and convex cone metric spaces [8].

1. INTRODUCTION

Recently, a class of three-step approximation schemes, which includes Mann and
Ishikawa iterative schemes for solving general variational inequalities and related
problems in Hilbert spaces, was considered by Noor [11]. And then, three-step
methods (named as Noor methods by some authors) for solving various classes of
variational inequalities and related problems were extensively studied by the same
author in [12]. Since then Noor iteration schemes have been applied to study strong
and weak convergences of nonexpansive mappings [2, 10, 13, 14, 16, 20, 21]. In 2002,
Xu and Noor [20] considered a three-step iterative scheme with fixed-point iterations
for asymptotically nonexpansive mappings in Banach spaces. In 2007, Noor and
Huang [13] analyzed three-step iteration methods for finding the common element of
the set of fixed points of nonexpansive mappings and studied the convergence criteria
for three-step iterative methods. In 2007, Nammanee and Suanti [8] considered the
weak and strong convergences for asymptotically nonexpansive mappings for the
modified Noor iteration schemes with errors in a uniformly convex Banach spaces.
In 2008, Khan et al. [7] generalized the Noor-type iterative process considered in

[20] to the case of a finite family of mappings.
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On the other hand, there have been many researches [1, 3, 5, 6, 9, 16-19] on
iterative schemes for various kinds of nonexpansive mappings in convex metric spaces
with convex structure [15] in the usual metric spaces. In 2010, Khan and Ahmed [6]
introduced a generalized iterative scheme due to Khan et al. [7] in convex metric
spaces and established a strong convergence to a unique common fixed point of a
finite family of asymptotically quasi-nonexpansive mappings under the scheme. Very
recently, Tian and Yang [17] gave some sufficient and necessary conditions for a new
Noor-type iteration with errors to approximate a common fixed point for a finite
family of uniformly quasi-Lipschitzian mappings in convex metric spaces.

A cone metric [4] in Banach spaces, which is a cone-version of the usual metric in
R is very applicable in applied mathematics including nonlinear analysis by joining
it with convex structures. Very recently, Lee [8] extended an Ishikawa type itera-
tive scheme with errors to approximate a common fixed point of two sequences of
uniformly quasi-Lipschitzian mappings on convex cone metric spaces.

Inspired by the works mentioned above, the author recalls some generalized non-
expansive mappings on cone metric spaces and gives some sufficient and necessary
conditions for a Noor-type iteration to approximate a common fixed point of an infi-
nite family of uniformly quasi-sup( f,,)-Lipschitzian mappings and an infinite family
of gn-expansive mappings in convex cone metric spaces. His results generalize and
improve many corresponding results in convex metric spaces [1, 3, 9, 16, 18, 19] and

convex cone metric spaces [8].

2. PRELIMINARIES

Throughout this paper, F is a normed vector space with a normal solid cone P.

A nonempty subset P of FE is called a cone if P is closed, P # {6}, for a,b €
R* = [0,00) and z,y € P, ax + by € P and PN {—P} = {#}. We define a partial
ordering < in F as x Xy if y —x € P. ¢ << y indicates that y — x € intP and
x < y means that x < y but  # y. A cone P is said to be solid if its interior int P
is nonempty. A cone P is said to be normal if there exists a positive number ¢ such
that for z,y € P, 0 < x < y implies ||z|| < t||y||. The least positive number ¢ is
called the normal constant of P.

Let X be a nonempty set. A mapping d : X x X — (E,P) is called a cone
metric if (i) for z,y € X, 0 < d(z,y) and d(z,y) = 6 iff x = y, (ii) for z,y € X,
d(z,y) = d(y,x) and (iii) for z,y,z € X, d(z,y) < d(z,2) +d(z,y). A nonempty set
X with a cone metric d : X x X — (E, P) is called a cone metric space denoted by
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(X,d), where P is a solid normal cone.

A sequence {z,} in a cone metric space (X, d) is said to converge to x € (X, d)
and denoted as li_)m Tpn = x Oor T, — x (a8 n — oo) if for any ¢ € intP, there
exists a natural gurﬁ?)er N such that for all n > N, ¢ —d(xy, ) € intP. A sequence
{zn} in (X, d) is called a Cauchy sequence if for any ¢ € intP, there exists a natural
number N such that for all n,m > N, ¢ — d(zy,zy) € intP. A cone metric space

(X, d) is said to be complete if every Cauchy sequence converges.

Lemma 2.1 ([4]). Let {z,} be a sequence in a cone metric space (X,d) and P be a

normal cone with a normal constant t. Then

(i) {zn} converges to x in X if and only if d(xn,x) — 0 (as n — ) in E.
(ii) {zn} is a Cauchy sequence if and only if d(zy,xm) — 0 (as n,m — o0) in

E.

We recall some generalized nonexpansive mappings and convex structures on cone

metric spaces.

Definition 2.1. Let T" be a self-mapping on a cone metric space (X,d) and f : X —

(0,00) a function which is bounded above.

(i) T is f-expansive, if

d(Tz,Ty) < sup f(z)-d(z,y) for z,y e X.
zeX

In particular, T is said to be nonexpansive, if sup f(z) = 1, and
zeX
T is said to be contractive, if 0 < sup f(z) < 1.
zeX
(ii) T is asymptotically f-expansive, if there exists a sequence (z,,)7% in X such

that lim f(x,) =1 satisfying
n—oo
d(T"z, T"y) = f(xn)d(z,y) for z,y € X,
in particular, T is asymptotically nonexpansive, if there exists a sequence
(kn)oo o in [1,00) with lim k,, =1 satisfying
n—oo

d(T"z, T"y) < kpd(z,y) for z,y € X (n € NU{0}).

(iii) T is asymptotically quasi-f-expansive, if there exists a sequence (x,)5°, in

X such that lim f(x,) =1 satisfying
n—oo

d(T"x,p) 2 f(zp)d(xz,p) for x € X and p € F(T) a set of fixed points of T,
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in particular, T is asymptotically quasi-nonexpansive, if there exists a se-

quence (k)22 in [1,00) with lim k, = 1 satisfying
n—oo

d(T"z,p) < kpd(z,p) for € X and pe F(T) (n e NU{0}).
(iv) T is uniformly quasi-sup(f)-Lipschitzian, if

d(T"x,p) < sup f(x)d(z,p) for x € X and pe F(T),
rzeX

in particular, T is uniformly quasi-L-Lipschitzian, if there exists a constant
L > 0 such that

d(T"z,p) < L-d(z,p) for x € X and pe F(T) (neNU{0}).

Definition 2.2. Let (X, d) be a cone metric space. A mapping W : X3 x I? — X is
a convex structure on X if d(W(x,y, 2z, an, bn,cpn),u) < apn-d(x,u) + by - d(y,u) +cp -
d(z,u) for real sequences {an}, {b,} and {¢,} in I = [0, 1] satisfying a,, + b, +c, =1
(n € N)and z,y, z and u € X. A cone metric space (X, d) with a convex structure W
is called a convex cone metric space and denoted as (X, d, W). A nonempty subset C
of a convex cone metric space (X, d, W) is said to be convez if W(z,y, z,a,b,c) € C
for all x,y,z € C and a,b,c € I.

In this paper, we consider the following Noor-type three-step iteration in convex
cone metric spaces ;

For given z( € C, define a sequence {x,} in C as follows;

Ln+1 = W(Snl‘n, Tﬁym Un; Oy Bn, ’Yn)v
(2.1) Yn = W(Snxn, T 2n, Un; any by, cn),

zn = W(Sn@n, T Tn, wn; dp,y en, 1),
where {u,}, {v,} and {w, } are any sequences in X, C' is a nonempty convex subset
of (X,d,W), T, : C — C is a uniformly quasi-sup(f,)-Lipschitzian mapping, S, :
C — C is a gyp-expansive mapping and {ay}, {Bn}, {1}, {an}, {bn}, {cn}, {dn},
{en} and {l,} are sequences in I such that a,, + b, + ¢, =1, ap, + B+ >p=1 and
dn+en+ln=1(neN).

Remark 2.1. (i) We have the following iteration by putting S,x, = x, in
Yn = W(SnxnaTr?l'n; q: an,bp, Cn) of (2~1)

Tn+l = W(Snxn,TT?ym Un; anaﬁna’}’n)a
(2'2) Yn = W(xanﬁvavmambnycn)’
Zn = W(xn,qulxnywn; dna €n, ln)



STRONG CONVERGENCE IN NOOR-TYPE ITERATIVE SCHEMES 189

(ii) By putting Sy, = x5, we obtain the following iteration from (2.2) ;

Tn+1 = W(l’n, T'r?yn7 Up,; Oln, ﬁnv 'Yn),
(2'3) Yn = W(xn,TfmeUn;ammen),
Zn = W(xn; Tﬁﬂﬁn, Wy i €, ln)
which generalizes many kinds of Ishikawa-type iterations.

(iii) The following Ishikawa-type iteration is a special case of (2.1);

{«Tn-i-l = W(Sna;nv Tﬁyn, Un; O,y By ’Yn)a

(2.4) .
Yn = W(Snxna 1 Tn, Un; Qn, by, Cn)-

which was considered in [1].

3. MAIN RESULTS

Throughout this paper, fn, g, : X — (0,00) are functions, which are bounded

above, and whose least upper bounds are M,, and N, respectively (n € N).

Lemma 3.1 ([5, 9]). Let {ay}, {bn} and {c,} be nonnegative real sequences satis-
fying the following conditions;
(1) ant1 < (1 +bp)an +cn (n €N),
(ii) > by and ) ¢y are finite,
n=1 n=1
then the following hold;

(1) lima,, ezists.
(2) Iflima, =0, then lima, = 0.

The following lemma considered in convex cone metric space (X, d, W) is a result
on the properties of an iteration sequence {x,} defined as (2.1) for an infinite family
{T,,} of uniformly quasi-sup( f,)-Lipschitzian mappings and an infinite family {S,, }

of g,-expansive mappings.

Lemma 3.2. Let d: X x X — (E, P) be a cone metric, where P is a solid normal
cone with the normal constantt. Let C be a nonempty convex subset of a convex cone
metric space (X,d,W). Let T, : C — C be uniformly quasi-sup(f,)-Lipschitzian
mappings and Sy, : C' — C' be gp-expansive mappings (n € N) with a nonempty set

D= (ﬁF(T@) N (ﬁ F(Sn)> .

n=1
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Let {uy}, {vn} and {w,} be bounded sequences in C and {an}, {On}, {1}, {an},
{bn}, {cn}, {dn}, {en} and {l,} be sequences in I such that o, + Bn + Yn = an +
bp+cn=dp+e,+1,=1(neN).
Assume that the following conditions hold;
(i) fo>1and g, >1 (n€N),

(i) M =sup M,, and N = sup N,, are finite,
neN neN
(iii) L = (1+ M + M?) - Lo, where

Ly = max { sup d(un, p), sup d(vn, p), sup d(wp, p)}
" " "

is finite.
Let {x,} be the iteration defined as (2.1), then the following holds.
(1) d(zni1,p) = (1 + (M + M?* + M?)) - N -d(zp,p) + L - 5,
< N MMM g p) 4 L5,

for p € D, where n, = an + B and 6, = By, + v (n €N) .

(2) there exists a constant K > 0 such that
n+m—1
d(Tpim,p) X K -d(@p,p) + K-L- Y 6 forpeD.

k=n

Proof. For any p € D, we have
d(SUn—i-lvp) = d(Wq(Snl'na Tﬁyn, Un; O,y B,y 'Yn)ap)
= ap - d(SpTn,p) + Bn - (T Yn, ) + Yn - d(Un, p)

) < - gul) - d(@n,p) + B - My - () + 3 - )
= ap - Ny - d(zn,p) + Bn - My - d(yn,p) + Yn - d(un, p),
d(Yn,p) = d(Wy(Snxn, T) Tn, Un; G, by, Cn), D)
< ap - d(Spxp,p) + by - d(T) 20, p) + cp - d(vn, p)
(3:2) = an - gn(Tn) - d(xn, p) + by - My, - d(2p,p) + - d(vp, D)
< apn - Ny - d(xp,p) + bp - My - d(zn,p) + ¢y - d(vn, p).
and
d(zn,p) = d(Wy(Snzn, T} @n, Wy dn, en, ln), p)
53) = dy, - d(Spxn,p) + en - d(T) Tpn,p) + I - d(wp, p)

j dn . gn(xn) . d(l?mp) + €n Mn . d(l?mp) + ln . d(wnap)
=dy - Ny - d(xnap) +en - M, - d(xnap) + 1y - d(wmp)-
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From (3.1) to (3.3), by the fact that 1 + 2 < e” for x > 0, we have

(1) d(znt1,p) = an - Ny - d(@n,p) + B - My - d(Yns p) + V0 - d(tn, p)
=y - Ny -d(xn,p) + Bn - My - {an - Ny - d(xn, p)
+ by - My, - d(zn,p) + ¢ - d(Vn, D)} + Vi - d(un, p)
=ty - Ny - d(@p,p) + Bn - My - [an - Ny - d(@, p)
+ by - My, - {dy, - Ny - d(zp,p) + €n - My, - d(2p, D)
+ by - d(wp, p)} + ¢n - d(vn, p)] + - d(wp, p)
= (o Np+ B an-My-Ny+ Bp-bp-dy - M>- N,
+ By b e - M2) - d(zn,p) + By - b - Ly - M2 - d(wy, p)
(3.4) + B - en - My, - d(vp, p) + Vi - d(wp, p)
= [(an + Bn) + (un + o) (M + M3+ M)] - Ny - d(25, )
+ (Bn +yn) (1 + M, + M?2) - Lo
<[40 (M + M? + M*)] - N - d(zn,p) + L 0y

< N - mMAMAM?) g 5Y + L - 6,
Moreover, we obtain the following result (2) from the result (1).

(2) d(@ngm,p) = N - entm-t:MEMZAMD) gy DY+ L Gt

j N . enn+m—1~(M+M2+M3) . (N ) 677n+m—2'(M+M2+M3)

d(Tntm—2,p) + L~ 5n+m72) + L dptm—1

= N2 . 6(77"""”’_1+77"+m_2)'(M+M2+M3) . d(fl'n-l—m—%p)

(3.5) N - lmmt (MAMPEME) s L St

< N2. e(Mntm—1+npm—2) (M+M?>*+M?) (N . emtm—3 (M+M?+M?)

: d(xn—&-m—?np) +L- 5n+m—3)
+ N - etm-t(MAM2 M) s+ L Snmet

3 n4+m— n+m— nmf'MM2M3
— N3 . emtm—14mntm—2+nntm-3)- (M+M?+ )'d(anrme»p)

. 2 3
+ N2 . e(nn+m—1+nn+m—2) (M+M +M ) . L . 5n+m_3

+ N . etm—1:(M+M?+M?) 1 Ontm—2+ L - Ongm_1
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n+m—1
m 2 Mk (MMM
<XN™-e k=n ’ d(l‘n,p)
n+m—1
1 > e (MA+M2+M?)
+ N™75 . gh=n+l -L-4,
n+m-—1

5 S e (MAM2+M3)
+ N° . gk=ntm=3 L 0pgm—a

. 2 3
_|_ N2 . e(nn+m71+nn+mf2) (M+M +M ) . L . 5n+m73

£ N emor (MAMPEME) s

+L'5n+m—1
n+m—1
< K -d(zn,p)+ K- L- Z Ok

n+m—1
> me(M+M2+M3)
where K = N™ .¢e k=n

Remark 3.1. If f,, > 1 and g, <1 (n € N), then
N,, = sup gn(z) =1 and N = sup N, (z) = 1.
zeX neN
Hence from (3.4)

d(zny1,p) < e MEMPAEMD) g Dy 4 L6,

and from (3.5)
n+m—1

d(Tpm;p) X K1 - d(@p,p) + Ki-L- Y 6,
k=n

n+m-—1
> e (M+M24+M3)
where K1 = e k=n .

Remark 3.2. If f,, <1 and g, > 1 (n € N), then

M, = sup fn(z) =1and M =sup M, = 1.
rxeX n

Hence from (3.4)
d($n+17p) j N - 67771 . d($n7p) + LO : 5717
and from (3.5)

n+m—1
d(@ptm,p) 2 Kz - d(zn,p) + Kz - Lo - Z Ok
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n+m—1

> o
where K9 = N™ . ¢ k=n k.

Remark 3.3. If f,, <1 and g, <1, then from (3.4) and (3.5), respectively,
d(zpi1,p) 2 €™ - d(xn,p) + Lo - On,

and
n+m—1

S me n+m—1
d($n+m7p) =< e k=n : d(xnap +LO Z 5k:

Remark 3.4. Lemma 2 in [1] dealt with the Ishikawa-type iteration (2.4) for an infi-
nite family of uniformly quasi- L,-Lipschitzian mappings T}, with L = max{1, sup L, }
n>1

< oo and an infinite family of nonexpansive mappings Sy, i.e., L > 1 and g, = 1

(n € N). Hence Lemma 2 in [1] is a corollary of Lemma 3.1.

Now we introduce our main result for the iteration defined as (2.1) with an infinite
family {T,,} of uniformly quasi-sup( fy,)-Lipschitzian mappings and an infinite family

{S,} of gn-expansive mappings in convex cone metric spaces (X, d, W).

Theorem 3.1. Let C' be a nonempty closed convex subset of a convex cone metric
space (X, d, W) with a solid normal cone P with a normal constantt. LetT, : C — C
be uniformly quasi-sup( f,)-Lipschitzian mappings and Sy, : C' — C be g,-expansive
mappings with a nonempty set D : < N F(T, )) N ( N F(S )> Let {un}, {vn}
and {wy} be bounded sequences in C and {an} {Bn}, {%} {an}, {bn}, {cn}, {dn},
{en} and {l,,} be real sequences in I such that ayn + Bp + Yo = an + by + ¢ =
dn +'€n #‘ln ::1 (ﬂ,E FD.
Assume that the following conditions hold;

(i) fn>1and g, >1 (n€N),

(il) M =sup M,, and N = sup N,, are finite,
neN neN
(iii) L = (1+ M + M?)- Lo, where

Lo = max { sup d(un, p), sup d(vn, p), sup d(wy, p) }

peD peD
n>1 n>1 n>1
18 ﬁmte
(iv) Z (an + Bn) and Z (Bn + vn) are finite.
n=1 n=1

Let {xy} be the iteration defined as (2.1).

We have the following equivalent result;
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(1) {zn} converges to a common fized point p € D.
(2) lim d(xz,,D)=0.
n—oo
Proof. We only consider the case of f,(z) > 1 and gn(z) > 1 for z € X (n € N).
Obviously the statement (1) implies the statement (2).

Now we show that the statement (2) implies the statement (1). From (3.4), we have
d(xpy1,D) = (14 0,(M + M?* + M?)) - N -d(z,,D) + L - 6,,

where 0, = ay, + 3, and 6, = 6, + ¥, for n € N.
Thus the normality of P implies that
ld(@nt1, DY < t- (14 nn(M + M2+ M%) - N - ||d(zn, D)+t - || L] - 0n
where t is the normal constant ¢ of P.
By the condition (iv) that Z p, and Z 0p, are finite, hm ||d(xy, D)|| exists from

Lemma 3.1. Since hm ld(zy, )H =0 by the hypothesis, we have hm \ld(zn, D)|| = 0.

Now, we show that the sequence {z,} is convergent. For any given ¢ > 0, take a

positive integer Ny such that

€
d(z,, D)|| < ————
o0 D)1 < e
>0 :
k< s
K=No 2t°K3 - || L]
No+n—1
> me(MAM?+M?)

where K3 = N™.¢e *=No for n > Ny.

By using a property of infimum for ||d(x,, D)||, we take a positive integer N1 > Ny
and pg € D such that

e
d _
|| (le’pO)H < 2(t2K3 —|—t)

Hence for any positive integer n > Ni, from (3.5) by the normality of P we have

ld(znt-ny s o) < E(lld(2 N, 40, pO) [ + [l d(@ ;5 po) 1)
n+Np—1
< (Ka- d@ny,po)l + K- LI - D 6k) +t- [[d(@ny,po)
k=N1
n+N1—1
< (PKy+0)|d(@n,, po)ll + 8- Ko | L] Y 6
k=N1



STRONG CONVERGENCE IN NOOR-TYPE ITERATIVE SCHEMES 195

€ £

<(BPKy+t) ————+t? Ky |L]| - =

< (PKa+1) 2(t2K3 +t) - +-IIL] 202K - || L

_e €

2 2
No+n—1
> k(MMM

=¢, where K4y = N"-e *=M1

Hence lim ||d(zp+n,, 2N, )| = 0, which shows that lim d(z,,zn,) =0, ie., lim z,
n—00 n—o0 n—o0

= zn, by Lemma 2.1(i). Since C is closed, p* := zn, € C.
Now, we show that the set D is closed. In fact, let {p, } a sequence in D converging
to p in C. Then

d(p, Tip) < d(p,pn) + d(pn, Tip)
(3.6) < d(p,pn) +d(Tipp, Tip)
< d(p,pn) + M - d(pn,p) for all i € N.
Letting n — oo in (3.6), we have
p € F(T;) for all i € N.
Similarly,
d(p, Sip) <d(p,pn) + d(pn, Sip)
(3.7) <d(p, pn) + d(Sipn, Sip)
<d(p,pn) + N - d(pn,p) for all i € N.
Letting also n — oo in (3.7), we have
p e F(S;) for all i € N.

Hence p € D, which implies that D is closed.
Moreover, we have p* € D. In fact, since d(p*, D) = d( lim z,,D) = lim d(z,, D) =
6 by Lemma 2.1 (i), we have p* € D, which says thatx?:;z} convergzs_> 53 a common
fixed point in D. O

Remark 3.5. In Theorem 3.1, the full space need not to be complete.

Remark 3.6. We obtain the same results for iterations defined as (2.2) and (2.3)
with an infinite family {7},} of uniformly quasi-sup( f,,)-Lipschitzian mappings and

an infinite family {S,,} of g,-expansive mappings in convex metric spaces (X, d, W).

Remark 3.7. The main result of [1] considered the Ishikawa-type iteration (2.4)

for an infinite family of uniformly quasi-L,-Lipschitzian mappings T;, with L =



196 BYuNG-S00O LEE

max{1,sup L, } < oo and an infinite family of nonexpansive mappings Sy, i.e., L > 1
n>1
and g, = 1 (n € N) in convex metric spaces. Hence Theorem 1 in [1] is a corollary

of Theorem 3.1.

Remark 3.8. By putting f,(z) = 1 and g,(z) = 1 for x € X in Theorem 3.1,
we have the corresponding results in convex metric spaces and convex cone metric

spaces.

Remark 3.9. We obtain the same results as Theorem 3.1 by replacing the uniform
quasi-sup( f)-Lipschitzian of T}, (n € N) with the asymptotical quasi- f-expansiveness
of T, (n € N).

Remark 3.10. Theorem 3.1 generalizes, improves and unifies the corresponding

results in convex metric spaces [1, 3, 9, 16, 18, 19].
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