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GEGENBAUER WAVELETS OPERATIONAL MATRIX
METHOD FOR FRACTIONAL DIFFERENTIAL EQUATIONS

MUJEEB UR REHMAN AND UMER SAEED

ABSTRACT. In this article we introduce a numerical method, named Ge-
genbauer wavelets method, which is derived from conventional Gegen-
bauer polynomials, for solving fractional initial and boundary value prob-
lems. The operational matrices are derived and utilized to reduce the lin-
ear fractional differential equation to a system of algebraic equations. We
perform the convergence analysis for the Gegenbauer wavelets method.

We also combine Gegenbauer wavelets operational matrix method with
quasilinearization technique for solving fractional nonlinear differential
equation. Quasilinearization technique is used to discretize the nonlinear
fractional ordinary differential equation and then the Gegenbauer wavelet
method is applied to discretized fractional ordinary differential equations.
In each iteration of quasilinearization technique, solution is updated by
the Gegenbauer wavelet method. Numerical examples are provided to
illustrate the efficiency and accuracy of the methods.

1. Introduction

Fractional differential equation is the generalization of the ordinary differ-
ential equation and is used to model the problems in many areas of science
and engineering such as fluid mechanics [19], dynamic of viscoelastic materials
[20], biosciences [23], electromagnetism [15] and continuum and statistical me-
chanics [24]. For most of the fractional differential equations, exact solutions
are not known. Transform methods can be used to solve fractional differential
equations exactly, but their applicability is limited to certain classes of lin-
ear fractional differential equations. Therefore different numerical method for
providing approximate solutions to classical differential equations are extended
to solve fractional differential equations. Some of these techniques include,
fractional difference method [25], differential transform method [2], Adomian
decomposition method [14] and homotopy analysis method [16].

The wavelet analysis is the decomposition of a function onto shifted and
scaled versions of the basic wavelet. The wavelet basis are orthogonal basis for

Received December 23, 2014; Revised January 19, 2015.

2010 Mathematics Subject Classification. 65160, 65M70, 65N35.

Key words and phrases. Gegenbauer polynomials, Gegenbauer wavelets, operational ma-
trices, fractional differential equations, convergence analysis, quasilinearization.

©2015 Korean Mathematical Society
1069



1070 MUJEEB UR REHMAN AND UMER SAEED

Lo (R) and are generated by the translation and dilatation of the basic wavelet.
They are compactly supported. The Haar wavelet [21, 31] is the simplest of
the orthonormal wavelets with compact support and was constructed by Haar
in 1909. Haar wavelet operational matrix of integration was first derived by
Chen et al. [7] to solve the differential equations. There are several other
wavelets which can be used to solve the differential equations. Some of these
include, Daubechies [8, 32], B-spline [9], Legendre [29, 35], Hermite [1, 33] and
Chebyshev [3, 17]. Legendre, Hermite and Chebyshev wavelets uses Legendre,
Hermite and Chebyshev polynomials as their basis functions, respectively.

Linearization is carried out by considering the first two terms in the Taylor’s
series expansion of the original nonlinear differential equation. This technique
is a generalized Newton-Raphson method for functional equations. It is also
known as the quasilinearization method. The quasilinearization technique not
only linearizes the nonlinear equation but also provides a sequence of functions
which in general converges rather rapidly to the solution of the original non-
linear equation. The main advantage of this technique is that the procedure
converges quadratically to the solution of the original equation, if there is con-
vergence at all. The method of quasilinearization developed by Bellman [4, 5]
and was first used to obtain a representation for the solution of the initial value
problem for the Riccati equation. Bellman and Kalaba [6] generalized these re-
sults and obtained a solution formula for a wide class of nonlinear first order
differential equations. Mohapatra et al. [26] established the existence, unique-
ness, and convergence results for general second order nonlinear boundary value
problems by using quasilinearization and monotone iterative methods. Devi et
al. [11] developed the method of quasilinearization for fractional differential
equations. Existence and uniqueness result for an initial value problem of frac-
tional differential equations using generalized quasilinearization technique is
obtained in [10].

Gegenbauer polynomials [12] or ultraspherical polynomials are orthogonal
polynomials on the interval [—1,1] with respect to the weight function. They
generalize the Legendre and Chebyshev polynomials. In the present work, we
constructed the Gegenbauer wavelets by using the shifted Gegenbauer polyno-
mials as their basis functions. The interval [0,1) is chosen to be the compact
support of Gegenbauer wavelets. The purpose of introducing the Gegenbauer
wavelets is to develop a numerical method for solving fractional differential
equations, which we named Gegenbauer wavelets method. Operational matri-
ces are derived and utilized for solving fractional initial and boundary value
problems. Boundary value problems are considerably more difficult to deal
with than the initial value problems. Gegenbauer wavelets method for bound-
ary value problems is more complicated than for initial value problems. We
need additional operational matrices for tackling the boundary conditions while
solving boundary value problems. We first discritize the nonlinear differential
equation by quasilinearization technique and then implement the Gegenbauer
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wavelet method on discretized differential equation. At each iteration of quasi-
linearization technique solution is updated by Gegenbauer wavelet method.
The method is implement on number of problems and numerical results are
compared with solutions obtained by some other numerical techniques [30, 37]
and exact solutions as well.

2. Preliminaries

We review basic definitions of fractional differentiation and fractional inte-
gration [27]:

1) Riemann-Liouville fractional integral operator of order a:

The Riemann-Liouville fractional order integral of order o € R is defined
as

(2.1) I29(e) = a7 | (@0 yteye

for a < x <b, and I$ becomes zero for x = a.

2) Riemann-Liouville and Caputo fractional derivative operator of
order o:

The Riemann-Liouville fractional order derivative of order oo € RT is defined
as
(2.2) wDgye) = gt () [ — oy

@ I'(n — a) \dx a

fora <z <b, wheren—1<a<n, n€Nandn=[a.

The Caputo fractional order derivative of order o € R* is defined as

1 v d\"
2.3 Diy(z) = =— —t "*“*1(—) t)dt
(23) oDie) = o=y || @ = () w0
fora <z <b,wheren—1<a<n, né€Nandn = [a]. grDiand ¢Dg
becomes zero for x = a.

3. Gegenbauer polynomials and Gegenbauer wavelets

The Gegenbauer polynomials [12], or ultra spherical harmonics polynomials,
C)(z), of order m are defined, for A > —1, m € Z*, on the interval [—1,1]
and given by the following recurrence formulae,

Co(z) =1, CMx) = 2)z,

Coii () (2(m + N)zC (z)— (m+ 22— 1)C)_(z)), m=1,2,3,....

T m +1
The Gegenbauer polynomials are orthogonal on [—1,1] with respect to the
2)\

weight function w(z) = (1 — 22)*~2 as

1
/ (1= 230N (2)C)N(2)dx = L) Sn, A > —%,
-1
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A _ w2172 (m42)) . - :
where L}, (z) = WImEN T2 18 the normalizing factor and ¢ is the Kronecker
delta function.

Gegenbauer polynomials generalize Legendre polynomials and Chebyshev
polynomials. For A = 0 and A = 1, we get Chebyshev polynomials of first and
second kind respectively and at A = % we get Legendre polynomial.

Scaling and translation of the basic wavelet (mother wavelet) ¢ (z) define

the basis

1 _
1/)?7Q(1'> = \/ﬁw(%)a D, q € Rv p# 05

where p is scaling parameter and ¢ is the translation parameter. By restricting
p, q to discrete values as: p = pak, q = nqopak, where pg > 1, g0 > 0 and
k,n € N, we get the following family of discrete wavelets as

U (@) = (p0) 29 (Pha — ngo).

The set of wavelets forms an orthogonal basis of Lo(R). In particular, when
po = 2 and qp = 1, then 1)y, forms an orthonormal basis. That is

( "/’k,n(x)awl,m(x» = Ok10nm-

The discrete wavelets transform is defined as
Ve (z) = (2)5 (2% — n).

The Gegenbauer wavelets are defined on interval [0,1) by

/Lf‘n 2k 3

0, elsewhere,

L9230 (2% —n), L5l <t< il
(3.1) 2,m<z>{ ( b s

where k = 1,2,3, ..., is the level of resolution, n = 1,2,3,...,281 4 = 2n —
1, is the translation parameter, m = 0,1,2,...,M — 1 is the order of the
Gegenbauer polynomials, M > 0. Corresponding to each A > —2, we have a

bR
different family of wavelets, i.e., when A = %, we get Legendre wavelets [28],

wéﬁm(x). Similarly for A = 0 and A = 1, we obtain the Chebyshev wavelet of
first [22] and second kind [36], respectively. In the present work, we utilize the
Gegenbauer wavelets at different values of A > —%.

It is to be noted that the weight function for the Gegenbauer polynomials
have to be dilated and translated for the Gegenbauer wavelets, in order to
obtain the orthogonality of wavelets, as

(3:2) wn (@) = w2z — 20+ 1) = (1 — (2% — 2n + 1)2)* 2.
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At fixed level of resolution k = p(say), we get

wl,p(x)) 0§$< Qp%l)

w2,p($)) 21)%1 S T < 21)%,
(3.3) Wnp(x) = { Wa,p(2), gt <7 < g,

Wop—1 (), % <z<l.

Function approximations and the Gegenbauer wavelets matrix

We can expand any function f(x) € L?[0,1) into truncated Gegenbauer
wavelet series as,
2k=1 pr—1 r
(3.4) fl@)= Y Y apmtnm(z) = 2 (),
n=1 m=0
where a* and U are 7 x 1, (1 = 2¥71 M), matrices, given by

A A A by A A by A A

at = (a0, a7, A A7 15 050, AR5 -+ - s Aopg_ 15+ - > Byk—1(s Q1 » -+ - 5
A T
agr-1ps-1]" s

\Il)‘(x) = [wf,o(w), wi\@(i’?)a e awi\M—l('T)a wé\,o(iﬂ)a 1/’5\,1(95)’ - 7¢5\,M—1($)a cees

wé\kfl,o(x)a wé\k,171($), e ,wg‘k,17M_1(x)]T.

The collocation points for the Gegenbauer wavelets are taken as x; = %,
where i = 1,2,...,2* M. The Gegenbauer wavelet matrix ‘I’AQkflM72k71M is
given as
1 3 2KM — 1
A — A A
(35) Wok—1prxok-100 = [‘IJ (QkM)v‘Il (2kM)7'-';‘II ( 2k \f ]
or
p kg
Volrtn)  whog) o vl
’ ' . kar—
wi\,Mfl(gklM) Qbf\,Mfl(zkgM) wi\,Mfl(kzngl)
q/jg\,o(gklM) 5\,0(23]\/[) wg\,o(Zg%\Zl
1/)5\71(21«11\4 @,1(23]\4) e wé\,l(inuj\Zl
A : : :
‘I’ Qk—1 NI x2k—1 )N — . . . .
1 3 2"M—1
dj?,M—l(zMw) wé\,l\l—l(zkju) wg\,Mfl( 2k M )

: P o
7/)5\1«—1’0(2131\1) 1/}2)\k—1$0(2k$]\4) e qu\kfl#()(ngllé/[Ml)
wg‘k*lg(z'ﬂlM) wé\kfl,1(2k'3M) wé\k”,l(22]kv]1\21)

kag—
_q/jg\k”,M—l(leM) 7/’;@*1,1\471(25’1\/1) 7/@1@—1,1\471(722%\41)_
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In particular, we fix k = 2, M = 3, we have n = 1,2 and m = 0,1, 2, the
Gegenbauer wavelet matrix is given as

120(?) 1;0(%) 1;0(%) i,o(é) 1;0(%) i;,o(ﬁ)

zA,o(?) QXO(?) zA,o(?) zA,o(g) zA,o(g) QXO(ﬁ)

Thgg = %ﬁ(@) %ﬁ(@) %ﬁ(@) %ﬁ(@) %ﬁ(@) 1@1(@)
¢§,1(?) ¢§,1(?) w%l(?) wig(g) wig(g) %AJ(g)

&2(?) &2(?) &2(?) gz(g) gz(g) az(g)

52(35) V22(55) ¥22(35) ¥2a(53) ¥22(35) ¥3a(53)

Compact support of the Gegenbauer wavelets is [2’;;2, 3—’,}), when n = 1, sup-

port of wf,m(z) is [0, %), SO 7,/1{‘70(@, 1/)%,1(1), 1/1{‘72(@ are zero at x = 1—72, 1%,

. Similarly, for n = 2, support of ¢, () is [3,1), this implies that ¥3 o(z),

V3 1(x), ¥34(x) are zero at © = {5, 2, 35, we have
o) W@ W@ 0 0 o
. 0 X . 0 , . 0 5 VY30(33) ¥30(73) ¥20(33)
W [P ) e 0 o
R 0 . R 0 , R 0 ; Yaa(13) v2a(gs) ¥2.(53)
V1o(13) Yralss) ¥ia(en) /\0 : /\0 o /\011
0 0 0 Vaa(73) ¥aa(15) ¥2a(53)
For fix value of A, say A = 5, we have
LGN A0 GG 0 0 0]
0 0 0BG OG0 GG
ws | AR Ao g o 0 0
S 0 0 =ONF) 000 =G
203(2) —030) 033 0 0 0
v 0 i \/L_zo \/L_zo T C3(F) —#=C500) —4=C3(3)
or
2.2746 2.2746  2.2746 0 0 0
0 0 0 2.2746 2.2746  2.2746
oS —5.2530 0 5.2530 0 0 0
6x6 = 0 0 0 —5.2530 0 5.2530
7.8628 —1.8145 7.8628 0 0 0
0 0 0 7.8628 —1.8145 7.8628

Similarly, we get different Gegenbauer wavelet matrices for different value
of \.
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The Gegenbauer wavelets operational matrix of fractional order in-
tegration

For simplicity, we write (3.4) as

(3.6) flo) = Y aed (@) = 22 0 (a),
i=1
where a} = aj, ,,, ¥} = ¥, (). The index i is determined by the equation

i=M(m—1)+m+1and m =28"1M. Also, a* = [a},a3,...,a)]T, Nz) =
[0 (), g (), ..., ), ()]

An arbitrary function f € Ly[0,1), can be expanded into block-pulse func-
tions [18] as

flz)~ Y fibi(x) = £'B(x),
=0

where f; are the coefficients of the block-pulse function. The Gegenbauer
wavelets can be expanded into m-set of block-pulse Functions as

(3.7) U(z) = W), B(2).
The fractional integral of block-pulse function vector can be written as

(3-8) (ZgB)(z) = Fj, ., B(2),

mxm

where F,, ;, is given in [18] with

(3.9) PYC =W CF(WA )T

mXm m m

The Gegenbauer wavelets operational matrix of integration ani 5 of frac-

tional order « is constructed for different A > —% and are utilize for solving
differential equations.
In particular, for k =2, M = 3, a = 1.25, A = 5, the Gegenbauer wavelet

operational matrix of fractional order integration PZ’XE'% is given by

0.1592  0.4581  0.0551  0.0189  0.0028 —0.0017

0 0.1592 0 0.0551 0 0.0028

p 125 _ —0.2462 —0.0634 —0.0278 0.0090  0.0247 —0.0018
8x8 0 —0.2462 0 —0.0278 0 0.0247
0.3599  0.9284  0.0843  0.0406 —0.0061 —0.0041

0 0.3599 0 0.0843 0 —0.0061

For k=2, M =3, a =1.25, A = 12, we have
0.1580  0.4589  0.0374  0.0128  0.0014 —0.0008

0 0.1580 0 0.0374 0 0.0014
pl2 125 _ —0.3781 —-0.0922 —0.0278 0.0090  0.0179 —0.0013
6x6 0 —0.3781 0 —0.0278 0 0.0179

0.8748  2.2912  0.1490  0.0672 —0.0049 —0.0048
0 0.8748 0 0.1490 0 —0.0049
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For different values of A\, we get different families of Gegenbauer wavelets
matrices and their corresponding different operational matrices of fractional
order integration.

This phenomena makes calculations fast because the operational matrix

P» © contains many zero entries
mxm y :

Operational matrix of fractional order integration for boundary value
problems

We drive another operational matrix of fractional integration to solve the
fractional boundary value problems. Let g(z) € Ls[0,b] be a given function,
b > 0. Then

b
310) @) = B [0 s

Since the Gegenbauer wavelets are supported on the intervals |
therefore

(2n—2)b 2nb
ok ’ Q_k)a

k 2nb
g(x)2z 2k _
(3.11) g(a)Ig ey () = % (b—s)*71CN (2Fs — 2n + 1)ds,
VL) (a) Jenz2e
(:C)V;;\,,a b
Aa,b 5 Zikb 1\ 9k
oz 22 2 _ o— _
where V,}\; \/_LA (@) o Gz (b—s)*1C (2°s — 2n + 1)ds.
Expand the equation (3.11) at the collocation points, x; = 32 77> Where
i=1,2,...,2F 1M, to obtain
ANa,b Aa,b
(3.12) rgﬁxrﬁ = Viax1 Bixm,
Aa,b A,a,b A,a,b A,a,b
where B1><ﬁ1 = [g('rl)vg(z2>avg(zﬁ’b>] Vm><1 - [VLO 5V171 7"'5V1M71;
A,a,b A,a,b A,a,b A,a,b A,a,b A,a,b T
‘/210 5‘/271 7"'7‘/21M715'"7‘/2k71105‘/2k71717"'7‘/2167111\/[,1] ’
ro b Nab o Aa,b R
Vo g(zklM) Vio g(gksjw) V10 9(22%\/11)
Xa,b Nab b —
V1.1 g(zklM) V1,1 9(210;1\4) V1A,1 !](22%\/11)
Anh. b Nab ok ar—
VlM 19( TN ) V1 M- 19( ©3r) Vl,M—lg(22yM1)
/\ a,b )\ a,b A,a,b
VQ,O 9(21»1]\/1) ‘/2,0 g(zk?]\j) e ‘/20 ' 9(2311\4\11)
A,a,b A,a,b A,a,b I —
V2,1 g(leM) V2,1 9(2’3]\4) V24,1 g(%)
g, \xa,b __ . .
.| yhab 1 P 3 b 2k M1
2, M— 19(5777) oar-19(z757) 2,M’—19(W)
Aa,b Aa,b : Nab ok a—
ng 1 Og(?}ﬂ) Vzk 1 Og(fkiﬂ) Vzkleog(z_Q%\/[_l)
A, b A,ob Aa,b kpyr—
V2k 119( 11) ng 119( 3[) V2k71,19(22%y1)
Aa,b ’ a,b A,a,b ' kar—
VoS v 19(ar) Va1 9(zr) Vot 19 ]
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In particular, for A\ =7, k=2, M =3, a =15, b=1, and g(z) = 22, we
have
Vio o) Vi () Vig T a(sy) Vi) Vi T a(s) Vi (s)
Vz7.b1'5‘19<r12> ‘/27,'01'5‘19(%) ‘/27_&)1'5‘19(%) ‘/27_61'5'19(%2) ‘/27.61'5'19(%) ‘/27.5]1'5'19(%)
QLS — [Via ole) Vit o(n) Viate(n) Vi e(p) Vinte(n) Vil e(n)
66 Vai “lola) Vo Mlalis) Vi Mla(i) Vi YUa(ip) Vi a(i) Vai*a()
Vi (5) 1/1.'}1")‘19(%2) 1/17_51")’19(1—52) ‘/17_?}'5’19(1—72) ‘/17121.5719(%) ‘/1751'5’19(1—-)
Vi Slg(d) Vi la(E) Vs la(d) Ve tle(h) Vaula(s) Vas tte(13)
or
0.0103 0.0924 0.2566 0.5029 0.8313 1.2419 ]
0.0056 0.0505 0.1403 0.2750 0.4547 0.6792
g7.1.51 _ |—0.0007 —0.0059 -0.0165 -—-0.0324 —-0.0535 —0.0799
6x6 —0.0013 -0.0115 —-0.0321 —0.0629 —0.1039 —0.1552
0.0038 0.0341 0.0949 0.1859 0.3073 0.4591
0.0019 0.0174 0.0485 0.0950 0.1570 0.2345 |

Theorem (Convergence of the Gegenbauer wavelets method). Let 2¥=1, M —
oo. Then the series solution (3.4) converges to f(x).

Proof. Take the inner product of f(x) and 7/’2,771(1) with respect to the weight
function, given in equations (3.2) and (3.3), we get
1
O = @A) = [ w00k )
We introduce notations, p = 25~1, p =29-1 § = M and g = N, where k and
d denotes the level of resolutions and, M and N represents the order of the
Gegenbauer polynomials.

Let S A be a sequence of partial sums of a)‘
Cauchy sequence in Hilbert space L2[0,1) and then we show that S7 A 4 converges
to f(z), when p,§ — oc.

First we show that 8’)‘ 4 1s a Cauchy sequence. For this purpose, let S;‘ﬁ q be
x (:I:) with p > p, ¢ > q.

2;(x), we prove that Sp 4 is a

arbitrary sums of a’\

1,3
1536 = Spqll”> = |l Z Za ()]
i=p+1 j=¢q
p §-1 p G—1
= (D0 Dapud@), Y Yo ah(@)
(3 13) ':PJrl Jj=q r=p+1 s=q
' poa-1 b

Z Z Zaj W (@), 0 (@)

i=p+1 j=q r=p+1 s=q

p

qg—1
=2 > lajP

i=p+1j=q
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From the Bessel’s inequality, we have Y77, 7% |aj;[?

hence

is convergent and

1525 = Sy lI* — 0 as p,4,p,q — 0.

This implies that SAd is a Cauchy sequence and it converges to, say, y(z) €
L?[0,1). We need to show that y(z) = f(z),

(y(@) = f(2), 97 (@) = (y(@), ¥ (2)) — (f(2), ¥ ()

= lim (S}, 00, (@) — a)

(3.14) .
_ A
az; — az;
= 0.
Hence Z Zq ! A (m) converges to f(z) as p,§ — oo. O

4. Implementation and examples

We describe the algorithm by working out few examples. In this section,
we implement the Gegenbauer wavelets method to fractional initial as well as
boundary value problems.

Initial value problems
Example 1. Consider the following Bagley-Torvik equation,
biD?y(x) + b5 D" Py(w) + bay(w) = f(2), © >0,
y(0) =1, y'(0) =1,

where f(z) = bs(z + 1), and the exact solution [28] is y(x) = = + 1. Apply
the Gegenbauer wavelet method to equation (4.1), we approximate the higher
order term by the Gegenbauer wavelets series as

(4.1)

2F=1 pr—1
(4.2) Dy(a) = > 3 @l (@) = 22 W (a).
n=1 m=0

Lower order derivatives are obtained by integrating (4.2) and use the initial
condition

2k=1 pr—1 .
(4.3) A (L300 1 (2)) + 1 =a* PM U 2) +1,
n=1 m=0
2=t pr—1 -
44)  y@) =D Y ah, (I5v) (@) +z+1=a* PY?UNz) 42+ 1,
n=1 m=0
2k=1 pr—1 .
(4.5) DYy(x) = > Y ah, (1070 (@) = a* PAOOT (x).
n=1 m=0
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Substitute (4.2),
2k=1 pr—
> (01,0 1 (3) + baa,, (1020 . () + bsa),, (15, (2))

(4.4), and (4.5) in equation (4.1), we get
1

(46) n=1 m=0
= —bs(1+x)+ f(x), 2 >0.
Equation (4.6) at the collocation points, xz; = %, where 1 = 1,2,...,

2k=1Mf, and in vector notation, takes the following form by using equations
(3.5) and (3.9)

T A,0. A,
a (013, + 2P0 Wi + 03P 5 W) = F, or

(4.7)

AT rx
a’ Ubm

= F’
= (01U, +02P Y05 WA

mXm =~ mXxXm

where F' = {—b3(1+$¢)+f($i)}?le and U}, .,
+b3P;\?ﬁ<m\I/'>n><7h)'

Consider by = by =b3=1and A =175, k =2, M = 4, we get
39117 46393 51779 56801 22699 20590 20610  2.1288

0 0 0 0 3.9117 4.6393 5.1779 5.6801
—17.8455  —9.2678 2.3847 15.8417 1.0869 0.1013 —0.1984  —0.3492
U17.5 _ 0 0 0 0 —17.8455  —9.2678 2.3847 15.8417
8x8 — 57.0389 14.3879 12.3357  65.5851 18.9272 16.3578 16.1898  16.6459 |’
0 0 0 0 57.0389 14.3879 12.3357  65.5851
—147.2366 —25.9284 —21.4612 128.2630 8.4966 0.8268 —1.4405 —2.5715
0 0 0 0 —147.2366 —25.9284 —21.4612 128.2630

F=(00000000),a™ =(00000000).
Substitute al™5” in equation (4.4) to obtain

(4.8) y(@) =z +1,

which is the exact solution.

Example 2. Consider the following fractional differential equation with vari-
able coefficients,

gD?y(x) + b(x)*Dy(x) + c(z) Dy(x) + e(x)*DPy(x)

(4.9) +k(z)y(z) = f(z), 0< <1, I1<a<?2,
y(0) =2, y'(0) =0,
where g is a constant and f(z) = —g — %x%a — zc(x) — %:62_5 +

k(z)(2 — 2?), and the exact solution [13] is y(z) = 2 — 122
Apply the Gegenbauer wavelets method to equation (4.9), we obtain

(4.10) a/\T(Q‘I’vAhxm + P;iﬁ‘l’fnx"ﬁ + P:\?&Th\ljfhxmc
- + P?ni:nﬂqj?nme + P’rAnim\PT);’LXmK) =1L,

and solution at the collocation points is given by

(4.11) Y =ar P} )

mXm = mxXm + 2)
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where
L =[f(x1) — 2k(z1), f(x2) — 2k(x2), ..., f(zm) — 2k(zx)],
Y = [y(zr,y(z2), ., y(2m))]

and B, C, E and K are the diagonal matrices and are given by

[b(z1) 0 - 0 c(xy) 0 .- 0
0 b(xg) - 0 0 clxg) - 0
B = . . _ . , C= . . _ . ,
| 0 0 b(xm,) 0 0 c(Tm,)
[e(x1) 0 0 k(z1) 0 0
0  e(xo) 0 0 k(x2) 0
FE = and K= . ’
| 0 0 - elzm) 0 0 s k(xm)
where xz; = 22’;11, i=1,2,...,m, are collocation points.

We consider g = 1, b(z) = z, c¢(z) = €7, e(z) = 27, and k(z) = 5.
We fix a = 1.755, 8 = 0.333 and plot the exact solution and solution by the
Gegenbauer wavelets method at £k =5, M = 11, A = 30, as shown in Figure 1,
along with the absolute error. Table 1 shows that absolute error reduces while
increasing k and M, as in convergence analysis.

Comparison of Exact and Gegenbauer wavelet solution

2 pedcieick

18}

y(x)

1.6} | —%— Exact Solution
Gegenbauer Solution at a=1.755, 3=0.333

1.4 L L L L
0 0.2 0.4 0.6 0.8 1
X—axis
-5
x 10
5
8
& 47 1
Q
3
<
2 L L L L
0 0.2 0.4 0.6 0.8 1
X—axis

FIGURE 1. Exact solution and solution by the Gegenbauer
wavelet method by taking £k = 5, M = 11, A\ = 30, at § =
0.333 and a = 1.755.
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TABLE 1. Absolute error for different values of & and M, at
A=T7,and a =138, 3=0.7.

k=2 M=3

k=4, M =5

k=6, M=1

k=17 M=9

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.1894 x 103
1.2516 x 10~3
1.3127 x 1073
1.3649 x 103
1.4015 x 1073
1.4233 x 1073
1.4333 x 103
1.4331 x 1073
1.4242 x 1073
1.4079 x 1073

0.3059 x 10~*
0.3553 x 10~*
0.3969 x 10~*
0.4304 x 10~*
0.4563 x 10~*
0.4753 x 10~*
0.4883 x 10~*
0.4960 x 10~*
0.4993 x 10~*
0.4991 x 10~*

0.1174 x 10~°
0.1496 x 10~°
0.1767 x 107°
0.1989 x 10~°
0.2164 x 1075
0.2298 x 10~°
0.2396 x 10~°
0.2462 x 1075
0.2501 x 1075
0.2517 x 1075

0.2017 x 10~6
0.2709 x 10~
0.3289 x 10~
0.3765 x 10~
0.4145 x 1076
0.4439 x 10~6
0.4656 x 10~
0.4806 x 10~
0.4901 x 1076
0.4948 x 1076

Boundary value problems

Example 3. Consider the following fractional boundary value problem,

°Dy(z) =° Dy(z) + h(z), 1< <2, 0<B <1,

(4.12) y(0) = 0, y(1) = 0,

where h(z) = —e® ! — 1, and the exact solution [30] is known at o = 2 and
B=1,ylx) =x(1l—e*1).

Consider the Gegenbauer wavelet approximation of higher order derivative
term in Eq. (4.12)

k=1 37—

‘Dy(x) =Y

n=1 m=

1
(4.13) UV (2)-
0

Now to get the Gegenbauer wavelet series for lower order derivative terms
we integrate Eq. (4.13) and use the boundary condition, to get
(4.14)

2=t pr—1 1
y(@) = 3N @ I (@) — wl(rly / (1= )" G m(s)ds)).
n=1 m=0
2k—1 p—1
“DPy(x) = ) (1670 1 ()
n=1 m=0

1
o8 ety [0 )



1082 MUJEEB UR REHMAN AND UMER SAEED

Substitute Egs. (4.13) and (4.14) in equation (4.12), we obtain

a?zm( 'r)z\,m(z> - Igiﬁw'r);,m(z>
(415) =l m=0

1
+ e (e /0 (1= )" pm(s)ds)) = h(z).

Use equations (3.5), (3.9) and (3.12), we get

(4.16) a)‘T(\I//\ _ P):,a—ﬂlll):

mXm mxXm — mxXm

+ g7)‘10‘71) — H,

mXxm

and solution at the collocation points is given by

(4.17) y =2t pre g aTQRAed

mxm - mxm mxrm

where H = [h(x1), h(z2),...,h(zs)], and g = F(I;(E)ﬁ)zl_ﬁ, R=uz.

Solve the equation (4.16) for a*", and substitute it in (4.17) to get y(z),
at the collocation points. Choose A = 5, k = 10, M = 3, the results obtained
by the Gegenbauer wavelet method ygwas is shown in Table 2 along with the
absolute error Egwas. It shows that Gegenbauer wavelet method provides
better results as compared to homotopy perturbation method yrpas [37] and
Haar wavelet method ygaar [30]. We can get more accurate results while
increasing k or M or both. According to Figure 2, solution by the Gegenbauer
wavelet method at different values of a converge to the exact solution, when «
approaches to 2.

TABLE 2. Comparison of the Gegenbauer wavelet method
with homotopy perturbation and Haar wavelet method.

XN=5, k=10, M =3

a=2, =1

z yuprm[37]  ymaar[30] YGwM YEzact Ecwm

0.1 0.05934820 0.05934300 0.05934302 0.05934303 1.58953244e-8
0.2 0.11014318 0.11013418 0.11013419 0.11013421 1.97211689¢-8
0.3 0.15103441 0.15102438 0.15102438 0.15102441 2.46505651e-8
0.4 0.18048329 0.18047531 0.18047531 0.18047535 3.08917651e-8
0.5 0.19673826 0.19673463 0.19673463 0.19673467 3.86865598e-8
0.6 0.19780653 0.19780792 0.19780792 0.19780797 4.83152341e-8
0.7 0.18142196 0.18142718 0.18142719 0.18142725 6.01022115e-8
0.8 0.14500893 0.14501532 0.14501532 0.14501540 7.44224910e-8
0.9 0.08564186 0.08564623 0.08564623 0.08564632 9.17089691e-8

Example 4. Consider the following fractional boundary value problem with
variable coefficients,

“D¥y(x) + e(x) Dy(x) + b(z) D y(x)
(4.18) +e(x)y(z) = flx), 1<a<2,0< 8 <1,
y(0) =0, y(1) =0,
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Solutions by Gegenbauer wavelet method

0.35 T T T T

0.3 i
ot LR SO
* * .
0.25F _ i
* ** o *
* * * *
" e *
0.2t * - x .
=
=
0.15 1
* \*

01l * * - Gegenbauer solution at a=1.5 i

— % — Gegenbauer solution at a=1.7

Gegenbauer solution at 0=1.9
0.05- Exact solution at a=2 1

4 Gegenbauer solution at a=2

0 | | | |

0 0.2 0.4 0.6 0.8 1

X—axis

FIGURE 2. Solution by the Gegenbauer wavelet method by
taking k =4, M =3, A =5, at § =1 and different «.

where f(z) =T(a+1)— F{S(E)B):ﬂ*aqLe(:c)(a:co‘*l 77z6)+b(x)(%za’ﬂ—

F(I;(E)B):J_ﬂ) + ¢(x)(z® — 27), and the exact solution depends on the order of
the equation (4.18), y(z) = 2 — a7.

Apply the Gegenbauer wavelets method to equation (4.18), we get

a’\T(\I/’\

mXxm

Aa—1.0, ) A,a— A A, A
(4.19) + P Yan B+ Pmimﬂ‘l’mxmB + P Y C
. _ Qe,)\,a,l _ %,A,a,l _ Qh,k,a,l) _ F,

m X m mXxm mXxm
and solution at the collocation points is given by

(4.20) y — a2 pre g _ aATQR,A,a,1

mXm = mxm mxm
where F' = [f(-rl)af(‘rQ)a .. af(‘rﬁl)]’ Y = [y(xl,y(fEQ), s ay(‘rﬁl))]’ €= 6(.’17),
g = b(@) (722! =B), h = xc(z), R = x, and E, B and C are the diagonal

) re-p)~
matrices and are given by

e(ty) 0 - 0 b(xz1) 0 - 0
0 e(xze) --- 0 0  blxa) --- 0
E=| . S .| B= L .| end
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c(x1) 0 0
0 c(z2) 0
O - . 9
0 0 c(Tm)
where z; = 21§ =1,2,..., 1, are collocation points.
7 2m ) 4 s 110y
Solutions by Gegenbauer wavelet method
0.7 T T
¥ Exact solution at 0=1.3
Gegenbauer solution at a=1.3
0.6 Exact solution at 0=1.5
©— Gegenbauer solution at a=1.5
05 Exact solution at a=1.7
—&— Gegenbauer solution at 0=1.7|
*  Exact solution at a=1.9
0.4 Gegenbauer solution at a=1.9
\E Exact solution at a=2
03 #— Gegenbauer solution at a=2
0.2}
0.1

X—axis

FIGURE 3. Solution by the Gegenbauer wavelet method by
taking k =5, M =3, A\ =15, at § = 0.5 and different «.

We consider e(z) = sin(z), b(z) = €%, c¢(x) = z? and fix the parameters
k=5, M =3, A\ =15. Exact solutions and solutions by Gegenbauer wavelet
method agrees at different values of a;, and 5 = 0.5, as shown in Figure 3.

Example 5. Consider the fractional boundary value problem with nonzero
boundary conditions,
cDY%(z) + e *DPy(x) + sin(z)y(z) = f(z), 1<a <2, 0< <1,
y(0) =1, y(1) =2,
where f(x) = F(Fa(;iﬁr)l)xﬂ + 61%9&1 + sin(x) (22" 4 1), and the exact
solution, y(z) = % 4 1, depends on the order of the derivatives appearing
in equation (4.21). Let h(z) := fF(FQ(E)ﬂ)xl*ﬂez —sin(z)(1 + z). Apply the
Gegenbauer wavelets method to equation (4.21), we get

(4.21)

(422) @ (W) ot PRI AFPYS 0

. B— Qera,l_ QgA,NOf,l) =H,

mxm =~ mXm mxm mxm
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and solution at the collocation points is given by

(4.23) Y =ar Pyt w L -2t Qi + 2,
where H = [f(z1)+h(x1), f(z2) + h(x2), ..., f(@m)+h(zm)], Z = [v1+1, 22+

15 o 7$m+1]5 Y = [y($1)7y($2)7 cee 7y(xm)]7 €= ZL'SiIl(ZL'), g = eI(F(Qfﬁ):C
R =z, and A, B are the diagonal matrices and are given by

et 0 -+ 0 sin(xq) 0 e 0
0 e .- 0 0 sin(zg) - 0
A= . : .|, B= : . , . ,
o 0 - e 0 0 <o+ sin(zg,)
where x; = 221'—7;1, i=1,2,...,m, are collocation points.

Solutions by Gegenbauer wavelet method

2 Exact solotion at 0=1.3,8=0.3 ‘

1.9 +  Gegenbauer solution at a=1.3,3=0.3 A
Exact solotion at a=1.5,8=0.5 7

18 +  Gegenbauer solution at a=1.5,3=0.5 1
Exact solotion at 0=1.8,3=0.8

L7 Gegenbauer solution at 0=1.8,=0.8 1

1.6 Exact solotion at a=2,=1 i
Gegenbauer solution at o0=2,3=1

> 15

141

13

1.2}

11f

FIGURE 4. Solution by the Gegenbauer wavelet method by
taking k =5, M = 3, A\ = 3, at different o and S.

Exact solutions and solutions by Gegenbauer wavelet method at k = 5,
M = 3 and )\ = 3, agrees at different o and 3, as shown in Figure 4.

5. Gegenbauer wavelets quasilinearization method

In this section we focus on nonlinear differential equations. To handle the
nonlinearities in equation we use quasilinearization technique, then we solve
the linearised problem by Gegenbauer wavelets method.
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Convergence
Convergence of quasilinearization technique

Consider the nonlinear second order differential equation

(5.1) y' (@) = f(y), y(0)=y(b) =0.
Application of quasilinearization technique to equation (5.1) yields
(5.2) Y1 (@) = fye) + @rar = v) /(W) Yr41(0) = yrga (b) = 0.

Let yo(z) be some initial approximation. Each function y,11(x) is a solution
of a linear equation (5.2), where y, is always considered known and is obtained
from the previous iteration.

According to [6] and letting

max(| f(y)l, |f'(y)]) = m < co and k = max|f"(u)].

we have

2k
ﬁ(mﬁxﬂyr - yr71|)2-

(5.3) max [yr41 — yr| <
x 1 1

This shows that quasilinearization technique has quadratic convergence, if there
is convergence at all.

Convergence of Gegenbauer wavelet quasilinearization technique

According to the convergence analysis of Gegenbauer wavelets method, as
derived in Section 3, we have

J

o

p
Z ag\jwi):j(ac) converges to y,+1(x) as p,§ — 0o,
i=17

Il
=)

where p = 28~ and § = M. Since y,.1(x) is obtained at (r + 1)th iteration
of quasilinearization technique, according to convergence analysis of quasilin-
earization technique (5.3) which states that y,i1(z) converges to y(z) as r
approaches to infinity.

This implies that solution by Gegenbauer wavelet quasilinearization tech-
nique, y,+1(x), converges to y(z) as k, M and r approaches to co.

We describe the procedure of implementation of Gegenbauer wavelet quasi-
linearization technique for both nonlinear initial and boundary value problems.

5.1. Initial value problems
Consider the following nonlinear initial value problem
D%y = f(z,y,.D’y,y), 0<e<n 1<a<2, 0<B<1,

(5.4)
y(0) = 4, y'(0) = B,
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where A and B are constants. Apply the quasilinearization technique to equa-
tion (5.4), we get
(5.5)

D*Ypi1 = i (@, Yroe D2y YW1 — £y (@ ymse D2y, yl )yl
— fo (@ Yre DPyr Y)Y

= (@ Yrse D°Yr, y))) = Ur Fy (@ Yrse D yrs yr) = 2 f o5 (2, yrse Dy, yr)
- yi«fy;(:ﬂ Yrre DPyr,y1), yr+1(0) — A, y..1(0) =B, r>0,

where By - fyr(x yTaCD yrayr>a By fyr(x yTaCD yrayr> and ayP B - f 5(

Yre Dy, ;).

Implement the Gegenbauer wavelet method to the series of differential equa-
tion (5.5). Approximate the higher order derivative term in Gegenbauer wavelet
series as

2k=1 pr—1

(5.6) Dy =D Y ay e (@),

n=1 m=0
Integrate the equation (5.6) and use the initial conditions, to obtain

2F=1 pr—1

(5.7) Yrp1 = Z Z ayT (I m(r)) + B+ A.

n=1 m=0

Differentiation of equation (5.7) implies
2k M1
yr-i—l Z Za’)\TJrl Ia ! Qm(z))+Ba

(58) n=1 m=0
' 2k=1 pr—1 18

DPyiy = Z Z ann IS P00 () + Bm-

n=1 m=0

Let

9 (T Yrse DPyr ) = (2, Yrre DPYry ) — Yo fyr (2, Yrre D2y, yl)
7yrf B(SC yT;CD yr;yr) y:«fy’r(xvyracDﬁyr;y;)

and use equations (5.6), (5.7) and (5.8) in equation (5.5) to obtain
(5.9)
2kt M—1

Z a0 (@) = fur (@ Yrse DOy, yl) (IS0 0 (7))

- fyf (:E, Yroe D’ Yr, yi)(fg_%ﬁ,m(w)) = fu (T, Yrse Dﬂyra y;)(lgwg,m(x))]
= gr(z, Yrse Dﬁyrv y:«) + ny’r(xv Yrse Dﬁyra y:«)
xt=h

m + (B:C + A>fyr($7yr,c Dﬁyra y;)

+ nyf (357yr7c Dﬁyhy:«)
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Let
GT(xa Yrse DByra y;) = gr(xa Yrse Dﬁyr, y;) + nyi(xa Yrse DByra y;)
1-8
B e DB oy v

+ fyf(xay ) Y ’yT)F(27/B)

+ (B:C + A)fyr(l', Yrse Dﬁyrv y;)
Equation (5.9) at the collocation points z.(j) = 7722],€Ml, j=1,2,...,7, and in
vector notation, takes the following form by using equations (3.5) and (3.9)
(5 10) a/\ T+1T(\Ij’:\n><m —F, P:\niml\lj;\nXm - FﬁP:\nimﬁ\P:\nxm

| - F P'/r\nim\P:;mxm) K’,
where at™t! = [ai"Hl, ay™tto fnrﬂ] is an unknown vector,
=[G, ’x 1) TTlz.(2) Gy zc(m)]

is known vector and F,, F. and FZ are the diagonal matrices and are given by

_fyT|ZC(1) 0 . 0
- 0 o S 0
|0 0 o zo () |
fu o 0 0
0 fur . 0
A e |, and
|0 0 Fot o)
f? ze(1) 0 0
e | 0w ) 0

The notation f,, | is used to represent evaluation of f,, at z = z.(j).

. Ar+l Al A4l :
Gegenbauer coefficients, a*"+! = [a}"™ a3 ™!, .. a}"™"] can be obtained

from equation (5.10) for each r > 0 and use these in equations (5.6), (5.7) and
(5.8) to get the approximate values of cD“Y,+1, Yr41, Yoyiand Dy, at the

collocation points, z.(j), j = 1,2,...,m. In particular, for r = 0 we get a linear
differential equation in y;(z), from equation (5.5), and use equation (5.10) to
obtain a®! = [a}"', a5, ..., @] which are used in (5.6), (5.7) and (5.8) to get

the approximate values of .D%yy, y1, yjand .Dy; at the collocation points.
Similarly, for » = 1 we obtain y2(z) and so on. In this way, we obtain a sequence
of approximations yi (), ya2(z),....
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Test problem: Consider the following o'’ order fractional Van der Pol oscil-
lator problem
(5.11)
“Doy(2) + ¥/ (2) + y(@) + y2 () (z) = 2cos(x) — cos*(x), 1 <a <2, >0,
subject to the initial conditions

y(0) =0, y'(0) = 1.

The exact solution, when o = 2, is given by y(x) = sin(z).

=

r=5, a=2

=
= Exact Solution
-1F + Numerical Solution
) L L L L
0 1 2 3 4 5
X—axis
x10™
4

Absolute Error
N
T
!

x—axis

FIGURE 5. Solution by the Gegenbauer wavelet quasilineariza-
tion method by taking k =5, M =5, A =7, at « = 2 and
r=>.

Apply the Gegenbauer wavelet quasilinearization technique to equation
(5.11), we get Figures 5 and 6. Figure 5 shows the comparison of solution
by Gegenbauer wavelet quasilinearization technique with exact solution while
fixing order of differential equation (5.11), o = 2, level of resolution, k = 5,
and order of Gegenbauer polynomials, M =5, with A = 7.

Figure 6 indicates the solutions by Gegenbauer wavelet quasilinearization
technique at different values of o’s by using k =4, M =7, A =12 and r = 5.

5.2. Boundary value problems
Consider the fractional nonlinear boundary value problem
Dy = f(z,y, D’yy/), 0<a<n 1<a<2, 0<B<L,

(5:12) y(0) =71, y(n) = 2.
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Solution at different order a

08 L . 2 4
0.6f A\ B
0.4f \ —

0.2 '. 4

= I ]
; 0
—o2} Exact Solution at a=2 |
’ Numerical Solution at a=2
-0.4} Numerical Solution at a=1.8 \ p
Numerical Solution at a=1.6 \ ]
0.6 Numerical Solution at a=1.4 \ 7
_08 . 4
-1 I . . .
0 1 2 3 4 5

x—axis

FIGURE 6. Solution by the Gegenbauer wavelet quasilineariza-
tion method by taking k = 4, M = 7, A\ = 12, at different
values of  and r = 5.

Implement the quasilinearization technique to equation (5.12), we get
(5.13)

DYri1 = Ly (@ Yrse DPyr, Y11 = Fyp (@ Yre D2y )yl
— Fu (@, Yroe D2y, y) Yyt

= @ Yrse D yrs¥0)) = Ur Fyo (@Yo DPyr, y1)) = 0l £ 0 (@, Yrse Dy, y1)))
=Y Ly (@, Yre D2y, y0))s Y1 (0) = 71, Yrga(n) =72, 7> 0.

Now apply the Gegenbauer wavelet method to the sequence of differential equa-
tion (5.13)

2k=1 pr—1

(5.14) D¥yrir =D > aytn (@),

n=1 m=0

Integrate the equation (5.14) and use the boundary conditions to obtain
(5.15)

2k=1 pr—1

Yrir= Y > ani IS (x)

n=1 m=0

2k=1 pr—1

= XX i s [ 0 9T () +

n=1 m=0

d
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First and 8 order derivative of y,.+1 can be obtained from equation (5.15) as
(5.16)

2k=1 pr—1

= 33 T @)

n=1 m=0

/
yr—i—l

2k—1 p—1 n
+ (2 =m = Z Z a’\ T+1 / (n— S)Ot_lwn,m(s)ds))a
n n=1 m=0 0
5 2k1Ml/\ N :Cl_B
D7Yrp1 = nzl mzoa e I wn,m(‘r)) + M(’m -MN
2k=1 M1

Y @ /O"(n = ) Y m(5)ds)) + 71

n=1 m=0

Use equations (5.14), (5.15) and (5.16) in equation (5.13) to obtain
(5.17)

2k1

Z w0 (@) = Fup (@Y Dy, y ) L8700 ()

fg( Yrse D2y VIS ™00 (@) = Fy (@ Yrse D2y, ) ISUN 1 ()

t g.(e, 90 DRy, yi)(ﬁ / ”(n ) gy (5)dS)]

= Qr(xayrac Dﬁyr,y;«),

where

Qr($7 Yrse Dﬁyra y:«)

= f(zayrvc Dﬁyhy:«) - yrfyr(x Yrse Dﬁyhy:«) - yrf ﬂ(z yrch yrvyr)

Ty

- y;fy’r(xvyrac Dﬁyra y;) + ( (:C yT,CD yTvy'r)

xl_ﬂ x
+f B xayTaCDﬂyTay;‘ /o o\ +f r xayTacDByTay;‘ —)72—N
+fyr(z;yrchﬁyr7y:«)71;
QT(SC Yrse Dﬁyray;)

= D) e D)
Ly Yrsc Yry Yy BT, Yrse yrvyr
n n'(2 — B)

X
+ fyT (‘ra Yrse Dﬂyr,y;);

Equation (5.17) at the collocation points x.(j) = n%, ji=1,2,...,
and in vector notation, takes the following form by using equations (3.5), (3
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and (3.12)
Ar4+1T fon s pAa—1 .5\ BpAa—B,\
(5.18) a (Yo = FePaSon Yam — FrPason Yoo
' Aa A gr A am _ yr
—F P Vi T Qi) =D,
1 1 1.
where a1 = [a" T ay ™t a1 is an unknown vector,

D" = [Qrlz.1); Qrlzo2) ** Qrlwooi)]

is known vector. We get a*"+1, for each r > 0, from equation (5.18) and use it
to obtain approximate values of y, 41 (), y/\1(z), DPyr11(z) and DYy 41 ()
at the collocation points.

Test problem: Consider the following o' order fractional nonlinear Lane
Emden boundary value problem

2 2
(5.19) CDO‘y(x)wLEy/(z)fGyz(x) = 6+E—6(z2+z)2, l<a<2, 0<z<1,

subject to the boundary conditions

y(0) =0, y(1) = 2.

The exact solution, when a = 2, is given by y(z) = 22 + z.

r=3, a=2
2
151 Exact Solution o R
. Numerical Solution il
X 1r |
>
05 e i
ol ! L L L
0 0.2 0.4 0.6 0.8 1
X—axis
x10™
15
s
5 1 i
jo)
=]
8 osf ]
<
0 . . . .
0 0.2 0.4 0.6 0.8 1
x—axis

FIGURE 7. Solution by the Gegenbauer wavelet quasilineariza-
tion method by fixing k =5, M =3, A =9, at « = 2 and
r=3.

Implement the Gegenbauer wavelet quasilinearization technique to equation
(5.19) to get Figures 7 and 8. We fix the level of resolution, k = 5, order of
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Solution at different a
2 T T

Numerical Solution at a=2
16 — Numerical Solution at a=1.1 1
— Numerical Solution at a=1.5

1.4F

1.2

y(x)

0.8

0.6

x—axis

FIGURE 8. Solution by the Gegenbauer wavelet quasilineariza-
tion method by using £k = 3, M = 3, A = 17.5, at different
values of  and r = 5.

Gegenbauer polynomial, M = 3, with A = 9 and order of differential equation
(5.19), @ = 2. The exact solution and solution by Gegenbauer wavelet quasi-
linearization technique at r = 3, are shown in Figure 7 along with the absolute
erTor.

Figure 8 is used to plot the solution by Gegenbauer wavelet quasilinearization
technique at different values of « by fixing A =17.5, M =3, r =5 and k£ = 3.

6. Conclusion

We have derived the Gegenbauer wavelets matrix, \Il>‘2k-71 M,25-101, the Ge-
genbauer wavelets operational matrix of fractional order integration, P;i P
and another Gegenbauer wavelets operational matrix of fractional order inte-
gration, Qﬁ’li’g‘;b, which is used for solving boundary value problems. These
matrices are successfully utilized to solve the fractional initial and boundary
value problems with constant or variable coefficients.

According to the Table 1, we get more accurate results while increasing
k or M or both, as in convergence analysis. The solution of the fractional
order differential equation converge to the solution of integer order differential
equation as in Figure 2. Gegenbauer wavelets method is also compared with
the other numerical methods. Gegenbauer wavelets method is more accurate

than the homotopy perturbation method and Haar wavelet method, as shown



1094 MUJEEB UR REHMAN AND UMER SAEED

in Table 2. Gegenbauer wavelet method is highly competitive in comparison
with the classical methods.

It is shown that Gegenbauer wavelet quasilinearization technique gives ex-
cellent results when applied to different fractional nonlinear initial boundary
value problems. The results obtained from Gegenbauer wavelet quasilineariza-
tion technique are in good agreement with exact solutions, as shown in Figures
5 and 7. The solution of the fractional nonlinear differential equation converge
to the solution of the integer nonlinear differential equation as shown in Fig-
ures 6 and 8. Different type of non-linearities can easily be handled by the
Gegenbauer wavelet quasilinearization technique.
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