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PRODUCT-TYPE OPERATORS FROM
WEIGHTED BERGMAN-ORLICZ SPACES
TO WEIGHTED ZYGMUND SPACES

ZHI-JIE JIANG

ABSTRACT. Let D = {z € C: |z| < 1} be the open unit disk in the com-
plex plane C, ¢ an analytic self-map of D and v an analytic function in D.
Let D be the differentiation operator and W, ,, the weighted composition
operator. The boundedness and compactness of the product-type oper-
ator W, 4, D from the weighted Bergman-Orlicz space to the weighted
Zygmund space on D are characterized.

1. Introduction

Let C be the complex plane, D = {z € C : |z| < 1} the open unit disk in
C, and H(D) the class of all analytic functions on ID. Let ¢ be an analytic
self-map of D and ¢ € H(D). The weighted composition operator W , on
H(D) is defined by

Wowf(2z) =¢(2)f(e(2)), 2 €D.

If ¢» = 1, the operator is reduced to, so called, the composition operator and is
usually denoted by C.,. If ¢(z) = z, it is reduced to, so called, the multiplica-
tion operator and usually denoted by M,. A standard problem is to provide
function theoretic characterizations when ¢ and v induce a bounded or com-
pact weighted composition operator. Weighted composition operators between
various spaces of analytic functions on different domains have been studied by
numerous authors, see, e.g., [1, 2, 6, 8,9, 10, 13, 17, 18, 22, 23, 26, 31, 34, 36, 40]
and the references therein.
Let D be the differentiation operator on H (D), that is

Df(z) = f'(2), z € D.

Operator Cy, D has been studied, for example, in [4, 11, 14, 16, 19, 28, 30, 32].
In [21] Sharma has studied the following operators from Bergman spaces to
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Bloch type spaces:
MyCyDf(2) = 1(2)f ((2)),
MyDC, f(2) = 9(2)¢(2) f(
CoMyDf(2) = (p(2))f (¢(2)),
and
Co DMy f(2) = ' (0(2)) f(0(2)) + ¥(e(2)) f(0(2))
for f € H(D) and z € D. These operators on weighted Bergman spaces were

also studied in [37] and [38] by Stevié¢, Sharma and Bhat. If we consider the
product-type operator W, 4D, it is clear that
MyC,D =Wy, 4D, MyDCy, =W, .0 D,
CoMyD =W, yooD and Co DMy = Wy yrop + W o D.

Quite recently, the present author has considered operator W, D from weight-
ed Bergman spaces to weighted Zygmund spaces in [5]. For some other product-
type operators, see, for example [7, 12, 15, 24, 25, 27, 29, 33, 39, 41] and the
references therein. This paper is devoted to characterizing the boundedness
and compactness of the operator W, , D from weighted Bergman-Orlicz spaces
to weighted Zygmund spaces. It can be regarded as a continuation of the
investigation of operators from weighted Bergman-Orlicz spaces to other spaces
(see, e.g., [20]).

We introduce the needed spaces and facts in [20]. The function ® # 0 is
called a growth function, if it is a continuous and nondecreasing function from
the interval [0, 00) onto itself. Clearly, these conditions imply that ®(0) = 0.
It is said that the function ® is of positive upper type (respectively, negative
upper type), if there are ¢ > 0 (respectively, ¢ < 0) and C' > 0 such that
O(st) < Cti1d(s) for every s > 0 and t > 1. By U? we denote the family of
all growth functions ® of positive upper type g (¢ > 1), such that the function
t — ®(t)/t is nondecreasing on [0, 00). It is said that function @ is of positive
lower type (respectively, negative upper type), if there are r > 0 (respectively,
r < 0) and C' > 0 such that ®(st) < Ct"®(s) for every s > 0 and 0 < t < 1.
By £, we denote the family of all growth functions ® of positive lower type r
(0 < 7 < 1), such that the function ¢ — ®(¢)/t is nonincreasing on [0, c0). If
f el we will also assume that it is convex.

Let dA(z) = %dxdy be the normalized Lebesgue measure on . Let o« > —1
and dA,(z) = (a+ 1)(1 — |2|*)*dA(z) the weighted Lebesgue measure on D.
Let ® be a growth function. The weighted Bergman-Orlicz space A® (D) := A2
consists of all f € H(D) such that

1fllax = /D<1>(|f(z)|)dAa(z) < .

On A2 is defined the following quasi-norm

IF11%% = inf{A >0 /D@(@)d/xa(z) < 1}.
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If ® € 47 or ® € £,, then the quasi-norm on A? is finite and called the Lux-
embourg norm. The classical weighted Bergman space A2, p > 0, corresponds
to ®(t) = tP, consisting of all f € H(D) such that

191 = [ 17GIPdAa(:) < .

It is well known that for p > 1 it is a Banach space, while for 0 < p < 1 it
is a translation-invariant metric space with d(f,g) = || f — g||"». Moreover, if

® € 4°, then AS? . where @, (t) = ®(t?), is a subspace of A2. This fact will be
used later.
For 8 > 0, the weighted Zygmund space Z3 consists of all f € H(D) such
that
sup(1 — [2[*)7] f"(2)] < 0.
z€D
It is a Banach space with the norm

I1fllz5 = 1£(O)] +[f(0)] +sup(l — |2[)P1£"(2)]-

The little weighted Zygmund space Z3 ¢ consists of those functions f in Zg
such that
lim (1 —2*)7[f"(2)| =0,
|z|—1—

and it is a closed subspace of the weighted Zygmund space. For a good source
of such spaces, we refer to [42]. For weighted Zygmund spaces on the unit
disk, the upper half plane, the unit ball and some operators on them, see, e.g.
[6, 13, 15, 35] and the references therein.

Let X and Y be topological vector spaces whose topologies are given by
translation invariant metrics dx and dy, respectively. It is said that a linear
operator L : X — Y is metrically bounded if there exists a positive constant
K such that

dy (Lf,0) < Kdx(f,0)
for all f € X. When X and Y are Banach spaces, the metrical boundedness co-
incides with the usual definition of bounded operators between Banach spaces.
Operator L : X — Y is said to be metrically compact if it maps bounded sets
into relatively compact sets. When X and Y are Banach spaces, the metrical
compactness coincides with the usual definition of compact operators between
Banach spaces. When X = A? and Y is a Banach space, the norm of operator
Lis
[Llla2y = sup |[Lflly
11142 <1

and is usually written by ||L]|.

Throughout this paper, an operator is bounded (respectively, compact), if it
is metrically bounded (respectively, metrically compact). C' will be a constant
not necessarily the same at each occurrence. The notation a < b means that
a < Cb for some positive constant C. When a < b and b < a, we write a ~ b.
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2. Auxiliary results

Our first lemma characterizes the compactness in terms of sequential con-
vergence. Since the proof is standard, it is omitted (see, Proposition 3.11 in

3))-
Lemma 2.1. Letp > 1, a > =1, 8 > 0 and ® € Y° such that ®, € £,.
Then the bounded operator W, D : A2 Zg 1is compact if and only if for

every bounded sequence { fn}nen in Ai’? such that fr, — 0 uniformly on every
compact subset of D as n — oo, it follows that

li D =
Jim [[WoyDfnllz, =0
In order to prove our main results, we need a useful point evaluation estimate

contained in the following lemma.

Lemma 2.2. Letp > 1, a > —1 and ® € U°. Then there are positive constants
C,, = Cp(a,p) and D,, = Dy,(a,p) independent of f € AY and z € D such

that c. H w2
16 s et (2] I

Proof. Since A¥risa subspace of AP, by the integral representation for func-

tions in AP, we have that for every f € A2 and z € D (see Theorem 2.2 in

w2)

1) )= [ %dmw).

Differentiating (1) under the integral sign n times yields

F™(2) = ena /D %M“(“’)‘

Then
(n)
(2) | (2)| < cm/ i 7wz|n+a+2dA o(w).
By the fact (see, e.g., Theorem 1.12 in [42]) that
1 (1 — Jw?)"
3 ~ dA
) T L A

there is a positive constant ¢y such that

1— ="
T — etz da(w)
is a probability measure. From (3) and applying Jensen’s inequality in (2), we
obtain

A PO P < et — |2 [ L4 ).

D |1 - w2|a+n+2
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From this, we have

_ 2\n
@ a0 PR <o [ 1wl w)

Therefore, from (4), the monotonicity and convexity of function ®, we get

(P <o [ o () s At

(7 ) |l /) T~ wafenea e

<2a(p)" [ ()
N i
©) = T

From (5), we obtain

n Cn - D" ot uxT
|f( )(Z)|qu)pl<<l—7|z|2> )|f|lA§pv

11
where C,, = ¢; "¢ and D, = *“®/27+ta+2¢;. The proof is finished. O

The following lemma provides a class of useful test functions in space Ai?.

Lemma 2.3. Letp >0, a > —1 and ® € 3°. Then for everyt > 0 and w € D,
the following function is in Agp

ot =2 () ) (D)

where C' is an arbitrary positive constant.
Moreover,

sup [ fu 45, < 1.
weD o

Proof. Let
|w]?

o= (=5
Since @, 1(t) = (®~1(t))"/?, we have

[ eUtuerann) = [o(e7 (=) o) )aan) = 1+

where
a+2
- /{ZGD:Ig(z>|<1} @(qu ((ﬁ) )’g(z)’p)dAa(Z)

= /{ze]D):Ig(z)|>1} (I)((I)il ((ﬁ)a—m) |g(2)|p) dA.(2).

2(a+2)

and
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Since ®(t)/t is nondecreasing on [0, 00), it follows that

P(tlg(=)) _ ()
oGt
for all z € {z € D: |g(z)| < 1}. This gives

1 C a+2 ,

= /{zem:|g<z>|s1} (I)((I) ((W) )|9(Z)| )dAa(z)
1 C a+2 v

- /{zem:|g<z>|s1}q)(q) ((W) ))|9(Z)| dAa(z)

a2 [ (L—[wH)oreet?
=¢ /]DJ |1 — wz|2(at2)+pt dAa(2)

SL

where we have used Theorem 1.12 in [42]. From the definition of positive upper
type and the fact s > 1, we obtain

- /{zelDJ:g(z)>1} (I)(qu ((ﬁ)a—m) |g(2)|p) dA(2)
1 C a+2 ps
: /{Z€D39(z)>1} <I)(<I> ((W) )) l9(2)|”" dAa(z)

at2 1 — |wl|2)2s(a+2+5)
)y e
<1
From this the lemma follows. O

In the last result of this section, we construct some suitable linear combina-
tions of the test functions in Lemma 2.3 which will be used the proofs of the
main results.

Lemma 2.4. Let p > 0, a > —1, w € D and ® € U°. Then for a fixed
j €41,2,3}, there exist constants c1, ca and c3 such that the function

2
Guw,j(2) = Z Cit1 fo(w),i(2)
=0

satisfies

j _ el c at? Wj _
gfu,)]'(@(w)) =cP, ((W) )W and ggjk,)j(@(w)) =0

for each k € {1,2,3}\ {j}, where ¢ is a nonzero constant.

Moreover,

sup [| g1, < 1.
weD @
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Proof. We write a = 2(ac+ 2)/p. Set

2
g(z) = in+1f¢(w)7i(z), z € D.
i=0

First, considering the case of j = 1, from ¢’ (¢(w)) = ¢ (¢(w)) = 0 we obtain
the following linear system:

2

S(a+i)la+1+d)xiy1 =0
i=0

2

Y(a+i)la+1+d)(a+2+ i)zt = 0.
i=0

If we regard x3 as a free variable, by solving this linear system we obtain
(a+2)(a+3)

e ala+1) s
and
2(a+3)
To = —ml'z;.
Therefore, by a direct calculation and the expression of ¢'(¢(w)) we find that
2
=t

Clearly x3 # 0 if and only if ¢ # 0. Hence, let x3 be a nonzero number. For
this z3, we take cs = x3. Then replacing x3 with c3 in the above relations
between x1, x5 and x3, we obtain ¢; and ce. For such obtained ¢y, ¢ and cs,
we get the needed function

2
gw,l(z) = Z Ci+1f<p(w),i(z)-
i=0

Since we can similarly prove the lemma for the cases of 7 = 2 and j = 3, the
proof is omitted here. By Lemma 2.3, the asymptotic estimate

sup ng7]| i:gp 5 1
weD @
is also obvious. The proof is finished. O

3. The operator W, 4D : Azp — 23

First we consider the boundedness of operator W, ;D : Agp — Zg. In the
boundedness criteria, we assume that ® € 4° such that ®, € £,. Under this

assumption, AP isa complete metric space (see, for example, [20]).

Theorem 3.1. Letp > 1, a > =1, B8 > 0 and ® € Y° such that &, € £,.
Then the following conditions are equivalent:
(i) The operator Wy, D : An? = Zg is bounded.
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(ii) Functions ¢ and ) satisfy the following conditions:

=m0 () ) <

v =sup T e ) v 0o (—p) )

< o0,

and

e 2t Ds o+
s = swp B ol Py (=) ) <

Moreover, if the operator W, 4D : An? = Zg is bounded, then
|WeuD|| =14 My + 2My + Ms.

Proof. (1)=-(ii). Suppose that (i) holds. We consider the function f(z) = =.
Since the operator W, D : Ag” — Zg is bounded, we have

6 S=sup(l = [=2) v ()] < [We Dz, < CIW,uDl.

For w € D and D; (the constant in Lemma 2.2), by Lemma 2.4 there exist
constants c¢q, ¢co and cg such that the function

gw 1 Zcz-i-l.ﬁp

satisfies sup,, ep 9w 1ll'}%, < C, g5, 1 (o(w)) = g1 (p(w)) = 0 and
- D at2 p(w)
(7) guna (o)) = e ( ) ) .
! PO = [p(w)[? 1= |p(w)[?
From these facts and the boundedness of W, D : Ar — Zg, we have

(= WP lo()], o L e
s e wiey (o)) <1

< C[Wy D
This leads to
Q= =%eG), g1 D,y a2
8) Jo = —_— P _ < C||Wy, D).
Then for the fixed § € (0,1), from (6) it follows that

(1— |s)? L D e
RS o N & et S
Lo erl e (eE) )

O <2mn ((2R)) <Ol
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and from (8) it follows that

s LPW e (o))

(=le(z)|>63 1= lo( l(
Jo
w)  <Z<opw,,ol.
Hence, combing (9) and (10), we obtain
(11)
(1 — |Z|2)ﬁ " -1 Dy at2
s =sup C B gt (20 V™) o, )<
e O Taep IWes1
Next we prove My < oo. First taking the function f(z) = 22, we have
(12) Sup (1= 217 [0 (2)¢" (2) + 20" (2)¢ (2) + " (2)(2)| < C|We D).

Since

Ji = Slelg(l — 211" (2)| < C| WD

and the fact ||¢|lcc <1 imply

sup(l - |22)2 " (2)llp(2)] < Cl[WeDll,

by (12) we have

(13) K =sup(l - 121329 (2)¢" (2) + 2¢/ (2)¢ (2)| < C| W 4D

For w € D and D», by Lemma 2.4 there exist ¢y, co and c3 such that the
function

gw 2 Zcz-i-l.ﬁp

satisfios sup,,p w225, < O g, J(P(0) = g2a(o(w)) = 0 and
D o+2 ( )2

14 v = ((—2— S &P AR

et = () ) e

From these and the boundedness of W, D : Ar Zg, we get

(15)

U LDV g )+ 20 i ity () )

< HW%ngwﬂllzg < Cl[We,y DI
Then (15) shows
(16)

—Zﬂ _1 2 at2
o~ U o + 2o 1o (i)™ )
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< CWy D]
Hence, for the fixed 6 € (0,1), by (13)
(17)
(1—]z[»” D, ot
sup o [Y(2 )+ 29 (2 o H (———
(lo(z)l<o) (1= |o(2) 2‘ ()% ((1—|90(Z)|2) )

K, 1 Dy \ot2
< (1_52)2(1)17 ((1_52) ) < CWy 4D,
and by (16)
(18)
(1-]z[»” 1 Dy o+2
sup =P e (2) + 20 o ((—22
(z:lo(x)|>8y (1= [0(2) 2‘ (2)¢'(2)|2; ((1— |90(Z)|2) )
K5
<% <oy, o).
So, from (17) and (18), we obtain
(19)
_ (1—[z[»)” Dy o+2
Mo = s e M 20 @Gl () )

< CHW%wDH < 00.

3

Finally, we prove M3 < oco. Taking the function f(z) = z°, we have

(20) sup(l — [21%)7| 9" (2)(2)” + 20(2) " (2)(2)?

zeD
+ 49/ (2)¢' (2)0(2) + 2(2)¢' (2)?
< |[WepD2%| 2, < C|Wy4 D).

By (6), (13), (20) and the fact that ||¢]e < 1,
(21) Ly = sup(1 - 22l (2)l¢' ()] < C| WD

For w € D and D3, Lemma 2.4 shows that there exist constants c;, co and
c3 such that the function

2

gw,3(2> = Z CiJrlf«p(w),i(Z)

i=0

satisfies 5up,,ep 0.0l < C, gl a(p(w)) = gl 5((w)) = 0 and

2 o)
(22) 9o 3(p(w)) = Ci’f((y@ﬁ) + )ui&W'
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Then

(1~ Juf2)? o) s ag( Dy e
T iwpe el @ (—goe) )
< Wy Dgusllz, < Cll WDl

From this, we get

A= PVIe@P ) zp-t((—Ps )+
Ly =sup = oo )Y ()2 ((Tj’(zn?) )

(23) < C|Wy 4D
For the fixed ¢ € (0, 1), by (21)
(1—]z2)° 21 Ds at2
(=lo(z)l<s) (1= |o(2) 3‘ Al I, ((1—|<P(Z)|2) )

) < e b )" < Dl

(1—-462)3 P 1—42
and by (23)
(1—1z)° 1A -1 Dy \ot?
25 u —_—r z)| @ —_—
(25) {z:&?\»} (1= 1p(2) 3}1/} H ( )} b ((1—|<P(Z)|2) )
Lo
< = < C||Wy 4D
Therefore, by (24) and (25)
_ ( / 2 Ds at2
@) M= s el @ () )
< C||Wy ¢ D < 0.
(ii)=(i). By Lemma 2.2, for all f € A%? we have
(27) HWWDfHZﬂ
= [(0)f (¢(0)] + |(v - f" o 0)'( !+Sup1—|2|) (- fop)(2)]
< W(O)f'(w(o))! + (W f o) (0)] +sup(l = [2[)2 10" (2)]| ' (0(2))]
+ 2sup(1 — |z]?) |1/J z) +2¢' (2 Hf” |
zeD

2
Fsup(l = [z ()] | ()] ((2))]
< 0(1 + My +2M; + M3) 11135 tug.
From condition (ii) and (27), it follows that W, ;D : Agr 23 is bounded.

From (11), (19), (26), (27) and Lemma 2.2, we also obtain the asymptotic
expression of ||[W,, D||. The proof is finished. O
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We begin to characterize the compactness of operator W, D : Agp — Z3.

Theorem 3.2. Letp > 1, a > =1, B8 > 0 and ® € Y° such that &, € £,.
Then the following conditions are equivalent:

(i) The operator Wy, D : An? = Zg is compact.

(ii) Functions ¢ and ¢ are such that ¢ € Zg,

Jlfsup17|z ‘1/) 2) + 29 (2)y ()‘<oo,

Jo = sup(1 = [212)?[(2)]|¢' (2)]* < oc,
z€D

(1 Z |2|1/),, ‘(I) ((%)Wﬂ) o,

=1 1 [(2) l(

(1 Js2)? L Dy ety
A T Rpe PR @ el (mpge) ) =0
and

(1 / 25 D3 at2 .
e 3'1/’ el e (=gap) )=

Proof. (i)=(ii). Suppose that (i) holds. Then the operator W, ,,D : A = Zs
is bounded. In the proof of Theorem 3.1, we have proven that v € Zg, J; < 00
and Jy < oo.

Next consider a sequence {p(zy) tnen in D such that |¢o(z,)] — 1 as n — .
If such sequence does not exist, then condition (ii) obviously holds. By Lemma
2.4, we can choose constants c1, co and c3 such that the functions

gn,l( ) = Gp(zn) ch+1f¢(zn i )

satisfy sup,en [|gn,1 [y, < C, g1l1(#(2n)) = g1 ((2n)) = 0 and

(28) Ina(p(zn)) = c@, ! ((1 - |];(12n)|2)a+2) 1 —ﬁfoiZl)|2'

From the proof of Theorem 3.6 in [20], it follows that the sequence {gn 1}nen
uniformly converges to zero on any compact subset of D as n — oco. Hence, by
Lemma 2.1,

Jim [[We,y Dgnallz, =0
From these, we have

lim (1 |Zn|

Jim B G ‘@pl((l_ﬁjﬁ)w)o'
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By Lemma 2.4, there are constants c1, co and c3 such that the functions
2

gn,2(z) = gcp(zn,),Q(Z) = ZciJrlf:,a(zn),i(Z)

=0

satisfy sup,er 9025, < C. gh2(p(2n)) = a(e(z0)) = 0 and

(29) gﬁg(w(zn))==C¢51((1“j§§%;ﬂ5)a+2)ZT_iﬁii%fﬁji'

From the proof of Theorem 3.6 in [20], the sequence {gn 2}nen uniformly con-
verges to zero on any compact subset of D as n — co. Then by Lemma 2.1,

Jim [[W,p Dgnllz, = 0.
As a result, we get
1—|z,?)°
(0l
n=oe (1 —(zn)[?)
=0.

[Vl (o) + 20/ Gl (o))

Finally, we choose the functions

2
9n.3(2) 1= Gp(zn),3 = Z Cit1 fo(z),i(2)-
=0

Lemma 2.4 shows that all the functions g, 3 satisty sup,,cy Hgn13||ﬁ‘§p <C,

" —1 D O¢+2 ms
60 alste) = (mptor) )T e
and
(31) In.3(@(zn)) = gn 3(0(2n)) = 0.

The sequence {gn 3 nen also uniformly converges to zero on any compact subset
of D as n — oo. Then from Lemma 2.1, it follows that

1 [[ W,y Dga sz, = 0.
Consequently, from these facts we obtain
: (1 = [za»)” / 24— 1 D3 ot2
lim ()6 ) 20, (o) ) =0
n—oe (1 —[p(zn)[?)? PN = |o(zn) 2
The proof of the implication is finished.
(i))=(i). We first check that W, ;D : Agr Zg is bounded. For this we

observe that condition (ii) implies that for every & > 0, there is an n € (0,1)
such that

(32) Li(z) = %’w//(z)‘¢g1((l|l)w)a+2) -
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(33)
Lo(z) = ((1“;7'2‘1” 2)+ 20 (2) ¢/ (2)| @5 ((%)a+ ) <,
and

i ZQ B a+2
B Lol = g el Py (=) ) <

forall ze K ={zeD:|p(z)| > n}.
Since ¢ € Zg, by (32) we have

My =sup Li(z) < sup Li(z) + sup Li(z)

z€D z€D\K z€K
H"/)”Zg 1 D, at2
<% (=) )+

From (33) and J; < oo, we obtain

My =sup La(z) < sup La(z) + sup La(z)
zeD z€D\ K z€EK

Ji . Dy \a+2
<o () )+e
St \a=p) ) 7e

From (34) and Jy < oo, we also get

Mz =sup La(z) < sup Ls(z) + sup Ls(z)
z€D z€D\ K zEK

Jo o Dy \a+2
<romn ((or) )+
Syt \a=p) ) 7E

So, by Theorem 3.1, the operator W, 4D : Agp — Zg is bounded.
To prove that the operator W, 4D : Ag’) — Zg is compact, by Lemma

2.1, we just need to prove that, if {f,}nen is a sequence in A2? such that
I fn| l“gp < M and f,, — 0 uniformly on any compact subset of D as n — oo,
then

Jim [[We,p D fall 2, = 0.
For any £ > 0 and the above 7, we have, by using again the condition (ii) and
Lemma 2.2,

sup(l — |z|2)ﬁ}W%¢Dfn(z)|

zeD
= sup(1 — [z[)?|(¢ - f1, 0 9)"(2)]
zeD
< 21615(1 = 2P [0" ()] fu((2))]
+sup(l — [22)%[(2)0" (2) + 20" (2)¢ (2)| | 17 (0(2))
zeD

+sup(l — |=)[4(2) ||so’(2)|2\fll'(so(2))|
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< sup (1= |27 [0 ()] fule(2))] + sup(1 - |212)2 0" (2)]] fa(0(2)]

z€D\K

+2 sup (1—[2%)°|9(2)¢" (2) + 20/ (2)¢' (2)] | f (0(2))]
ZG]DJ\K

+2sup 2P (2)¢" (2) + 20 (2)¢ (2)|| £ ((2))]

+wp14A|w|w@ﬁmw@n
z€D\ K

+ sup(1 = o) [ ) [ (|7 (=)

< olles s ()] M sp T4 s 722+ M sup Lale)
(e {:lz1<n} sk
+Jy sup ‘f’” )| + M sup Ls(z)
{21 <n} sk
< [[¥llz, sup \f )+ 1 sup [+ T2 sup | f(2)] + 3Me.
{214l {e:lsI<n} {erl=1<n}
Hence,
(35) WD fullz,
< [l s |f A+ sup [f(z)| + T sup |f(2)]
{z:]2] {z:|z|<n} {z:]z|<n}

+3Me + |( z/wf 0 @)(0)] + (- £, 0 0)(0)]
:”'L/JHZL% - |f )\+J1{SUP \f” 2|+ sup [f(2)]

(=] =z {z:]z]<n}

+3M€+WJ Fn(@(0))] + [7(0) £, ((0)) +1(0)' (0) £ (£(0)) .

It is easy to see that, if {f,}nen uniformly converges to zero on any compact
subset of D, then {f/}nen, {f/nen and {f]}en also do as n — oo. Since
{z :|z| <n} and {p(0)} are compact subsets of D, letting n — oo in (35) gives

Jim [|[We, D fll 2, = 0.

From Lemma 2.1, it follows that the operator W, D : Ai’) — Zg is compact.
The proof is finished. O
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